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Abstract

In this paper, the classification of the (k,3)-arcs in PG(2,8) with respect to type of their
lines has been obtained as well as the group of projectivities of the projectively distinct (k,3)-
arcs are found. Furthermore all the complete (k,3)-arcs in PG(2,8) are investigated, also it was
shown that PG(2,8) has no maximum arc.

Introduction

Let GF(q) be the Galois field of q elements and V(3,q) be the vector space of
dimension three where q is prime power. Let PG(2.q) be the corresponding projective plane.
The number of points of PG(2.q) is q° — q — 1. and the number of lines is g +q—1,
where each line contains exactly g — 1 points and there are g — 1 lines throughout every
point, and any two distinct points lie exactly on one line , and any two distinct lines have
exactly one common point. A (k n) —arc K in a finite projective plane PG(2,q), is a set of k
points, such that there is some n but no (n — 1) are collinear where 2 1: n<g-1and a
(k 2) —arc generally called a k —arc. A (k n) —arc is complete if there isno (k = 1,n) —arc
containing it. The maximum and smallest size of a complete (lc n) —arcs for which a
(k. n) —arc Kexist in PG(2,q) will be denoted by m_ (2, q)and t,,(2,q) respectively.

In (1938) Singer [24] put down the method to array the pomts and lines in projective
plane PG(2.q). In (1947) Bose[7] proved that m.(2.q)=q—=1 for q odd, and
m,(2,q) =q — 2 for q even. In mid of (1950s), Segre [21,22] proved that for q odd every
q = 1-arcisaconic, forq = 2,q = 4and q = 8every q = 2 —arc is a conic plus its nucleus
[23], and for q = 16,q = 32,q = 2% (h = 7), there exists a q — 2 —arc other than the conic
plus its nucleus. In (1956) Barlotti [4] proved that the first of many results in the attempt to
determine the value of m_ (2, q), and this has proved to be far from simple. Early results by
Barlotti bounded m,(2,q) with m_(2,q) = (n—1)q=n and proved for (n.q)= 1 and
n>=2 m(2,q)= (n—1)g—n— 2 Hirschfeld [15] and Sadeh [20] had shown the
classification and construction of k —arcs over the Galois field GF(q] with g = 11 and gave
the example of (21,3) —arc in PG(2,11). Bierbrauer [5] proved that any (15,3) —arc in
PG(2,8) is a maximum. The classification and construction of (k 4) —arcs with respect to the
type of lines for g = 3 have been given by Abood [2]. Abdul-Hussain [1] also explained the
classification of (k 4) —arcs with respect to the type of lines in PG(2,5). In (2001)
Hirschfeld and Storme [17] showed that for q odd this implies immediately that the
maximum size of a (k n) —arc, for n|q is less than nq — q — n/2. Ibrahim [18] explained the
classification of (k 4) —arcs and (k 3) —arcs with respect to the type of lines in PG(2,7).
Ball and Hirschfeld [3] reviewed some of the works of the principal and recently discovered
lower and upper bounds on the maximum size of (k n) —arcs in PG(2,q) for some n, q and
put a table for it. The classification of the complete k —arcs in PG(2.27) has been given by
Coolsaet and Sticker [8]. The classification and construction of (k, 4) —arcs with respect to
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the type of lines for g = & have been given by Falih [10].Classification of complete (k,4)-arcs
in the projective plane of order eleven have been given by Khalid [19].

The main purpose of this paper is to find the complete (k 3} —arcs in PG(2,8]) through
the classification and construction of the projectively distinct (k. 3) —arcs with respect to the
type of lines and we found the group of projectivities of each projectively distinct
(k 3) —arcs.

Preliminaries :
Definition 1.1 [6]

For p prime, let GF(p) denote a finite field of p elements that consists of the residue
classes of integers module p under the natural addition and multiplication. If f(x) is an
irreducible polynomial of degree h over GF{p), then :

GF[ph] = GF(p) [x]/(f(x)) = {a: +a,t+ -+ ah_,_*.h_i : a, € GF(p).f(t) = D}
GF(p™ is called a Galois field of order g = p®, where h >1 is an integer number. Notice that,
the elements of GF(q] satisfy the equation =% = x and there exists v € GF(q] such that:
GF(q)={0,1,v,v" ,..,v37": v377 =1}, The element y is called a primitive element or
primitive root of GF(q).

Definition 1.2 [15]

Let V=V(n—1F)be a ( n—1)—dimensional vector space over a field F with zero
vector 0. Define an equivalence relation ~ on the vectors of VV'=V\{0}as follows:

If X = (x5, 03y 2q) Y = (v, va, 0¥, 24 ) € V{0, we say that X is equivalent to
Y if, Y=AX, for some A £ F'{0}]. Then the space V(n—1,F)/~ is said to be the n-
dimensional projective space over F and is denoted by PG(n.F) or, when F = GF(q), by
PG(n,q). The equivalence classes are called points of PG(n.F).

For any m = 0,1,2, ..., n, a subspace of dimension m (or m —space ) of PG(n,q)is the
set of points all of whose representing vectors form, (together with the zero), a subspace of
dimension m =1 of V. A subspace of the dimensions zero, one, two, and three are
respectively called a point, a line, a plane, and a solid. Subspaces of dimension n— 1 and
n — 2 are respectively called a prime (hyperplane) and secundum. A subspace of dimension
n — 1 is also referred to as a subspace of codimension r. The set of m —spaces is denoted by
PG'™(n,q).

Theorem 1.1 [15]
The number of points in PG(n,q) is 8(n) =

gt -1

g—1

In particular, 8(0)=1,8(1)=q-+1 and 8(2)=q - q+ 1.

Definition 1.3 [15]
A projective plane over GF(q) is 2-dimensional projective space denoted by PG(2.q)
and it has the following properties:
The number of points is g~ - q = 1.
The number of lines is g = q — 1.
Each line contains exactly q = 1 points.
Each point lies on g = 1 lines.

The fundamental theorem in projective geometry 1.2 [15]
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If {P,,P,,....P,.-}and {Q4.Q,.....Q,.-] are two sets of points of PG(n,q) such that no
n + 1 points chosen from the same set lie in a prime, then there exists a unique projectivity T,
suchthat Q. = F T, foralli=12 .., n+ 2.
For n=1, there exists a unique projectivity transforming any three distinct points on a
line to any other three.
For n=2, there exists a unique projectivity transforming the four points P,, P, P, P. (no
three are collinear) to the four points Q4. Q.. Q5. Q. (no three are collinear) respectively
Primitive and subprimitive roots of polynomials 1.4 [15]
Let N(m, q) be the set of monic irreducible polynomials over GF(q) of degree m then:
1- If f= N(m.q), then f has exponent e, if e is the smallest positive integer such that f(x)
divided x* - 1. The exponent e always divides q*- 1. If e = g™~ 1, then f is called a
primitive and has a primitive root in GF(q™). So, if « is a root in GF(q™) of a primitive
f, then o has order g™~ 1.

2- |If f(x) € N(m,q), then f(x) has a subexponent e, if e is the smallest positive integer
number such that f(x) divided x* — ¢ for some ¢ £ GF(q).The subexponent e always

divides 8(m — 1) = "”__11 If e = ==, then £(x) is subprimitive polynomial and has a

subprimitive root.

Definition 1.5 [15]
Let f(x) = =" —a,x" —--- — a, be any monic polynomial, then its companion matrix,
C(f)is given by the (r = 1) x (r + 1) matrix;
0 1 0 {

C{H) = -« |.Inparticular, when r = 2 therefore;

=]
—

ar as a- ar

f(x) = x*

0 1 0
—a,x’ —a;x—a, and C) = [ 0 0 1 ]

dn as d=

Definition 1.6 [15]
A projectivity T which permutes the &(n) points of PG(n.q) in a single cycle is called a
cyclic projectivity.

Theorem 1.2 [14]

A projectivity T of PG(n,q) is cyclic if and only if the characteristic polynomial of an
associated matrix is subprimitive .

If f(x) € N(m,q) and f(x) is a subprimitive, then the companion matrix C(f) is the
cyclic projectivity of PG(n.q).

Theorem 1.4 [14]
The number of cyclic projectivities in PG(n,q) is given by;
o (ngq) = gta 12 [Ti,(q" = 1) Z(8(n))/ (n= 1) ,where _ is the Euler function .

Definition 1.7 [15]

1. A (k. n) —arc K is a set of k points, such that there is some n but no {n — 1] are collinear
where n = 2. Whenn=2 a (k 2) —arc is called a k —arc.

2. A (k. n) —arc is complete if, there is no (k = 1,n) —arc containing it.

3. Aline £ of PG(2,q) isani—secant ofa (k n) —arc K if, |[# n K| =i. A 0 —secant is called
an external line of k —arc, a 1 —secant is called unisecant and a 2 —secant is called a bisecant.
4. A (k n) —arc K is maximal arc if it satisfies k= (n—1)g —n.
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5. The maximum and smallest size of a complete (k n) —arc for which a (k n) —arc K exists
in PG(2,q) will be denoted by m_ (2, q) and t.,(2,q) respectively.

Notation : Let r. denotes the total number of i —secants of (k. n) —arc K in PG(2,q).
R=R,(P] the number of i —secants through a point P of K and S, = S.(Q) the number of
i —secants through a point Q of PG(2.q)" K.

Lemma 1.1 [15]

For a (k n) —arc K, the following equations hold:

Sr.r,=q +q+1 N ¢ )
2, ir, L[q—l} cen wenen mee eee (2)
T, = -(3)
¥R, = q+1 e (8)
Y. (i-1)R, = k-1 ce e (5)
TL.8, =q+1 R )
Xr.is, =k e e e e e (7))
IpR, = ir e vee venere e (8)
208, =(q+ 1= : e (9

Where the summatlon in the equatlon (8) taken over all P €K, and taken over all
Q € PG(2,q) \ K inthe equation (9).

Notation : Assume the equations (4) and (5) in the above lemma have v distinct solutions
=(Ry,....,R,):i=1..,v and the equations (6), (7) have g distinct solutions

M =(Sy . S,):1=1..8

Suppose there are b, points on the (k n)—arc K with solution B, and m. points on

PG(2,q) \ K with solution M.,

Lemma 1.2 [12]
For a (k n) —arc K in PG(2,q), the following equations hold:

S bR, =T, oo e e e (1)
2. b —L e varare see vaneee ver see s (2)
E:ETL mS. =(q+1—=1ir .o (3)
E:E:lm. =q*+q+1-k .......(4)

Lemma 1.3 [12]

Let (P} be the number of unisecants through P, where P is a point of the k —arc K. Let
r. be the total number of i —secants of K in the plane, then :

1. t{p)=q+2-k=t

2. ry=k(k—=1)/2, r;=k and r,=q(q—-1)/2+1t(t—1)/2

Definition 1.8 [1]
If P is a point of PG(2,q) not on the (k n) —arc K and not on any n — secants of the
(k. n) —arc K, then P is called a point of index zero.

Theorem 1.5 [7]
m.(2,q) = (g =2 ,forgqeven
HleU T lqg+1 L forqodd
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Theorem 1.6 [13]
For2 =n=q-+1,

1- The maximum size m_(2,q) = (n—1)g—n

2- If n = g and equality occur in (1), then n is a divisor of g.
Corollary 1.1 [16]

a ~[=(n-1)q+n ,forqevenandn|q

m,(29) [=: (n—1)g+n for q odd

Theorem 1.7 [15]

If K iisa maximal (k n) —arc in PG(2,q), then:
(1 K=PG(2,q) if n=q=1and;
(1) K =PG(2,q)\¢ , if n=q, where{isa line.

Corollary 1.2 [15]
A (k. n) —arc K is maximal if and only if every line in PG(2.q) is either an n —secant
or an external line.

Lemma 1.4 [15]
If K is a complete (k. n)—arc, then: (q—1 —n)r, =q- - q — 1—k with equality if and
onlyif S, = 1LforallQ in PG(2.q) K.

Definition 1.9 [1]

Let r, be the total number of i —secants of the (k n) —arc K in PG(2.q). Then the type
of K with respect to its lines is denoted by (r,, ... .1,). Let K, be of type (r, ... ,r,) and K-
be of type (t,....t;), then K; and K, have the same type of lines iff r, = t. for all
i=01,..,n

Definition 1.10 [1]
Two arcs K, and K. in PG(2,q) are called projectively equivalents with respect to the
types of lines if and only if they have the same type.

Definition 1.11 [1]

Let Q, and Q. be two points of index zero not on the (kn)-—arc K, and let
Ky =Ku{Q,} K.,=KuU{Q.]betwo arcs, then Q, and Q- have the same type if and only if
K, and K. are projectively equivalents with respect to the types of lines.

Lemma 1.5 [1]

Let Q, and Q. be two points of index zero not on the (k n) —arc, then:
(1) Q, and Q- are in the same set if they have the same type.
(2) Q, and Q- are in different sets if they have different types.

2.The cyclic projectivity of PG(2,8)

The plane PG(2,8) contains 73 points and 73 lines, every line contains 9 points and
every point passes through it 9 lines. It is convenience to use the numbers 0,1,2,3,4,5,6,7 will
be the elements of GF(&). Let f(x) = x*+x+1* be an irreducible polynomial over GF(8), then
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the matrix T =

o1 O O

10
0 1] is cyclic projecivity which is given by right multiplication on the
10

points of PG(2,8).

2.1.The points of PG(2,8) _

Let the point P; be represented by the vector (1,0,0). Then P,T' = P;, i=1,...,73 are
the 73 points of PG(2,8) .Writing i for P;, the vectors of the 73 points of PG(2,8) are given in
the table (2,1).

Table (2.1)
P 1:( 10 O) P16:( 13 O) P31:( 10 5) P46:( 17 4) PGI:( 16 2)
P 2:( 01 O) P17:( 01 3) P32:( 15 0) P47:( 12 7) P52:( 16 1)
P 3:( 00 1) P18:( 14 2) P33:( 01 5) P48:( 17 6) PGS:( 10 2)
P 4:( 14 O) Plg:( 16 6) P34:( 14 7) P4g:( 13 5) P64:( 16 0)
P 5:( 01 4) P20:( 13 4) P35:( 17 1) P50:( 15 2) PGS:( 01 6)
Pe=(141) P,1=(123) P3=(103) Ps:=(167) Pss=(146)
P 7:( 10 7) P22:( 11 3) P37:( 1 10) P52:( 17 3) P67:( 13 2)
P 8:( 17 0) P23:( 11 2) P38:( 01 1) P53:( 11 1) P68:( 16 5)
P g:( 01 7) P24:( 16 3) P3g:( 14 4) P54:( 10 4) Pag:( 15 5)
P1o=(145) Px=(117) Pyp=(124) Pss=(120) P2o=(154)
Pll:( 15 3) P26:( 17 5) P4l:( 12 2) P56:( 01 2) P7l:( 12 5)
P12:( 11 6) P27:( 15 6) P42:( 16 4) P57:( 14 3) P72:( 15 1)
P13=(136) Px=(133) Py=(126) Psg=(115) P2s=(101)
P14:( 13 1) Pzg:( 11 4) P44:( 13 7) P5g:( 15 7)

P1s=(106) Pyp=(121) Py=(177) Peo=(172)

2.1.The lines of PG(2.8)

‘Let L; be the line which contains the points {P1,P2,P4,Pg,P16,P32,P37,Pss,Pea}
Let L;T' = L;, i=1,2,...,73 are the lines of PG(2,8). The 73 lines, L; are given by the rows in
the table (2,2).

Table (2.2)
Ll Pl PZ P4 P8 P16 P32 P37 P55 P64
LZ PZ P3 PS PQ I317 P33 P38 P56 P65
L3 P3 I:]4 P6 PlO P18 P34 PSQ I357 P66
L4 I:]4 PS I:]7 Pll P19 P35 P4O P58 P67
L5 PS P6 PS P12 PZO P36 P41 PSQ P68
L6 P6 I:]7 PQ P13 P21 P37 P42 P60 P69
I—7 I:]7 PS PlO I314 P22 P38 P43 P61 I370
L8 PS PQ Pll P15 PZS P39 I344 P62 I371
L9 PQ PlO P12 P16 P24 P4O P45 P63 P72
L10 PlO Pll P13 I317 P25 P41 P46 P64 P73
Lll Pll P12 I314 P18 P26 P42 I347 P65 Pl
L12 P12 P13 P15 P19 P27 P43 P48 P66 PZ
L13 P13 I314 P16 PZO P28 I344 P49 P67 PS
L14 I314 P15 I317 P21 P29 P45 PSO P68 P4
L15 P15 P16 P18 P22 P30 P46 P51 P69 PS
L16 P16 I317 P19 PZS P31 I347 P52 I370 P6
L17 I317 P18 PZO P24 P32 P48 P53 I371 I:]7
L18 P18 P19 P21 P25 P33 P49 P54 P72 PS
L19 P19 PZO P22 P26 P34 PSO P55 P73 PQ
LZO PZO P21 PZS P27 P35 P51 P56 Pl PlO
L21 P21 P22 P24 P28 P36 P52 I357 PZ Pll
L22 P22 PZS P25 P29 P37 P53 P58 PS P12
L23 PZS P24 P26 P30 P38 P54 PSQ P4 P13
L24 P24 P25 P27 P31 P39 P55 P60 PS P14
L25 P25 P26 P28 P32 P4O P56 P61 P6 P15
L26 P26 P27 P29 P33 P41 I357 P62 I:]7 P16
L27 P27 P28 P30 P34 P42 P58 P63 PS I317
L28 P28 P29 P31 P35 P43 PSQ P64 PQ P18
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I—29 P29 PSO P32 P36 I344 P60 P65 PlO P19
I—30 PSO P31 P33 P37 I345 P61 P66 I311 PZO
I—31 P31 P32 P34 P38 P46 P62 P67 P12 P21
I—32 P32 P33 P35 P39 I347 P63 P68 P13 P22
I—33 P33 P34 P36 I340 P48 P64 P69 I314 P23
I—34 P34 P35 P37 I341 P49 P65 I370 P15 P24
I—35 P35 P36 P38 P42 PSO P66 I371 P16 P25
I—36 P36 P37 P39 P43 P51 P67 P72 I317 P26
I—37 P37 P38 I340 I344 P52 P68 P73 P18 P27
I—38 P38 P39 I341 I345 PSS P69 Pl P19 P28
I—39 P39 I340 P42 P46 I354 I370 PZ PZO P29
L40 I340 I341 P43 I347 P55 I371 PS P21 P3O
L41 I341 P42 I344 P48 P56 P72 P4 P22 P31
L42 P42 P43 I345 P49 I357 P73 PS P23 P32
L43 P43 I344 P46 PSO P58 Pl P6 P24 P33
L44 I344 I345 I347 P51 P59 PZ I:)7 P25 P34
L45 I345 P46 P48 P52 P60 PS PS P26 P35
L46 P46 I347 P49 P53 P61 I:)4 PQ P27 P36
L47 I347 P48 PSO I354 P62 PS PlO P28 P37
L48 P48 P49 P51 P55 P63 P6 I311 P29 P38
L49 P49 PSO P52 P56 P64 I:)7 P12 P30 P39
I—50 PSO I351 P53 I357 P65 PS P13 P31 P4O
I—51 I351 P52 I354 P58 P66 PQ I314 P32 I341
I—52 P52 P53 I355 P59 P67 PlO P15 P33 P42
I—53 P53 I354 P56 P60 P68 I311 P16 P34 P43
I—54 I354 I355 I357 P61 P69 P12 I317 P35 I344
I—55 I355 P56 P58 P62 I370 P13 P18 P36 P45
I—56 P56 I357 P59 P63 I371 I314 P19 P37 P46
I—57 I357 P58 P60 P64 P72 P15 PZO P38 I347
I—58 P58 P59 P61 P65 P73 P16 P21 P39 P48
I—59 P59 P60 P62 P66 Pl I317 P22 I340 P49
I—60 P60 P61 P63 P67 PZ P18 P23 I341 PSO
I—61 P61 P62 P64 P68 PS P19 P24 P42 P51
I—62 P62 P63 P65 P69 I:)4 PZO P25 P43 P52
I—63 P63 P64 P66 I370 PS P21 P26 I344 P53
I—64 P64 P65 P67 I371 P6 P22 P27 P45 P54
I—65 P65 P66 P68 P72 I:)7 P23 P28 P46 P55
I—66 P66 P67 P69 P73 PS P24 P29 I347 P56
I—67 P67 P68 I370 Pl PQ P25 P30 P48 I357
I—68 P68 P69 I371 PZ PlO P26 P31 P49 P58
I—69 P69 I370 P72 PS I311 P27 P32 PSO P59
I—70 I370 I371 P73 I:)4 P12 P28 P33 P51 P60
I—71 I371 P72 Pl PS P13 P29 P34 P52 P61
I—72 P72 P73 PZ PG I314 PSO P35 P53 P62
I—73 P73 Pl PS I:)7 P15 P31 P36 P54 P63

2.3 Algorithm [10]:

For any (k,3)-arc K, k > 6, there are at least four points in K no three of which are
collinear . Let C; ={P; : i=1,....k} and C, ={W;:i=1,... k} be two (k,3)-arcs in PG(2,q) ,
where the coordinates of the points P; and W; are :

Pi=p (x; (1), x; (2), x; (3)) and Wi=w (x; (1), x; (2), x; (3)).

By the fundamental theorem, there exists a unique projectivity which takes any set of
four points of the (k,4)-arc C; no three are collinear to any set of four points of C, no three are
collinear . Let the (3x3) matrix Z=({1;;) , i,j = 1,2,3 take a fixed set of four points of C; no
three are collinear , say { P1, P2, Ps, P4 }, to any set of four points of C, no three are
collinear , say {W1, W,, W5, W, }, to determine Z we fixed a set of four points C; no three are
collinear .

Then we work out the projectivity matrix Z that takes the fixed set of four points of C;
to one of the J sets of four points of C, no three collinear , where J is the number of the sets of
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four points in C, no three of which are collinear. Therefore, there are J matrices Z to be
checked. Now Z is the projectivity matrix takes the points of C; to the points of C, if Z takes
the remaining points of C; to the remaining points of C..

The following is the matrix arithmetic to determine the matrix Z.
Let
X=x(1) x(1) 21 and ¥=[»@) wm@) w1

12:02) x2(2) x;(2) wi2) w(2) w2

Let Z=(11i5) , i,j = 1,2,3 be a (3x3) matrix that takes three points P; of C; to three points
W;of C,, wheni=1,23. So Let
Z = I D. F_ E

) 0 ALl

Z=YBXY i ()

The matrix Z also has to take the fourth point P, of C; to the point W, of C, . So
Z X4 = Y4 Where X4 and Y, are the column vectors represent the points P, and W,
respectively. Therefore, (1) gives

YBX Xs=Ys oo (2)

Let
d. 0 0
0 0 :‘j

= ]

Thus

rﬂl--
iy, =ld:|,and let D=
p

Thus (2) can be written as

¥D

; =Y, So ':

Substituting the values of 4,, A.and 4;in matrix B, we have the projectivity matrix given in
(1)

The set of projectivities fixing a (k,4)-arc K in the group G(K) . To determine this
group, we used a computer program . In this case the program is set to compare K with itself,
that is the projectivity matrix Z is an element of the group G(K) if ZXi=bX; i,j=5,...,k, where
Xi is the column vector represents the point P;. When we choose the points of triangle of
reference and the unit points are (1,0,0) , (0,1,0), (0,0,1) and (1,1,1) to be fixed four points ,
then (1) becomes : Z=YB.

3. classification of (k,3)-arcs in PG(2,8) ; (k=3,4,...,15)
3.1 The construction of the projectively distinct (3,3)-arcs
Let A = {1, 2, 37} be a (3,3)-arc in PG(2,8) . Then all (3,3)-arcs are projectively
equivalent with respect to the type of their lines to A, therefore there is only (up to
projectively equivalent) one (3,3)-arc in PG(2,8) with the type can be calculated as follows:
By using equations 1,2 and 3 of lemma (1.1), we have the following equations:
rg+ry+r; +r3 =73
ry +2r; + 3r; = 27
2r,—6ry; =6
The only type of (3,3)-arc which satisfies the above equations is:
r;=1 r,=0 rh=24 ro =48
So a (3,3)-arc is of type (1, 0, 24,48)

e———— o — o A
37 2 1
3.2 The construction of the projectively distinct (4,3)-arcs

From (2.1) there is only one (3,3)-arc A. There are 64 points of index zero for A . So
by adding one point of them to (3,3)-arc A , we have all these points lie in the same set.
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Therefore there is only one (4,3)-arc can be constructed by adding one point from this set to
A. So there is only one type of (4,3)-arc denoted it by B, can be calculated as follows :
By using equations 1,2 and 3 of lemma (1.1), we have the following equations:
rg+ry+r; +r3 =73 3
ry +2r, + 3r; =36
2r, — 6ry; =12
The only type of (4,3)-arc which satisfies the above equations is:
rs=1, r,=3, r=27,and ro=42 37 5 1
So a (4,3)-arc is of type (1, 3, 27,42)
3.3 The construction of the projectively distinct (5,3)-arcs
From (2.2) there is only one (4,3)-arc B.There are 63 points of index zero for B. So by
adding one point of index zero from PG(2,8)\B, we get only two projectively distinct (5,3)-
arcs, we denoted it by C4, C, . which are shown in following :
C:1=4{1,2,3,53,37} and C, = {1,2,3,53,4}
So a (5,3)-arc is of types (2,4,31,36) and (1,7,28,37) respectively

3 3

C1 Cz
37 2 1 4 2 1

3.4 The construction of the projectively distinct (6,3)-arcs

From (2.3), we have get two sets C; and C, , Now we have 62 points of index zero for C;
and C, . So by adding one point of index zero from PG(2,8)\C; or by adding one point of
index zero from PG(2,8)\C, , we get :

Dy = Cy U {5} ,D;=CiU{10}  ,Ds=Ciu{38} ,D,;=Cou {11}
By using a computer program the group G(D;) consists of three elements which are :
10 0 0 0 1) 4 4 0
7;=3=[-Z= 1 of,T;=|1 0 1], T;=[4 4 1f.
0 4 40 4 0 0

The order of the projectivity T, and T3 are 2, So G (D,) is isomorphic to Zs. The groups
G(Dy) is consist of 1.Thus the group G(D2) is isomorphic to the trivial group . The group
G(D3) consists of twenty four elements, So G (Ds) is isomorphic to S4. The groups G(Dy) is
consist of 1. Thus the group G(Da) is isomorphic to the trivial group.

All the above results are written in the following table :

Table (3.1)
Sy. Distinct (6,3)-arc G | |G rs b [ rn | rn |
D, 1 2 3 53 37 5 Z3 3 3 6 33 31
D, 1 2 3 53 37 10 | 1 2 9 30 32
D, 1 2 3 53 37 38 S4 24 4 3 36 30
D, 1 2 3 53 4 11 | 1 1 12 27 33

3.5 The construction of the projectively distinct (7,3)-arcs

From (2.4) all the projectively distinct (6,3)-arcs D; (i=1,2,3,4) are incomplete . So by
adding one point of index zero to each of the D; , i=1,2,3,4, we have five projectively distinct
(7,3)-arcs E, =D;u {6} Es=D,u {28} Es=D,4u {10} Es =Dyl
{13}

Table (3.2)
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Sy. Distinct (7,3)-arc G |G| r r, r Iy
E; 1 [ 2 [ 3[53]37]5]6 [ 1 4 9 33 | 27
E; 1 [ 2 [ 3 [53|3 ][5 |11 [ 1 3 12 | 30 [ 28
Es 1 | 2 [ 3 [53]3[5 28] 7 2 5 6 36 | 26
Es 1 [ 2 [ 3 [53] 4 [11]10] 7 2 2 15 | 27 | 29
Es 1 | 2 [ 3 [53] 4 [11]13 [ 1 1 18 | 24 | 30
3.6 The construction of the projectively distinct (8,3)-arcs
By the same way we get the following results :
Table (3.3)
Sy. Distinct (8,3)-arc G |G| r r r )
F, | 1] 23 ]|s3[37]5]6]7 [ 1 6 | 10|34 ] 23
F, [ 1] 2] 3]53[37][5]6]11 [ 1 4 |16 | 28 | 25
F, | 1] 2] 3]53[37] 5] 6]15 [ 1 5 [ 13]31] 24
F, [ 1] 2] 3 [53[37]5 [11]39 [ 1 3 [ 19]25] 2
Fs | 1 ] 2] 3 [53] 4 [11]10]44 Z, 2 2 |22 ]22] 27
all the projectively distinct (8,3)-arcs F;(i=1,2,...,5) are incomplete
3.7 The construction of the projectively distinct (9,3)-arcs
Table (3.4)
Sy. Distinct (9,3)-arc G |G| ry r, ry 1)
G | 1 ]2 [3]5s3[3]5 6] 7]10 [ 1 8 [12 ]33] 20
G| 1 [ 2[]3]5s53[3]5[6 7 ]n [ 1 7 [15]3] 21
Gs | 1 [ 2[3[53[3 ][5 [6 7 ]2 [ 1 6 [18[27 ] 22
Gs ] 1 ] 2[3]53[37]5 6 7] 34 [ 1 9 [ 93] 19
Gs | 1 [ 2 [ 3]53[37]5 [ 6 [11]15 [ 1 5 [21]24] 23
Ge | 1 [ 2 [ 3 [53[37 ] 5 [11]39] 49 [ 1 4 J24]21] 24
G| 1 [ 2[3]53 ] 4]11[10]44] 40 [ 1 3 [27]18] 25
all the projectively distinct (9,3)-arcs G (i=1,2,...,7) are incomplete
The construction of the projectively distinct (10,3)-arcs
Table (3.5
Sy. Distinct (10,3)-arc G Gl | rs | | i 1o
Ho | 1 |2 (3|53 (3|5 |6 | 7|11 [ 1| 9] 18 |27 19
Ho | 1 | 23|53 (3|5 |6 | 7| 10| 19 [ 1 10| 15 |30 18
Hs | 1 | 2 |3|53 (3|5 |6 | 7|10 | 20 [ 1 |11 ] 12 |33 17
Hy | 1 | 2 3|53 (3|5 |6 | 7| 11|27 [ 1| 8] 21 |24]20
Hs | 1 | 2 |3|53 (37| 5 | 6 | 7 |27 | 49 [ 1| 7] 24 | 21|21
He | 1 | 2 | 3|53 (37| 5 | 6 | 7 |34]| 24 Z, 2 |12 9 |36 16
Hr | 1 | 2 3|53 (37| 5 |11 |39 49 | 13 [ 1|6 | 27 | 18] 22
He | 1 | 2 | 3|53 | 4 |11 |20 | 44 | 40 | 48 [ 1| 4] 33 |12 24
all the projectively distinct (10,3)-arcs H;(i=1,2,...,8) are incomplete
3.8 The construction of the projectively distinct (11,3)-arcs
Table (3.6)
Sy. Distinct (11,3)-arc G |G | n r Iy
b [1]2]3][53]37]5]6]7 101120 [ 1 |13]16] 28 [ 16
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Sy. Distinct (11,3)-arc G |G| r3 | n r Iy
lb [1]2]3[53[37[5[6 ] 7 [10[11]24 [ 1 J12]19] 25 |17
lb [1]2]3[53[37][5][6 ] 7 J10]11]27 [ 1 J11[22] 2218
I, [1]2]3[53[37[5[6 ] 7 [10][19]44 [ 1 J14[13]31]15
ls [1]2]3[53[37[5[6 ] 7 [10]20]44 [ 1 J15[10] 34 ] 14
b [1]2[3[53[37][5][6 ] 7 [11]27]46 [ 1 J10[25] 1919
l; [1]2]3[53[37]5[11]39]49]13]18 [ 1 [ 8[3]13]21
ls [1]2[3[53[37 ][5 [11]39[49]13]21 [ 1 [ 9[28]16]20
lob [1]2[3[53] 4 [11]10]44]40]48]61L 8 [ 5]40] 4 [24
all the projectively distinct (11,3)-arcs 1;(i=1,2,...,9) are incomplete
3.9 The construction of the projectively distinct (12,3)-arcs
Table (3.7)
Sy. Distinct (12,3)-arc G |G| r3 | ro | |
J, [ 1] 235337567 ]10]11]20] 26 [ 1 |16]18[24]15
b, |1 ]2]3[s3]37|5 6] 7[10]11]20] 44 [ 1 |17 ]15]27] 14
by |1 ] 2[3[s3]37|5]6 7 [10]11]24] 26 [ 1 |15]21[12] 16
by [ 1] 2]3]s3|37 |56 ]7]10]11]27] 46 [ 1 |14]24]18]17
s [ 1] 2]3]53]37 567 ]10]19]44] 20 [ 1 |18]12[30]13
Jb | 1] 2]3[s3]37|5|11][39]49]13]18] 7 [ 1 [13]27]15] 18
b | 1] 2] 3[s3]37 |5 [11]39][4][13]18] 21 [ 1 [12]30]12]19
b | 1] 2[3[s3]4]11]10]44[40[48]61] 13 ] 7, 2 J10[3]6]21
all the projectively distinct (12,3)-arcs Ji(i=1,2,...,8) are incomplete
3.10 The construction of the projectively distinct (13,3)-arcs
Table (3.8)
Sy. Distinct (13,3)-arc G |IG | rs | r2 | 1| 1o
Kil 1|2 |3 |53 |3 |5 |6 |7 |10|11|20|26 43| 1 | 1 |20]|18 |21 | 14
Ke| 1 | 2| 3|53 |3 |5 |6 |7 |10|11 |20 |44 |5 | 1 | 1 |21|15 |24 |13
Kes |1 | 2|3 |53 |37 |5 |6 |7 |[10|11 24|26 |27 | 1 |1 |19]|21]18]15
Ke| 2 | 2|3 |53 |37 |5 |6 |7 |10|19 |44 |20 |5 | 1 [ 1 |22]|12]27|12
Ks | 1 | 2 | 3 |53 |37 |5 |11 39|49 |13 |18 | 7 |27 | | | 1 |18 |24 |15 | 16
Ke | 1 | 2| 3 |53 |37 |5 |11 39|49 |13 |18 | 7 |43 | | | 1 |17 |27 |12 |17
Ke | 2| 2|3 |53 |37 |5 |11 39|49 |13 |18 | 7 |5 | I |1 |16|3 ]9 |18
Ke | 1 | 2| 3 |53 |37 |5 |11 39|49 |13 |18 |21 |59 | I | 1 |15 |33 ]| 6 | 14

all the projectively distinct (13,3)-arcs K;(i=1,2,...,8) are incomplete except i= 2,4 which are

a complete (13,4)-arcs.

3.12 The construction of the projectively distinct (14,3)-arcs

Table (3.9)
Sy. Distinct (14,3)-arc Gl [ rs | r2| | ro
L |1]|2|3|53|37| 5|6 | 7 | 10 |11 |20 |26 |43 |52 1 | 25|16 |19 13
Lo |1(2|3|53|37| 5 |11 |39| 49 |13 |18 | 7 |27 |51 1 | 24|19 |16 | 14
Ls |1]|2|3|53|37| 5 |11 |39 | 49 |13 |18 | 7 |43 |46 1 |22]25|10]| 16
Ly |1]2|3|53|37| 5 |11|39| 49 |13 |18 | 7 |43 |59 1 (21|28 7 |17
Ls |1|2(3|53|37| 5 |11 (39| 49 | 13| 18| 7 | 43| 70 1 [23|22|13] 15
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Sy. Distinct (14,3)-arc G| IG || r|nlr
Le J1]2|3[53]37 |5 |11|30] 40 |13]18]21]59[46] 1 | 1 [20][31]4]18
all the projectively distinct (14,3)-arcs L; (i=1,2,...,6) are incomplete except i= 1,5 which are
a complete (14,4)-arcs.

3.13 The construction of the projectively distinct (15,3)-arcs

Table (3.10)
Sy. Distinct (15,3)-arc G| G | rs || rn|r
Mi | 1]|2|3|53 |37 |5 11 |39 |49 |13 |18 | 7 |27 |51 |62 | 1 |381]12] 18 | 12
My | 1]|2|3|53 |37 |5 11 |39 |49 |13 |18 | 7 |43 |46 |59 | | 1 |27 24| 6 |16
Mz |1|2(3|53|37 |5/ 11 |39 |49 |13 | 18 |21 |59 | 46 | 68 12 |25 |3 | 0 |18

all the projectively distinct (15,3)-arcs M; (i=1,2,3) are a complete (15,4)-arcs.
3.14 Conclusion : The maximum value (3 - for which (k,3)-arcs is not exist

4. Theorem: In PG(2,8), a complete (k,3)-arc does not exist for 3<k<8.

i)

Proof: For 3 < k <
Ri+R;+R3=9

R, + 2 Rs=k-1

Let m=[(k-1)/2], where [(k-1) / 2] is the integral part of (k-1) /2 .

So the maximum value of Rj can accure is m. Assume that ri= [(k-1-2i)] , i=0,1,....m . It is
clear that m is positive for k = 3,

Suppose «,,, denoted the number of points of PG (2,8) of type (Ry,...,fm-J, m) , j=0,1,...,rm
According to equation (1) and (2) of lemma (1.2 ) we have,

ma,, + (m— 1o, , =+ o, =3r;...(+),

where r3 is the total number of 3-secants of (k,3)-arc in PG(2,8) , with 3 < k = 8.

Since m = 0, for k = 3, we obtain

a, +d —+ oy = m{Zii, o )... (=) isbigger than;

m—1 Wil =0 S

g the equations (4) and (5) of lemma ( 1.1 ) become

mo, + (m—1)o,_,+ -+ o, =X . ka, .
Therefore, m(Xit ke, )= mk = (Lt ka,) =3 n.

i 1 =

This implies mk > 3r;or, r3 < mk /3 . Furthermore,

Since m < (k-1)/2,thenwe have r3<k(k-1)/6 ................. 1)
On the other hand if the (k,3)-arc K is complete for 3 = k = &, then
according to lemma (1.4), we have 6 »,>73-k or n> (73-k)/6 ........... (2

Now, for k=3 we obtain from the equations (1) and (2)

r, <1 and r3>11, which is impossible. So a complete (3,3)-arc does not exist in PG(2,8).
for k=8 , we obtain from equations (1) and (2)

rs <9 and rs3 > 10 which is impossible , so a complete (8,3)-arc does not exist in
PG(2,8).0
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