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Abstract. 

The rational  -powers of Bernstein-Kantorovich sequence             is defined and studied in this 

paper. In the beginning the study shows that the sequence       ( ;  ) is converged to the function          

whenever    . Next, for this sequence, the moments of order   and the Voronovskaja-type asymptotic 

formula are given. Also, a numerical application for the sequence             is given for the test function  

            to explain the convergence properties and compared with the numerical results of the classical 

Bernstein-Kantorovich sequence         . It shows that, the sequence        ( ;  ) has better numerical 

approximation properties than the sequence         . 
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2.1 Introduction.  

The well-known Bernstein sequence of order  : 

        ∑        

 

   

 (
 

 
)  

where         ,         (
 
 
)            and        . 

In 1930, Kantorovich [6], gave a modification to the sequence of Bernstein for a 

function          as:  

              ∑        ∫     

   
   

 
   

    

 

   

 

where               

After that, some other generalizations and modifications have been introduced by some 

researchers (see, [3], [4], [5]). 

 In 2000, Cal and Vall [2], introduced a class of sequences that are general to particular many 

cases.  

 In 2013, Mahmudov and Sabancigil [8], have introduced a generalization of q-type 

Bernstein-Kantorovich sequence as follows:  

          ∑          ∫ .
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where               . 

 In 2018, Acu, Manav and Sofonea [1], have studied the approximation properties and 

asymptotic type results concerning the Kantorovich variant of   -Bernstein sequences.  

                ∑  ̂      ∫     

   
   

 
   

    

 

   

 

where          and  ̂                  (
      

    
          

      

    
           ). 

 In 2019, Karahan and Izgi [7], have studied the generalized of Bernstein-Kantorovich 

sequences for the function of two variables.  
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where       ,                ,      ,     
                       , and 
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)               . 

  In 2020, Mohiuddine and  ̈     [10], construct Stancu-type Bernstein-Kantorovich 

sequences based on parameter  .  
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where     
       [      (

   
 

)            (
   
   

)         (
 
 )]        

                and          . 

 In 2021. Mohammad and Abdul Samad [9], have introduced and studied the rational  

 - powers of the Bernstein sequence           for          and    :={1, 2, …}as 

follows:  

          
∑     

     (
 
 ) 

   

∑     
     

   

 

  In this paper, the rational  -power of the Bernstein-Kantorovich sequence 

              is defined as: 

              

     ∑     
    ∫       

   
   
 

   

 
   

∑     
     

   

  

Where          ,     and      
     ((

 
 
)           )

 

    

For the sequence              , the moment of order  , Korovkin theorem, and the 

Voronovskaja -type asymptotic formula is studied. 

2.  Preliminary Results. 

Some preliminaries relative to the sequence  -th powers of the rational Bernstein-

Kantorovich polynomials are introduced here. 
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Lemma 2.1. [9] 

(i)            ; 

(ii)           
           

  
 

   

   
; 

(iii)       
     

                    

       
               

      
      

       

(iv)       
     

           

                 
   

      

 

           

               
             

Lemma 2.2.  

 For               {       }, the following conditions are satisfied 

(i)               

(ii)             
           

      
 

 

       
  

(iii)        
     

                    

        
   

           

        
  

    

          
  

(iv)        
     

           

        (          ) 
   

            

                    
           . 

Where        means terms in lower powers of  . 

Proof. 

 The proof of the above polynomials is going as: 

By direct evaluation, one has 

              

To prove (ii) 
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Applying Lemma 2.1, one has 

           
           

      
 

   

       
 

 

      
 

 
           

      
 

 

       
  

To prove (iii) 
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Applying Lemma 2.1, one has 

 
                    

        
   

               

        
  

      

         
 

 
          

       
  

   

        
 

 

       
 

 
                    

        
   

                 

        
  

 
      

         
 

   

        
 

 

       
  

       
      

                    

        
   

           

        
  

    

          
  

In general, 

       
     

     ∑     
     

   

∑     
     

   

∫     

   
   

 
   

 

 
     ∑     

     
   

∑     
     

   

0
    

   
1

 
   

   
   

 
     ∑     

     
   

   ∑     
     

   

0(
   

   
)
   

 (
 

   
)
   

1 

 
     ∑     

     
   

             ∑     
     

   

*             
+ 

 
∑     

     
   

           ∑     
     

   

 

 2             
      

 
                    3   

 
∑     

     
   

           ∑     
     

   

 

 2        
      

 
             3  

 

           
 

 
     ∑       

     
   

           ∑     
     

   

 
      ∑         

     
   

            ∑     
     

   

        



Journal of Basrah Researches ((Sciences)) Vol. (47). No. 1 (2021) 
 

118 
 

 
∑       

     
   

      ∑     
     

   

 
 ∑         

     
   

       ∑     
     

   

         

 
 

      
(

           

               
   

      

 

           

             
           )  

 
 

       
.

           

               
     

 
            

 

           

                 
           ) 

 
           

                     
   

 (
      

 

           

                   
     

 

       

           

               
    )           

 
           

                     
   

 (
            

                      
    (

     

 
))         

       
    

 
           

                     
   

            

                    
     

          

 For     , we define the following: 

The  -th order moment     
     of the polynomials               
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 The next lemma shows the relation between the two functions above and the function  

    
    . 
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Lemma       

For     , the functions      
     have 
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Proof. 
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Lemma       

The functions               and             have the following recurrence relations 
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Lemma 2.5. 

The moment (    
    ) of order   has the recurrence relation  
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Now, by the direct evaluations and apply the recurrence relation above, one gets  

    
     

        

        
 

       

        
 

       

        
 

    

          
  

3.Main Results. 

The Korovkin theorem and the Voronovskaja theorem for the sequence K          

are proved here.  

Theorem 3.1.  

If                 , exists   then                           

Proof. 

The proof of this Theorem holds From Lemma    .   

Theorem    .  

Let          and             if     exists, the sequence             is satisfied the 

following        {               }  
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where                 . So, 
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4. Numerical Example. 

 This example is a graph comparison among the convergence of the sequence, 

                    (black color),            (red color),            (green color), 

           (blue color) and the test function                    (brawn color) 

(Fig4.1). Also, it is giving the graphs of the error functions      (               ), 

           for these polynomials (in same colors above) for the values of      and    

(Fig4.2). 



Journal of Basrah Researches ((Sciences)) Vol. (47). No. 1 (2021) 
 

126 
 

 

Fig 4.1: The convergence of      to the function      whenever                    
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Fig 4.2: The functions     . 

Conclusion 

This study is a generalization of well-known sequences of linear positive operators 

which are deduced as a special case from the  -th powers of the rational Bernstein 

polynomials. Also, the study gives a numerical example which are showed the numerical 

convergence of the polynomials            to the test function. This numerical convergence 

shows by the graphs of the           with the function     . The numerical results appeared 

that numerical results became more accurate whenever   increase. 

Reference. 

[1]. Acu, M. A, Manav, N. and Sofonea, D. F: Approximation properties of  -

Kantorovich operators. Inequal. Apple 202, 1-12, (2018).     

[2]. Cal, J. D and Valle, A. M: A Generalization of Bernstein-Kantorovich Operators. 

Math. Anal. Appl 252, 750-766, (2000). 

[3]. Cao, J. D: On Sikkema Kantorovich polynomials of order k. Approx. Theory. Appl 

5, 99-109, (1989).   

[4]. Cao, J. D: A generalization of the Bernstein polynomials. Math. Anal. Appl 209(1), 

140-146, (1997).  

[5]. Nagel, J: Kantorovich operators of second order. Monatsh. Math 95, 33-44, (1983). 

[6]. Kantorovich, L. V: Sur certains developments suivant les polynômes de la forme de 

S. N. Bernstein, I, II, C. R. Adad. Sci. USSR. 563-568, 595-600, (1930). 

[7]. Karahan, D and Izgi, A: Approximation properties of Bernstein-Kantorovich type 

operator of two variables. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat. 2, 2313-2323, (2019) 

[8]. Mahmudov, N. I and Sabancigil, P: Approximation theorems for  -Bernstein-

Kantorovich operators. Filomat. 4, 721-730, (2013). 

[9].  Mohammad, A. J and Abdul Samad, I. A: The  -th powers of the rational Bernstein    

polynomials. Basrah Journal of Science. 2, 179-191, (2021). 

[10]. Mohiuddine, S. A and  ̈    , F: Approximation of function by Stancu variant of 

Bernstein-Kantorovich operators based on shape parameter  . The Royl Academy of 

Sciences.70, 1-17, (2020). 

 

 

 

 



Journal of Basrah Researches ((Sciences)) Vol. (47). No. 1 (2021) 
 

128 
 

 rكاًرشوفج الكسشَح هي المىي-هرراتعح تشًشراَي

 اَواى عزَز عثذ الصوذ                                علٍ جاسن محمد

 .العشاق / جاهعح الثصشج / كلُح الرشتُح للعلىم الصشفح / لسن الشَاضُاخ

  .الوسرخلص

عشفد ودسسد فٍ  r  〖KB〗_(n,r) (f; x) كاًرشوفج الكسشَح هي المىي -هرراتعح تشًشراَي               

 عٌذها f [0,1] ذرماسب الً دالح الاخرثاس  KB_(n,r) (f;x) هزا الثحث. فٍ الثذاَح ذظهش الذساسح اى الورراتعح

n ذمرشب الً اللاًهاَح. تعذ رلك اعطٍ العزم هي الشذثح m اعطٍ ذطثُك  وصُغح ً فشوًفسكُا للرماسب. اَضا

لششح خصائص الرماسب وهماسًح  f(x)=sin⁡10x ولذالح الاخرثاس  KB_(n,r) (f;x) عذدٌ للورراتعح

اذضح اى  .n (f;x)_〖KB〗 كاًرشوفج الكلاسُكُح -الٌرائج العذدَح لهزا الرمشَة هع هرراتعح تشًشراَي

〖KB〗 َكىى أفضل هي الرمشَة العذدٌ لـ (f;x) (n,r)_〖KB〗 خصائص الرمشَة العذدٌ للورراتعح

_n (f;x). 

 


