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Abstract— modelling of pneumatic muscle actuators “PMA” 
is one of the valued challenges in soft robotic researches, which is 
still under modification for the McKibben artificial muscle. 
Accurate force, length and position models allow for the wide use 
of make the continuum robot arm in industrial and medical 
applications. Moreover, accurate control can be achieved. This 
paper presents new formulas to model the length of contraction 
PMA. The sigmoidal shape of contraction length characteristics 
makes the sigmoid function a suitable form to model, which its 
coefficients depend on the nominal length “L0”. Furthermore, we 
modified the existing force model by calculating the most affected 
parameters. Then we are modelling the angle of the arm. The 
three proposed models make it easy to track the length (position),  
the force of PAMs and position angle of PMA arm. 

 
Keywords— Contraction PMA, Experimental Model, Force 

Formula, Pneumatic Muscle Actuator, bending angle.  

I. INTRODUCTION  

    Many researchers have used numerous types of actuators for 
industrial and medical applications including electrical, 
magnetic, hydraulic and pneumatic muscle actuators (PMA) 
[1-4]. The wish to enhance the behaviour of robots by making 
them safer for human interaction in both industrial and 
medical areas resulted in an increase of interest in PMA [3, 5]. 
In recent years, there have been a substantial increase in 
designing, modelling and constructing (biological based) 
continuum robots [6-9].  
   The PMA has positives over classical pneumatic cylinders 
such as high power to weight ratio, low workspace 
requirement, flexible structure [1, 4, 5, 10-12], infinite degrees 
of freedom (DOF) [13-15], variable installation options, no 
mechanical wear, slight compressed-air consumption, 
availability of dimension, low cost and robust reliability for 
human  used [5, 12].  A part from these advantages, PMA has 
been regarded  as  a  suitable substitutive  for  other  actuators  
such as electrical and hydraulic [3, 4]. Furthermore, the robot 
is expected to be safer and more flexible [2, 5, 11]. Despite its 
observable advantages, PMA exhibits highly nonlinear 
features [3, 11, 12, 16-19], which are time dependent. The 
presenting of nonlinearity in the PMA is due to the 
compressibility of air, the inner tube elastic-viscous properties 

and geometrically compound behaviours of the PMA outer 
covering [1, 5, 11]. Moreover, the hysteresis behaviour is 
caused by the inner tube, which produces different 
characteristics of PMA during contracting and expanding [6, 
10, 12]. These make the modelling and controlling of 
pneumatic muscles more difficult [1, 4, 5, 20, 21]. Current 
models do not fully explain every stage of the mechanical 
performances well; therefore, an enhanced model is still 
required [5]. Different models have been proposed to describe 
the behaviours of the PMAs. Among these models, the Chou 
and Hannaford model [22] and the Tondu and Lopez model 
[17] are widely used. These models are based on the 
assumption of the virtual works of the cylindrical shape and 
the small thickness of the inner tube [1, 17, 22]. Even though 
they are excellent initial descriptions of the mechanical 
behaviours, these models are still limited in predicting the 
performance of the PMA, at least in no-load situations. Also, 
the force of pulling, length change, air pressure supply, radius 
and material properties are the major parameters of the PMA 
and dynamic performances. Moreover, the relationships 
between these parameters are greatly changed from one PMA 
to another. 
    Most modelling methods act with the force of PMA due to 
changing in pressure input and the PMA volume. On the other 
hand, the model for length changing is still under research, 
including mathematically. In this paper, we constructed a 
contractor PMAs with different lengths to study its 
performances, and we have written a set of mathematical 
equations to model change of length with pressure input. In 
addition, we studied the parameters that enhance the force 
model formula and modelled the position angle of the arm.  
 

II. CONTRACTOR PMA 

   Depending on the construction of the pneumatic muscle 
actuator, there are two types of muscles: contractor and 
extensor artificial muscles. Fig.1 shows the photograph of a 
20cm contractor PMA. Generally, the PMA is constructed 
from an inner rubber tube which is covered by a braided 
sleeve with two plastic (or any solid material) terminals which 
are strongly fixed by cable ties. One of the terminals has a 
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small hole for input and output of actuated air. Fig.2 shows a 
basic diagram of PMA with “L” length, “D” diameter and “θ” 
angle between the vertical axis and braided strand. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2 Pneumatic muscle actuator diagram 

 
  The contraction performance of PMA occurs when the 
braided angle “θ” is less than 54.7o [22, 23]. Percentage of 
contraction differs from one muscle to another but does not 
exceed 35% [2, 16, 17].  

III. MODELLING OF CONTRACTION LENGTH 

   The sigmoidal shape [16] of muscle length as is shown in 
Fig.3, leads to modelling the length of PMA performance as a 
mathematical sigmoid function. To modelling the length with 
input air pressure, five muscles are used for nominal lengths 
“L0” (15, 20, 25, 30 & 40 cm). For each muscle, we have 
studied and recorded with a pressure gauge “P”, how its length 
changed. Fig.3 shows three PMAs with three nominal lengths 
(20, 30, and 40 cm) and it is clear that there is a significant 
matching between experiment and model plots. From this 
pneumatic muscles data, we define a set of equations 
depending on “L0 and p”. Equation (1) describes the length of 
the pneumatic muscle with both (p & L0), and equation (2) 
gives the parameter values of eq. (1), depending on the 
nominal length of the PMA (L0). 
 
        0.009                              (1)       

      Where: 

0.4351 0				 0.0183 0.00030.56490.01410.54870
0				 0.0183 0.00030		 0.0031 0.000060		 0.0136 0.000070.3694 0														 0													

.
 

(2)        
        
   The sigmoidal function firstly considered for each muscle 
individually, then we added ( 0.009 ) as an error correction. 

The final step is finding the parameters (a, b, c, d and e) as a function 
of L0. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

IV. MODELLING OF PULLING FORCE 

   The muscle actuator converts the pneumatic energy into 
mechanical form by transferring the pressure input to the 
muscle into the contracting force [5, 24]. The changing of 
input work (win) of the pneumatic muscle is:  
 
         .                                                  (3) 
 
where, (dv) is the volume change. The output work (wout) 
changes with change of length, as in the following equation: 
 
                 .                             (4) 
 
 Fig. 4 shows the relation between the parameters of PMA. 
Equations (5, 6 and 7) define the Tondu and Lopez force 
model under the following assumptions: 1- The shape of PMA 
is a perfect cylinder with zero wall thickness. 2- There is a 
contact between the inner rubber tube and the braided sleeve. 
3- The braided strand length is constant. 4- There is no friction 
between the tube and the sleeve. 5- Neglecting the latex tube 
force [1, 17]. 
 
 
 
 
 
 
 
 
 
 
   

Fig. 4 parameters of PMA 

 

Where: , 	                    (5) 
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Fig.3 contraction length of three PMAs 
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Fig.1 A photograph of a 20 cm PMA 
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  By considering eq. (5) the strand length can be evaluated as: 
 

                                      (6) 
  The force “f” can be calculated as the multiplication of the 
gauge pressure and the volume change with respect to length. 
 
      1                          (7) 
 

  Where:   , 	,	and	 	. 
 
   The maximum value of the contraction ratio “ε”   occurs 
when (L=L0). Moreover, “r0 and θ0” represent the initial values 
of radius and angle of PMA respectively. Fig. (5) below shows 
the experimental force data with the plot of eq. (7) for 20cm 
PMA. This figure illustrates that the difference between the 
theoretical and experimental records has two main causes. The 
first one is the non-cylindrical shape of PMA at zero or low air 
pressure supplied. The second reason is less contact between 
the inner rubber tube and the braided sleeve. To overcome 
these two aspects, the correction factor “q(p)” [12] is used by 
multiplying it by the contraction ratio of eq.7. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  1 1                                    (8) 
 
The increase on “p” caused a decrease on “q”, therefore, at 
high pressure the shape of PMA become perfectly cylindrical. 
On the other hand, the experimental data shows that the 
amount of useless (zero force) pressure is (0.45 bar), for that 
the gage pressure in eq.7 is sited by (0 bar) from (0-0.45 bar) 
and is shifted by (0.45 bar). The zero force pressure is studied 
by [25] as a function of pressure and inner tube diameter. 
Taking these two factors into account gives substantial 
matching between the experimental and theoretical force 
characteristics. Fig.6 gives the force plot for three muscles 
under test with L0 (20, 30 and 40 cm). 
  The modification of eq.7 shows in eq.9 below: 
   0			, 0 0.45	  
 	 0.45 1 	, 0.45     (9)                      
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 

V. PNEUMATIC MUSCLE ACTUATOR ARM 

 
   A 30 cm artificial muscle is used in the design of a 
continuum arm, which is constructed with four identical 
PMAs as in Fig.7.   
 
 
 

Pressure (bar) 
          Theoretical force [17].            Experimental force

Fig.5. Force of 20cm PMA 
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 (a) Force of 20cm PMA 
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(b) Force of 30cm PMA 
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Fig.6. Proposed force characteristics of three different PMAs 
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   As shown in Fig.7, there is one muscle in the centre of the 
arm, and the other three are located as a 120o displacement. 
The distance between each muscle’s centre and the centre of 
the arm is 30mm. The same tests are applied to the arm for 
contraction and force characteristics. Fig.8 illustrates the 
change in length with respect to pressure input, comparing 
individual muscles. The slight differences between the two 
plots are due to the friction between muscles. Furthermore, it 
is clear that the arm is acting as a single PMA for contraction 
characteristics whilst adding many features such as pending 
and multi positions of its end. With reference to eq.9, both 
input pressure and contraction ratio have an effect on the force 
of each PMA. Therefore, the expected force characteristics for 
the arm will be four times that of a single muscle. 
. 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
   Fig.9 clearly explains this idea. Consequently, the force of 

multi PMAs in parallel can be calculated as in eq.10.    
 

 
    
 
 
 
 
 
 
 
 
 
 
 
 

 
 

        		                                    (10) 
 
  Where F: is the total force (N), K: is the number of parallel 

muscles, and f: is the force of single muscle (N). 
 
To explain this idea more clearly, two PMAs in series are used 
to test the force. Fig.10 below shows that the force as same 
gauge pressure is the same as the force of a single PMA. In 
other words, the force of series PMAs is divided by the 
number of series sections. From eq.9, we can see that each 
section will contract by the same contraction ratio (ε) at (p 
bar). Therefore, the two muscles will act as one long muscle, 
and its length is the addition of series PMAs. Even the 
sections are not identical.  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
   Fig.11 illustrates the force characteristic of two 30 cm PMAs 
in series and of a single 60 cm PMA, and it is clear that the 
contraction ratio of the 60 cm PMA is similar to the 
contraction ratio of the two 30 cm series PMAs. Therefore, the 
force is similar too. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 

Pressure (bar) 
                       Single PMA             Two PMAs in series 

Fig.10. Single and two PMAs in series Force characteristics 
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Fig.8. Length-pressure characteristics 
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VI. MODELLING OF THE ARM FREE END ANGLE 

 The pneumatic muscle actuator arm has a smooth bending 
behaviour when it is actuated by air [26]. There have been a 
number of researches done on curvature [6, 26]. In this paper 
the free end angle of a 4-PMAs 30 cm arm shown in fig.7 is 
studied as a function of actuated air pressure; no load and load 
states are considered. Firstly, the experiments are done by 
recording the initial angle of the free end (α), which is equal to 
(zero) degree due to a straight-line arm. Secondly, all PMAs 
are actuated by (0.45 bar), then the pressure is increased in one 
of PMAs in the corners. The arm will then bend into another 
position, depending on the amount of (p) in the muscle and α 
is recorded each time. Fig. 12 shows the contraction arm under 
actuation from certain pressure between (0-5) bar.       
 
                               
 
                                              

 
 
                                
                         
                                        
 
                                    
 
                                           
 
 
 
 
 
 
 
 

 
 
   The maximum angle value (αmax) depends on the amount of 
the attached load (w) to the arm end. Table.1 below shows 
different maximum angles with different load values.  
 
 

 
Load (Kg) Pressure (bar) αmax (degree) 

0.0 3.8 84.333 
0.1 3.4 84.0 
0.2 3.8 75.5 
0.3 3.4 66.0 
0.4 3.0 57.0 
0.5 2.8 47.0 

 
 
 

   Fig.13 illustrates the test data for (α) as a function of 
actuated air pressure in one muscle within the arm at different 
loads, and it is clear that the maximum angle is reached at high 
pressure, depending on the load value. From these records, 

eq.10 models the position angle with any load (w) as a 
function of pressure (p). 
 

                                                  (10)               

	 85.109 68.4155 915.4121 2145.117 1779.24586.1951.0477063.459321 69.7074 940.9097 2210.206 1837.1850.1331478 4.69328 18.98427 21.752530.7990463 24.19429 84.25137 67.01067
1

  

 
 
 
 
                      
 
 
 
 
 
 
 

                            
 
 
 
 

 
 Comparisons between experimental and theoretical data are 
given in Fig.14 for two states (no load and 0.3 Kg) using 
eq.10. The figure shows that the slight difference between 
experimental and theoretical plots can be ignored for (p) equal 
or more than (2.6 bar).  
 
 

   
 
 
 
 
 
 

   
 
 
 
        
 

 

 

VII. CONCLUSION 

    An experimental model for the length of a pneumatic 
muscle actuator is presented in this paper by two equations. 

Table.1 maximum angle with different loads

Pressure (bar) 
      w=0.0Kg,         w=0.1Kg,          w=0.2Kg 
      w=0.3Kg,         w=0.4Kg,          w=0.5Kg 

Fig.13. Experimental arm angle 

0

15

30

45

60

75

90

0 1 2 3 4 5 6

A
rm

 a
ng

le
 “
α”

 (
de

gr
ee

) 

Pressure (bar) 
      0 Kg experimental,               0 Kg theoretical 
      0.3 Kg experimental,          0.3 Kg theoretical 
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These equations show minimum error between the model and 
experimental data for muscles with any nominal length L0 
between 15 cm and 40 cm. On the other hand, calculating the 
specific zero force pressure in addition to using the shape 
correction factor, it makes the force model equation a more 
accurate and substantial match to the experimental data for all 
muscle lengths under study. Extending the experimental force 
to an arm of 4-muscles shows that the force of parallel PMAs 
is four times that of single muscles.  On the other hand, the 
serial muscles provide similar force value whatever the 
number of series sections. Another important experiment is 
done for the position of the free end of the arm by calculating 
the bend angle, through which the base data for position 
control is established. The mathematical model of this angle is 
proposed and validated.  
  As a future work, three-dimensional positions for a 
continuum arm of any structure could be modelled as a 
mathematical equation to make the offline and online control 
of continuum arms more efficient. 
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