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Abstract. In this paper, the error estimate of expanded H' -Galerkin mixed finite element methods (MFEMs) has been
discussed with studied semi-discrete for parabolic integro-differential equations (PIDEs) with a nonlinear memory. In
addition, we derived an error estimates for the unknown function, gradient function, and flux.

I. INTRODUCTION

Pani presented a new MFEM called H!'-Galerkin mixed finite element procedure [26] which splits given
equations into a first-order system and can be viewed as a nonsymmetric version of least square method . Deepjyoti
Goswami Amiya K. Pani and Sangita Yadav established optimal Error Estimates of two MFEMs for PIDEs with
Nonsmooth Initial Data [19].\

Compared to standard mixed methods [13,15,17,18] , H'-Galerkin MFEM has many good features. The first is
choosing of finite element spaces that they are not subject into a Ladyzenskaja-Babuska-Brezzi (LBB) conditions.
The second finite element spaces 1}, (for approximating an unknown function) and W,, (for approximating the flux)
may be of different polynomial degrees. Moreover, the L? and H?! error estimates do not require a finite element
mesh become quasi-uniform. Although we seek extra regularity in the solution, a best order of convergence to the
flux in L? norm can be obtained. Up to now, H'-Galerkin MFEMs have been widely used to solve some partial
differential equations [28,30].

In [9], an H'-Galerkin MFE procedure deals with a nonlinear parabolic equation in porous medium flow by
combining the H'-Galerkin formulation and the expanded MFEMs are suggested. The formulation has the
advantages of H'-Galerkin method and expanded MFEMs, it can solve the scalar unknown, its gradient and its flux
directly. It is proper to the case anywhere the coefficient fromthe differential is a little tensor that do not need to be
inverted. Furthermore, the formulation permits the use from standard continuous and piecewise (linear and tall-
order) polynomials in contrast for continuously differentiable piecewise polynomials required by standard H'-
Galerkin methods, and is free of LBB condition as required by MFEMs. Certainly, this formulation has its hold
disadvantages such as it needs to deal with the large size matrix.

The purpose of this paper is to extend the H*-Galerkin MFEM developed in [11] to parabolic integro-differential
equations with a nonlinear memory. Then, the paper will present the error estimates.

The rest of this article is orderly as follows: In Section 2, H'-Galerkin MFEM combined with expanded MFE for
nonlinear PIDEs with memory is established. In Section 3, optimal order error estimates for the semi-discrete
scheme of the, H'-Galerkin MFEM combined with expanded MFEM are proved. Throughout this research, ¢
indicates a general positive constant which does not depend by h. in the alike time, we show a useful integral
inequality.

[ fTlp () 12dsde < [o()12ds, (1.1)
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where @ is a integrable function in [0,t], t € [0, T]. Also the kernel k is assumed to be positive defiite ,ie. ,
all t € (0,T], k € L}, (0,00), and

5y (5 k@t = )v@dr)ds = 0 e clor] (1.2)

II. GOVERNING PROBLEM

Consider the following PIDE with nonlinear memory[33]:
t

u, —Au + f k(t —s)(=V- (a(x,u) Vu + b(x, t)) +clx,u) - Vu + g(Gx,w),
0
= f(x, ), ,)Q %, (2.1)
ulx,t) =0, (x,t) € 0Q X j,
ulx,0) = uy(x), x€Q,

Where, Q be smooth bounded range in R?(d = 1,2,3) with the Lipchitz continuous boundary aQ . j = (o, T] is
the time interval with 0 < T < oo, suppose the kernel k be positive definite as well as a smooth neither non smooth
memory and f is a known function.

For clearly, we will not do the dependence of variable x in a(x,u),b(x,w),c(x,uw) and glx,u) we give the
following hypotheses about a, b, ¢, f and u in the following show:

(1) The functions a(u) € R**% is a tensor function, b(u) and c(u) € R are vector functions and g(u) € R! is
scalar function, respectively.

(2) All the functions a(w),b(u),c(w) and g(u) are continuously differentiable with respect to any variable
also smooth and bounded.

Problem (2.1) and a nonlinear version thereof exist in many physical operations in which this is needful to take
in tally the effects from memory due to a reduction of the usual diffusion equations, [20,23,29], to approximate the
solution u of PIDEs. Both finite difference and finite element methods have been analysed widely in the past for
both the linear and nonlinear problem [5,6,21,22,10,24,35,34]. Recently, many numerical methods like
MFEM][16,30], finite volume element method (FVM)[32], and discontinuous Galerkin method (DGM) for space
discretization or time discretization[25], have been proposed to solve PIDEs.

III. EXPANDED H!-GALERKIN MFEM FOR PIDES WITH NONLINEAR

MEMORY
Weak Formulation
Re-write a equation (2.1) as following:
u, —v- | vu - j k(e — ) (aG)Vu + b@))ds
° t
+fk(t-s>(c(u)-w+g(u))ds
_F 3.1

to definite the H'-Galerkin MFEM combined with expanded mixed element method. We split the nonlinear
PIDEs together memory (3.1) into first-order systemas follows:
t

a=u~ [ k(e - 9(a)vu+b)ds
0

And oc=Vu

as follows

u,—V-q +f0tk(t—s)(c(u) o +gW)ds=f (3.2a)
o=Vu (3.2b)
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q=0— fotk(t —s)(a@o +bWw))ds (3.2¢)

ulx,0) = u,(x) (3.2d)
A weak form into up equations is find (u,0,q) € H3(Q) X W X W
Such that
(00, + V-,V p) = (Jy k(e = 9)(c@.o + g )ds, V- p) = (£, V- p) Vp e W (3.30)
(o,Vv) = (Vu,Vv) vv € H(Q) (3.3b)
(qw) = (0, w) — (J; kt - 9 (a@ o + b@))ds, w) Vw e W (3.3¢)
6(0)=Vu_0 (x) (3.3d)
where

d
W = H(div, @) = {w € (12@)": V- w € 12(@)}
with norm
1
I w lyaiway= (lw I2+1V - w(12)z
and
V=H!{Q=WweH(@:v=0 0n 00}

with inner product (.,.) alsonorm [l |l

To proofthe equivalence between (3.2) and (3.3), we need the following lemmas:

Lemma 3.1 ([3]) Let Q be a bounded range and the Lipschitz continuous boundary dQ . Then, every q €
H(div,Q), there exists ¢ € H*(Q) N Hy (Q) and a divergence free € H(div, Q) , q = V0 + .

Lemma 3.2 ([12]) Let Q be a bounded field also a Lipschitz continuous boundarydQ. Then, all g € L?(Q),

d
there exists g € (H'(Q)) < H(div,Q),V-q = g.

Theorem 3.1 by using the conditions which explained in above Lemmas. (u,0,q) € Hy(Q) X W X W is a
solution of the system (3.2) if and only if it is a solution to the weak formulation (3.3).

Proof: A solution to the system (3.2) is a solution to the weak form(3.3). Then, we have to prove that a solution
to the weak form (3.2) is a solution to the system (3.1) .We choosew = q — o + fotk(t —s) (a(u) o+ b(u))ds in
(3.3¢) to have

(q, q—o+ fotk(t - s)(a(u)a + b(u))ds) = (a, q—o+ fot k(t — s)(a(u)a + b(u))ds) -
(fotk(t - s)(ao +bW))ds,q — o + fotk(t —9)(a@) + b(u))ds) then
(q -0+ fotk(t —s) (a(u)a + b(u))ds, q—o+ fotk(t —s) (a(u) + b(u))ds) = 0 that means
q=o0+ fot k(t —s)(a() o + b(u))ds. (3.5)
Using Lemma 3.1, there exists a ¢ € H2(Q) N H}! (Q) and a divergence free[4]
Y € H(div, Q) such that ¢ = V@ + 1.

Putting 0 = V@ + 1 into (3.3b) exhibit
Vo + 9, V) = (Vu, V),

Vo, vv) + (Y, Vv) = (Vu,Vv), Vv € HE(Q). (3.6)
Divergence theorem indicate
@, V) = =(V-y,v) =0, vv € H Q). (3.7)
From (3.6) and (3.7) that we get
Ve, vv) = (Vu, Vo), vv € HL(Q),
which implies
VO = Vu.
Now inserting VO)=Vu in 6 =V@+1Y we obtain
o=Vu+. 3.8)

To get ¥ = 0, we substitute (3.5) and (3.8) in (3.2a) then by using the divergence theorem for the first term

from the resulting equation to have:
(u,V-p) — @,p) — (V- (Vu+y),V-p)
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— (v (J ke = (et - (Vu + ) + g@))ds), v -p)

=—(f,V-p), VpEW. (3.9)
putting p = 1 in (3.9) and since P € H(div, Q) is divergence-free and V- ¢ = 0 ,we have
(d%'do = %é%(w;do = O' (3.10)

furthermore, using (3.8) for t = 0 we get
o(x,0) = Vulx,0) + (x,0) = Vuo(x) +y(x, 0),
which means l,b(x, 0) =0.
Integrating (3.10) with respect time from 0 to t, we have
Plx,t) = 0.
thus, we obtain o0 = Vu.
Now, we can be rewritten (3.9) as follows:

e,V p) = (V- (v + [ ke = 9)(c@) - Vu+ g@))ds), V- p)

=(f,V-p), vp € H(div, Q). (3.11)
Since f,u; € L?(), by Lemma (3.2) that there exists an F € H(div,Q), such that
V-F=u,—f.
Thus, (3.11) becomes
V-qV-p)=(V-FV-p), vp € H(div,Q).
and we have thatV-F =V -q, thatis
u —V-p=f (3.12)
by (3.5) with (3.12) we get
u, —V- (a + fot kit —s) (cw) -0+ g(u))ds) =f (3.13)
then with (3.8) we conclude
ue =V (Vu+ ) + Jy kG =) (c@ - Wu+y) +bG))ds) f (3.14)
and Y = 0 ,we get
t
ue— V- (Vu+ f k(e = ) (c@) - Vu + b)) ds) = f (3.15)

this completes the proof.
Semi Discrete Scheme

To discuss the semi discrete H!-Galerkin MFEM combined with procedure, we first give some definitions and
some properties of projections. Let Ty, be a partition of Q to a finite number from elements, so that,Q =
UkeTh K and element edges lying on the boundary may be curved [27]. Let h, denote the triangle diameter of k.
put h = maxyer, hy . Let V; be the finite dimensional subspaces of H}(Q) defined by

v, = {v, € H} (Q):v,|, € P, (K)},

where B, (K) denotes the spaces of polynomials from degree at most m on k. Moreover, we denote by W, the
vector spaces in MFE spaces with index k. It is well known to W, and V, satisfy the inverse property and the
following approximation properties [2],[14]:

inf lv—v,l+hlv—v, I;<ch™ 1V 4, v € HY+1(Q),
VhREVH
d
inf 1p—py 1< R 1 p sy, p € (H*1(Q),
PhEWR d
inf V. (p = p) IS ch** 2 1 p lliys pn € (HX*2(Q))",
PhEWR ’

to analyze the error estimates, we require the following projection operators. Let I,:H3(Q)— V, be the Ritz
projection [8] defined by:

V@ —Iu,),Vv,) =0 Y, €V, (3.16)
which the following results hold:
lu—Lull +h I V= I,w IS ch™ g (3.17)
also we know that the Raviart—Thomas projection R,,:H(div,Q) — W, define by[7]
(V-(g—Ryq),V-p) =0, vp, € W, (3.18)

we have the following approximation features:
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g —Ryq IS ch** 1l q llgyq, (3.19)

I1V-(g—Ryq) IS ch* 1| q N1 , (3.20)

Now based on the above of preliminaries, we define H*-Galerkin MFEM combined with expanded MFEM for
the system (3.3) as follows : ﬁnd(u(,ah,ph) eV, xW, xW, such that

(ne o) + (V- qn,V-py) — fotk(t = 5s)(c(up) oy + g(uy))ds, V- ph) = (f,V-p,) (3.21a)
(0, V) = (Vuy, Vv,) (3.21p)
(qn,wy) = — (fotk(t — s)(a(uy)oy, + b(uy))ds, Wh) (3.21¢0)

Vp, EW, , u,€V, and w, €W,.
IV. ERROR ESTIMATES TO THE SEMI-DISCRETE

In this section, we decompose error estimates for the H'-Galerkin MFEM combined with expanded MFEM
presented in Section 3.1 are:
u—u,=u—Lu+lhu—u,=@-Lw+Uu—u,) =a+p,
q— qn =9 —Ryq+Ryq—q, =(q—Ry@) + (Ryg—q,) =1+,
and
6—0,=06—R,0+Ry0—0,=(—R,0) + R,o—0,) =60+¢.
applying (3.3),(3.10), and auxiliary projections (3.5),(3,7). We get the error equations in &, { and g as follows:
o) + Gom) ==,V p) = V-4,V p) + (Jy k& =9 (c@) — c@w,)) - 0)ds, V- p, ) +

(fy ke = $)c(uy)ods, Vp, ) +(Jy ke = elweds, v -y ) + (Jy ke = ) (g ~
9(u))ds, ¥ p,) “.1)
(&, Vv,) = (VB,Vv,) —(6,V,) (4.2)

m,wy) + &, wy) = 0,w,) + (&, wy)
—(Jy k(e = $)(aw) — aluy)o)ds, wy))
—(Jy k(e = Datuy)ods, w, )
+(Js k& — Dalweds, wy)
—(fotk(t — ) (b@) — b(uy))ds, wh) ) (4.3)
clearly, where
cw) -o—cluy) o, =@ -0—clw) o+clu,) o-cluy,)- g,
= (c(u) - c(uh)) o+ c(u,)- (6 +9),
Wehave 8 = 0 — R,0 and & = R, 0 — 03, ,also the above equation is holds.
Similarly, we have
a@W o — aluy)o, = (a@ — aluy)o + aluy)o — a(uy)oy,
= (a@) — a(uy))o + alu,)(6 + &).
Now, we will prove the error estimates for u — u,,0 — 03, and q — q,.
Theorem 4.1 Assume that g, (0) = R,Vu,(x) and let (u,0,q) and (u,,05,q,)be the solution of (3.3) and
(3.10), respectively. Then, the optimal error estimates hold:
(a) Il u— u, ”H1 < Chmin(k+1,m)
(b) Il V. (q _ qh) < Chmin(k,m+1)
@ Nu—wy I+l o =0yl +1l g = gy I< CR™PCEFTMED

where k = 1 and m > 1 for d = 2,3. The index k can be relaxed to include the case of k =0 ford = 1.
Proof . For prove (a) we use the triangle inequality, we have

hu—up = llu—Tiu+ Liu—uyllye (€3/EN)
< ”u - Ihu”Hl + ”Ihu - uh”Hl
<llall g2 + 1Bl (4.4)
where u-—Il,u=a and Lyu—u,=p.

Since estimate of a is given in (3.17) it only we need to estimate 3, we choose v, = 8 in (4.2),to have

(&,VB)=(VB,VB)-(8,VB) (4.5
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applying Young’s inequalities for each term of the above equation

&, vp) <elléll® + illvp’ll2
(96, 8) < cllvgll* + ——IvgI
6,vB) < elloll? +iIIV/3II2
where  (ab < ea? + - b?)
Then, substituting the above inequalities into (4.5) we obtain

1 1 1
2, 2 < 24— 2 2, 2
VI + - IVB1® < el +— IVl + eloll? + -9
VA1 + —IValI2 — —11VaI7 < ecliell® + llal?)
4e 2€ -

(e +41—6—21—6) 19B117 < eCliell® + llal?)

Where ¢ = € + — — — and ¢, ==
4e 2€ c
since f € V, < Hy (Q) ,then lIBIl < ¢, VBl jthus ,we have the estimate l|Bll,
vl < ¢, (lEN> + lloll?) (4.6)
BN < ccy (N + ll6ll2) 4.7)

note that into the above inequality, we need to estimate ¢ , we choose w, = ¢ in (4.3) to get

€O =@, + Q- 6,0+ (f kt — )@ — a@,))o)ds )
+(Jy ke = alu,)ods, €)
~(Jy k(& = atu,)éds, )
+(Jy k(e = ) (b@) = b(uy))ds, €)

=27, L (4.8)
We apply Young’s inequalities to estimate the terms on right side with appropriately small e,
Ll =1-(8,0)] < clloll? + ell€]l? (4.9)
Ll =1, &) < clinll* + ell€ll? (4.10)
ILs| = 1@, &) < cllgll? + ell€ll? (4.11)
L, = |— (fotk(t —5)(a@) — a(uy))ods, g')|
< ccye, [T (Nall? + 11B1I2) + ell€ll? 4.12)

where ¢, depends on K(t — s) ,and ¢, depends on ||0||W°g (1)-

sl = |- (J; ke = Daquy)ods, ¢ )|

< ccycy Jyll6lI2ds + ell€]12 (4.13)
where c; depends on a(uy)
Il = |(f; k(e —Da(uy)éds,€)| =0 (4.14)
12,1 = |- (Jy k(e = $)(b@) = b(uy))ds, €|
< ccy Jylallz+ 1812) + llg 12 (4.15)
combining the above inequalities from (4.9) to (4.15), we obtain
lellz < ¢, Alollz + ligll2 + 15112) + ¢, Jy Alallz + 113112 + lloll2)ds (4.16)

where C,; = C,(c, ¢y, ¢y, C3).
Also here, we need to estimate {, taking w,, = { in (4.3) yields

—(fy Kt — )@@ — alwy))o)ds,?)
—(Jy k(& = alu,)ods, )
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+(f0tk(t - s)a(uh)g‘ds,()
— (I kG = (@) — by))ds, <)
=21 E
We use Young’s inequalities to estimate the right side term by the term.
IE;| =10, < clloll? + ll¢lI?
IE,| = 1(&, Dl < clléll? + ell¢ll?
|E; |1 = 1—-(, D1 < clinll? + £lI¢1I?
IE,| = |(Jy k(t = $)(a@ ~ a(u,)o)ds, )|
< ccyc, fot(llallz + 1Bl ds + ell¢lI?
1Es| = |(fy k(e — )alu,)ods < )|
< ceyes i 0112 ds + £llgll?
lE,| = |(f0t k(t — s)a(uy)éds, {)|
IE,| = | (Jy k(e = )(b@) — bu,))ds, 3 )|

< cc, [ (llall? + 18112 + llg 112
Thus, by appropriately small &, setting (4.18) — (4.24) into (4.17) to yield.
112 < ¢, Alell2 + 1€l + Igll2) + ¢, [ (llallz + 11312 + N6l 2)ds
Here , C, = C,(c,cq,¢4,C3)
Now, putting (4.25) into (4.16) we get,
el < cllell? + IIntII2 + (6l + 1El? + lInll?)
+C, Jy lallz + 11112 + ll6l12)ds
+C, Sy (llallz + 18112 + N6l 2)ds
12 < ¢, Aol + ligli2 + 112 + ¢4 Jy dlall2 + 18112 + ll6l12)ds
where C; = C5(Cy,C5).
combining (4.7) with (4.26) we obtain,
t
gz < c;loliz + linll2 + 1N12) + ¢, J; lall? + 116112 + llENI2)ds
applying Gronwall inequalities [1] to the above equation, one has
t
lellz < ¢, A6l + linll?) + ¢, J, lell? + N6l 2)ds
from (3.17) , (3.19) and (4.28) we have
1> < €5 (ch2 %P llo 2 yiny + i+ llgl i)

t ( 2 2
4y LR T s ey + 2 E5 02 enny)
”5”2 < C5h2mm(k+1’m+1) (”U”ioo (k+1) + “q”ico(Hk+1) + ||u||iw(Hm+1))

ez <
CSthin (k+1,m+1)
||f|| < Cshmin(k+1,m+1)
Now substituting (4.29) into (4.7) with (3.19) we obtain
”,3”2 < CCO(CShZ min (k+1,m+1) (llO'”ioo(Hk+1) + ||q||ioo (nk+1) + ”u”iOO(Hm+1))
+Ch2(k+1)”q”2c>o(l_1k+1))
”ﬁ”z < C6h2min(k+1'm+1) (”O-”ioo(Hk+1) + ||q||ioo (HK+1) + ”u”ioo (H”“'l))
||ﬁ||2 < C6h2min(k+1,m+1)
”:8” < C6hmin(k+1,m+1)

where from the given in the theorem we have

lloll?

L®(H

k1) + ||q||ioo(Hk+1) + ||u||zoo(Hm+1) =1

020010-7

(4.17)

(4.18)
(4.19)
(4.20)

(4.21)

(4.22)
(4.23)

(4.24)
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Now substituting (4.32) into (4.4) with (3.17) we get
llu — upllyr < CR™Mull 4, + Copmintk+im+1)

< chmin G+ 1,m) (4.34)
where C = C(C,Cy)
and
lu — upllyr < CA™ 4
but

llu — upll < ch™ 2l 44,
similarly, we prove (b), namely

IV-(qg—q)ll = 1IV- (g = Ryq + Rpq — gl
<V-(q=R, )l + IV- (R, q — gl
<lv-qll+llv-¢ll. (4.35)
Since, estimate of 77 is given in (3.19), it sufficient to estimate ||V - ¢|l. We choose p, = ¢
V-¢v-==06,,0-(, - V-1nV-Q
+(Jy ke = (@ — cluy) - 0)ds, V- ¢)

+ (fot k(t — s)c(uy)0ds,V - ()
+(Jy k(e = $)cw)eds, v+ ¢)

t
f k(e — ) (gQw) — gluy))ds,V-¢
0

_ Z D, (4.36)

Using Young’s inequalities to bound all the terms on the right side, we get

ID,| = -(6,, )l < =216, 11 + 2= (45 (4.37)
ID,| =1-(&, Ol <=2 ZCZ gl + 2= e II(II2 (4.38)
D1 =1(V-n,v- Ol < ellv- nll? +£||V ZlI? (4.39)
ID,| = |(f0tk(t —)(c@ - c(uy))- ods, V- ()|
< ccyc, fot(”a”z +11Bl12) ds + ellv - ¢lI? (4.40)
IDg| = |(f k(t — s)c(uy)fds,V - C)|
< ccye Sy 6112 ds + ellv - ¢ 12 (4.41)

where c, depends on c(uy).

IDg1 = |(Jy k(e — elw,)éds, v+ )|

< cclc4f||f||2ds+e||v-(||2 (4.42)

10,1 = |(fy k(G - ) (9w — g(uy)ds, V<)
<c fyAlallz +11B112) ds + ellv - ¢lI1? (4.43)
Thus, by appropriately small &, setting (4.37) — (4.43) into (4.36) yields
lv-¢li? < c, g l1? + g N> + 1V -nll2 + 1I¢11%)
+C, s (llall? + 1812 + ol + N2y ds (4.44)
where C, = C,(c,,a,),
Here, we need to estimate [|€,]l, we choose p, = &, in (4.1) and obtain
(ft:ft) = _(Qt'ft) A AK S(t) - (V-4 V&)
+(Jy ke = 9(c@) - cwy)) - 0)ds, V- £,)
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+ (fotk(t — s)c(u,)ods, v - ft)
(S e = eCupdeds, v-,)

+ ([ ke = 9 (g0 — gy))ds, V&) = i T,

We analyse the right-hand side terms of (4.45) by using Young’s inequalities with
appropriately small € , we obtain

1Tyl = 1-(8,, &)1 < cll I* + ellg, I
IT, | =1=(V-n,V-&l < cllv-gll* + llV-&II?
1Tl = 1=V V- &)l < cllv- Q> + £llv - &,I7

| =|(fy ke = D@ — c(uy)) - 0)ds, V&)
< ceye, 1 Ulall? + 11BII2) ds + ellV - £, 112

Tyl = | (Jy e — e )6, v,

< ceyey o012 ds + ellV - &, 12
Il = | (fy ke = Deqy)eds, v & )|
<cc,c, f0t||§||2ds + ellv- &2
I, 1 = | (s kG = (9@ - g@wy))ds, V&)

t

<cey f(llozll2 + B2 ds + &llv - 1%,

0
Thus, combining the above inequalities from (4.46) to (4.52), we get
e Mz + 1Iv-& 1> < ¢, Al 12 + v -pll2 + 11V - lI2)

t

+C7J(|Ioc||2 + 11BI12 + 16112 + lIEN*)ds
0
then,IE 112 < IEN1% +1IV- &%,
thus,(4.53) becomes
lEN? < ¢, Alg N2 + 1Iv-nll2+ V- ¢ll?)

t
+C7j(llocll2 +BIZ + 1161 + 1IEl*)ds
0

from (4.54) into (4.44) we have
lv-¢liz <c,dlg 1?2 + ¢l N1 + v -qll2 + Iv-¢ll?)
t

+C7f(llall2 +IBIZ + 11612 + 1IEl2)ds + IV - nll 2

t
+lEN> + C4f(||a||2 + 1812 + N6l + El)ds
0

after simplify we get
lv-¢liz < cglg l? + v -nll2 + 11112

t
+C8f(||oz||2 +BIZ + ll6ll> + 1IEl*)ds
0

where Cg = C4(C,,C,)
now substituting (4.29) and (4.32) into (4.55) we get
lv-¢ll < Cghmi“(k”'m“)
where ||O-t”i°°(Hk+1) + ”q”ioo(HkH) + ”u”zoo(HmH) + ”0-"i°°(Hk+1) =1
then putting (4.55) and (3.20) in (4,34) we have
V. (q — g)Il < ch¥ligll,,q + CghminCertm+1)
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(4.45)

(4.46)
(4.47)
(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)



< Chmin(k,m+1) (4.57)
where C=C(C,Cy
for (c) we have
lu — upll + llo = g, Il + llg — g, 1l
<llu-nLu+Lu—uull+lloc —R,0 + R,o — g, |l
+llg— R,q + R,q — gl
<llu - 1ull + l,u—u,ll+ lloe — R, all
+lIR,o = a,ll + llg = Ruqll + IR, q — g, I

< llell + 1l + N6l + NEl + llnll + Il (4.58)
Now, substituting (3.17),(3.19),(4.31) and (4.33) into (4.25), we get
izl < chminte+1,m+1) (4.59)
Therefore, setting (3.17), (3.19) ,(4.31) , (4,33) and (4.59) into (4.58) we obtain
llu — u, |l < cpminGerim+1) (4.60)
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