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The correction term of a sample having dislocation (strain field as well as core) has 
been studied at low temperatures on the basis of the Callaway integral as well as in the frame 
of the generalized Callaway integral. Assuming four types of the scattering mechanisrns, 
viz. boundary, dislocation, point defect and three phonon, analytical expressions for the 
correction term ate given under two different conditions. The expressions derived gire 
results in agreement with the findings of previous works. 

1. I n t r o d u c t i o n  

Callaway [1] was the first who distinguished the three phonon normal pro- 
cesses from the three umklapp processes. He derived an expression for the lattice 
thermal conductivity of an insulator a s a  sum of two parts. The first one is at- 
tributed to the combined scattering relaxation rates, whereas the second part is 
very complicated known as the correction term (AK)  due to the three phonon 
normal processes. 

Kosarev et al [2] and Parrot [3] have published a generalization of Callaway's 
approach to thermal conductivity when different polarizations are taken into ac- 
eount. Later on, the generalized expression was modified by Dubey [4] introducing 
the dispersion of phonons. 

The lattice thermal conductivity due to the correction term has been studied 
in the frame of the Callaway integral as well as in the frame of the generalized 
Callaway integral [5-11], and it is usually found that the contribution to the lattice 
thermal conductivity arising from the correction term is negligibly small. (Excep- 
tions are solid He [9], LiF [10] and solid HD [11]). These studies are confined to 
samples of perfect structures only. In none of them was an analytical expression ob- 
tained for the correction term in a lattice having dislocations (strain field and core). 
Recently, the present author [12,13] studied the contribution of the correction term 
f o r a  sample containing core dislocation in the frame of the Callaway integral as 
well as the generalized Callaway integral. It was found that  analytical expressions 
are very necessary to avoid the complicated integrals of the correction term. 

The aim of the present investigation is to obtain a simple analytical expression 
for the correction term on the basis of the Callaway integral and also the generalized 
Callaway integral at very low temperatures. 
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2. Analyt•cal expression for A K  in the  frame of  the  Callaway integral 

According to Callaway [1], the lattice thermal conductivity of an insulator 
can be written as 

K = coL, + A K ,  (1) 

where 

AK = coL~/L3, (2) 

/ OD]T 
Li (r~ 1 + r ~ l ) - ' F ( z ) d x ,  (3) 

-~~J0 

/ Oo/T 
L2 r �9  ' + r ~ l ) - l F ( z ) d x ,  (4) 

- - J O  

q e D / T  
La = r ~ l r ~ l ( r N  1 + r ~ l ) - l F ( z ) d x .  (5) 

JO 

co = (KB/21f2v)(KBT/It)  3, F(x) : z4eX(e ~ - 1)-2, x : h w / K s T ,  w is the phonon 
frequency, O1) is the Debye temperature of the sample, v i s  the velocity of the 
phonon, r�9 l i s  the three phonon normal processes scattering relaxation rate and 
r~ 1 is the total scattering relaxation tate due to all momentum nonconserving 
processes. The expressions used for the scattering relaxation tate can be derived as 

TR 1 --  TB 1 "[- "Fp~ 1 -[- Td-~ 1 -[- Tdc I Jt- TU l , (6)  

rp-t I : A w  4 = Dx 4, (7) 

rd; 1 = a'~ = aq (8) 

rd-c 1 --  d w  a = OZ 3, (9)  

r �9 - Bw2T a = blz =, (10) 
r~ 1 = B'w2T a = b2z 2, (11) 

E = bl + b2, (12) 

where rB t, r~ 1, T~ 1, 7"~ 1 and rt~ 1 are the scattering relaxation rates ascribed to 
boundary [13], point defect [15], strain field dislocation [15], core dislocation [15] and 
three phonon umklapp processes [1], respectively. A, a', d, B and B' are scattering 
strengths of the respective processes. 

The analytical expressions have been obtained in the low temperature ap- 
proximation under two different conditions, i.e. r~ 1 �87 (r~ 1 + r~ x) and r~ 1 �87 
(~s + ~s 
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(A) ~s �87 (r~l  + ~s 

For this case, the simplified forros of L2 and L3 can be written as 

bl ls 
L2 -- - -  [1 - G1 F4  - G 3 F  t - G 2 F :  - G 4 F : ]  , (13) 

al 
PG2 

F 7 ~2~10 2GIG4FT_2G3C4FJI (2 4-~_~ G2G4F 2 L3-b116[1  i - ~ ' ~  - ' - ' 4 " s -  ( l + )  

2 4 (2 + P)  f'22 K'12 (2 + p) G~GaF1 o - e l E � 9 1  - 2VlG3F2 - a , C 2 H  _ + p)  ~~. (1 4- P)  

G~ F~ ] ,  (14) 
(1 4- P)  

where G1 = rB1 /a l ,  G2 = E/al ,  Ga = D/al,  G4 - c/al, P = bl/b2, F~  = Ira~In, 
m and n - 1,2, 3 , . . . ,  etc. and the I ' s  ate integrals which can be expressed as 

fOD/T 
Ir = xr eX(e x - 1)-2dx, 

Jo 

where r -- 2, 3, 4 , . . . ,  etc. At very low temperatures, the upper limit of the integrals 
can be taken as infinity. Thus I~ can be evaluated as 

f0 ~ ~ 1 I~ = x ' c ~ ( e ~  - 1 ) - 2 d ~  = ~!~_-~1 (15) 

It is observed that  the contribution of the three phonon umklapp processes scat- 
tering relaxation tate is very small compared to v~ 1 and it can be ignored. A 
further approximation can be made by neglecting the lower order term and then 
the expression for AK is given by 

c~ [1 - 2G1F 4 - 2GaF t - 2G2F: 4 -  G~F~ - 2G4F:] (16) A K  = a~ 

(B) rB 1 > (r~ 1 + T~ 1) 

Applying this condition and evaluating (4) and (5), we get 

L2 = blrBI6 [ 1 -  o r B E 2 -  a l = . F ~ -  o = . r � 9 1  ~ - E~.F2]  , (17) 

L3 = b1I~ [1 - bl~~F~ - c2r~FJ ~ - 2.1cr rJ  ~ - 2 o c r  r~ ~ - .~~i F2 

- (E + b2)cv~F~ 1 -  2alDr~F~ 1 -  (E + b~)alr~F2 - D2r~F~ 4 

- (E + b2)Dr~FJ 2 -- Eb~r~F~~ (18) 
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Using these equations, A K  is expressed as 

A K  = cob,r~Ir [ 1 -  2crBF 2 -- 2 a , r B F [ -  2DrBF~ ~  b,vBFSs] . (19) 

With the help of Eq. (15), one can get an expression for A K  as follows: 

A K  = 720c0b17 "2 [1 - 1008CrB -- 14alvB -- 10080DvB + 56bzvB]. (20) 

In the absence of strain field dislocation, AK reduces to 

A K  = eoblv~I6 [1 - 2cv, F 2 - 2DvBF~ ~ - b l T B F 2 ]  , (21) 

which is similar to that obtained by Awad [12] for a sample having core dislocation 
in the frame of the Callaway integral. 

The  expression for A K  will be 

A K = cobl T~ I6 [ 1 -  2Dr~ F~ ~ - bl r~ F s] (22) 

for a sample without dislocation, which is the same as that  obtained by Dubey [8]. 

3. Analytical expression fo r  A K  in the f r a m e  
o f  the generalized Callaway integral 

The generalized form of the Callaway integral of the lattice thermal conduc- 
tivity can be given as 

[ teo/T ] 
- 1 - 1  R, x2)2(1 3R, x2)-lE(x)dz A h ' ,  K = Cl ] Z ( 1 / v . )  ] (r�9 1, + r. , .)  (1 + + + 

L ,  do 
(23) 

where ci = KB/6~2v,)(KBT/h) 3, R is a constant depending on the dispersion 
curve of the samp]e, suffix s represents the mode of phonon and all other terms 
have their meaning as in Section 2. 

According to Dubey [4], AK can be written as 

A K  = Cl [2(T1 + T2) + (LI + L2)] ~ / [2(T3 + T4) + (L3 + L4)]. (24) 

It was found that the contributions of T2, T4, L~ and L4 are very small in comparison 
to the contributions of TI, Ta, L1 and L3 due to their integration limit. Thus A K  
becomes: 

AK = Cl [(2TI + LI)2/(2T3 + La)], (25) 
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where 

I,/|161 - I  --I -1 -1 
TI =(1/v~, 1) 1.N,T(TN,T 4- TR,T) (1 + Rlx2)3F(z)dx,  (26) 

JO 

fO, /T  
T3 =(1/v~,,) ] TN,T1-R,T(1-N, -1 -1 + 1-R,T)-I -1(1 + Rlx2)4(1 + 3Rlx2)4F(x)dx,  

J0 (27) 

f 
Oa/T 

L1 = (1 / , v3 . )  -1 -1 -1 -1 7"N,L(1-N,L 4- 1-R,L) (14- R3x2)3F(x)dx, (28) 
J0 

~o Oa/T 1--11--1 --1 -1 -1 L3 :(1/v~,)  N,L R,L(1-N,L "4- 1.R,L) (1 + RaxU)a(1 4- 3R3x2)4F(x)dx. 
(29) 

O's are the characteristic temperatures, suffixes T and L represent transverse and 
longitudinal phonons, respectively. The expressions used for the above stated scat- 
tering relaxation tate can be expressed as 

1.-1N,L =Blw2T3 ---- b3x2, 

r-Iu,L :B2w2T3e-eD/aT : b4z2, 

1.-1N,T =B3 ~T4 = bsz, 

1.-1U,T =B4�91 = b6z, 

(30) 
(31) 
(32) 
(33) 

where B1 and B2 are the three phonon normal and umklapp processes scattering 
strengths, respectively, for longitudinal phonons, B3 and B4 are the same for the 
transverse phonons, a is a constant [15] and other terms have been defined in 
Section 2. 

As stated earlier, our interests ate confined to low temperature only, therefore 
our study is limited to two approximations. 

(A) T B 1 > (Tcd 14- T~ 1) 

In the framework of the above approximation, the integrals TI, L1, T3 and La 
can be given 

bsrBI5 T1 = v~,--~ [XI(R) - H'F58Xl~ -- H2F95XlI(R1) -- (H3 + Hs)F65X$(R1)], 

( 3 4 )  

9 11 10 12 8 10 barBI6 [X6S(R3) H1F~X9 ( R 3 ) - H 2 F � 9 1  X10(Ra ) - -  -- -- H4F~X~ (Ra) L1 - v~~ 

-HsF~X~(R3)]  , (35) 
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128 A.H. AWAD 

[ P'H3 b515 Y~(R1) F~Y6S(R1) - H~F~Iy(3(R1) - 2H1H5F~ygll(Rx) 
T~ = v~---~ (1 + p,) 

(2 + P') H1H3F~y~I(R1 ) _ H~F[Y}(Ri)  - 2H1H2F~2Y~~(R1) (1 + P ' )  

_ 2H2HsF~OY~o2(RI) (2 + P') H3HsFTyg(RI) _ H2F~2 13y1315 (RI) 
(1 + P')  

] ( 2 + P ' )  10 12 H3 7 9 (36) (I + p,)H2H3F~ Ylo(R1) (I'~-p,)F~Y~(R1) , 

b J 6  [Yg(R3)  P1 8 ,6 2 12 14 L3 = v5s [ (l ~-p1) H4F~Ys (R3) - H1F ~ Yi2 (R3) 

_ 2Hq _ 2H1H2F~3Yll~(R3) (2 +_p~lH1H4F~lyl~3(R3 ) (a+ ) 
2 8 10 2 8 10 - - H6F~Ys (R3) H~F~ Ys (R3) - H2HsF~iy,~3(R3) 

(2 + PD1)H4HsF9y11(R3) 2 !4 16 (2 + Pi) 12 14 
(1-t-11) -H2F6 Y14(R3) (1+Pi)  H2H4F~ Yi2(R3) 

2 
H4 r ,10v12 /D ~,1 

(1 7~Pl) r6 110 I,~a/J , (37) 

where 

X~(Ri) = 1 + 3RiF,~ + 3R~F~ +~ + R 3Fn+4 =~i-  rrt 

r.~ = I + 7R, F.~ + 18n,~F:, +~ + 22RfF:. +4 + 7R~F2~ +~ + 3n~F~ +~, 

HI = CrB, H2 = D r B ,  H3 = (b5 "{- b6)7"B, H4 = b37"B, 

H5 = airB, P '  bs ha = -  and P1 = --- 
b6 b4 

At low temperatures, the contribution of the three phonon umklapp process 
scattering relaxation rate is very small to the combined scattering relaxation rate 
and it can be ignored in the calculation of AK.  Neglecting tu  1 as well as other 
lower terms, A K  can be approximated to 

h K  = 3clbs"r~(Z1 + Z2)/(1 + a/2)v, Z3, (38) 

where 
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[ 3 qa a H7~ qa 3 F. 1~ 
ZI = N1 N1 - 2H1F8(1 + -~F89)  - 2HsF2(1 + --~--- 6 J - 2H2F59(1 + ~ 9 J 

-2bsvBF2(14- q2-~~3F8)] , (39) 

[ .2a6 
qa3F65 qa3c, F ST__~_._crTrs) HIFTI~ {1-F FToF8 Z2 = 6R1F[ (1 4- - -~  4- 2 7 

qa3F6tl qa3c,Fllt 1 q2~~6c, F6F~01(1 F f f e l ) }  +-~-  s ,  4- FTlo Fg) 4- ~ 10, + F2F81) 4- 4- 

{ 7 6 q az F6(1 q a3 ~ - - 9 , .  6 8 -H~E~ I+F~F~ +~- ~,_+F~F~)+~-~~~~~+riF~) 

q2a6 _ qa3F6 
+---~c'F6F~(I + F~F9S)} H~FTll ( I  + F~~F9 + ---~- 5 

q2a6 } 
qa3c'F12r - - c ' F : F ~ ? ( 1  + 6 F12) (1 4- F[1FJ ~ 4- - ~  ,Ir 4- F9F8~) 4- 4 Fa lo - bl rBF 8 

7 6 ~ q 2a3 F7(1 I,-~5~lOx 
{14-F~F~ 4- F 2 ( l + c ' ) + -  Y -  s , . + c l ' i , g  ) 

4---4--c'F2(1 4- FSsF~ ~ , (40) 

q2aSHs f 
7R1F~ .A_ Za = N2 - bsrBF6(1 + --~--- s - 2 

q2a5 
(1 + -5-c'F~~ (41) 

"l~_~H6 c' ~ ~ and = ~ Wi th  the help of al-~H6 N2 = 1 +  = a =  q ~ . N1 = 14- 2 ~5,  2 " 5 ,  R3' ve1 
Eq. (15) and neglecting the dispersion of phonons, Eq. (38) reduces to 

A K  : 960clb~v:lv2[1 - 924CRB -- 13.3alrB -- 9072DVB -- 130.5bsvB]. (42) 

In the absence of the strain field dislocation, we get 

A K  : 960clbsvTlr~[1 - 924crb -- 9072DvB -- 130.5bsrB]. (43) 

A similar expression was obtained by Awad [13] for a crystal having core disloca- 
tions. The expression for A K  reduces to 

A K  = 960ClbsV-~ lr~ [1 - 9072DvB -- 130.5bsŸ (44) 

f o r a  sample having perfect structure, which is similar as the one obtained by 
Dubey [11]. 
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130 A. H. AWAD 

(B) r,d 1 �87 (rB ~ + r~d ~) 

The terms 7'1, La, Ta and L3 can also be approximated as 

TI = alv3-----~~ 

-a,F:Xg(R,)]  , (4£ 

baI~ [X7(na ) _ G,r:x6(na) _ GaF2X~O(na) _ G4F7X9(R3)  L1 - atv~t 

-G~F:X~(Ra)]  , (46) 

bsI5 [ P'  
T3 = v~,-"~" (1 (1 + p, )G6Y~(R1)  - G~F3y~(R1) - 2G1G4F~Y6S(R1) 

(2 + P ' )  4 6 G~V~ Y9 (R~) 

(2 + P') p ,.., F,7y9t D ~ 2 11 13 
- a3Fg Yn (R~) - 2a~a'F~~191176 (1 + ~ )  ~J6vJ4 5 7 t, lL1) 

(2 + P ' )  8 lo G62 YsT(R1)] (47) (a + ~~a6aar~ YŸ (ni) (1 + P ' )  

baI6 [ P~ GsFgY?(R3) 2 4 6 - G1F6Y~ (Ra) - 2G1G4F~Y?(R3) La = 4 ,  Y2(na) (~ + p,) 

_ 2G1GaF~yslo(R3 ) (2 + P1) 8 2 lo 12 (1 + -P-5~) a~c~Y~ (na) - a,F�91 Y~o (na) 

P1) 9 n 
- -  GaF6 Y12 (Ra) (2+_~I)G4GsF~y9 ( R a ) -  2 1~ 14 2aaa~F�91241 (1 + 

(2 + P1)t-  f .  ~.1ov-12,. , G~ ] 
- ( 1 +  P1) w a ~ s r n  ~Io ~Ÿ (1-_~-p1)F68YJ~ , (48) 

where Gs = (b3 -{- b4)/al and G6 = (b5 + b6)/at. Neglecting the lower value terms, 
the expression for A K  can be simplified as 

r 3~~~o~~F~ 1 [Sl+S~ 1 
A K =  [a1%--~-+~/-/2)J [---'-~--3 J ' (49) 

where 

[ qa3F4, ~ ~~__F7 s) 2G4F46(1- qa3 F,7~ Sl=N~ N 3 - 2 a , F 2 ( l + - -  U ~ , - 2 a 3 F : ( l +  - -5"- 6, 
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q 2a3 6 
-2G7(I + --~-F~ )] , (50) 

[ q2a6 
qa3F5 qa3c, F [ + ~ c , F . ~ F [ _ G 1 F ~  {l  + F65173 S2=6R1F~ l + - y -  4 + 2 4 

q a 3 5  6 4  �91 + 3 7  Z_~_.._c,F:(1 + F2F76) +--~- F~ (1-I- F~ F~ ) + F~ F~ ) -I- 

qa~F~, 1 ~ s q"~�91176 + F:F:o) - G~F2 { I + F2 F: + -~- ~ , + F~ F~ ) + 2 ~ ' 

_ q  a ,,~S.~lO~. qa3Fs(1 6 7  -~- -4-c ,4 .9  t~+F2FTo) - e 4 F 2  I+F~F2+ Z -  4 +F~F~) 

q 2a6 7 7  { q a3 F 5 + qa3c'F~(I + F2F7) +--�91191 F2F2(I + F�91 2 + - y  
2 

�9 , ~ s + ~ - - ~ - c ' F : ( i  ~ ' ~ r 2 )  (5~)  (1 + c'F:F7) + F2(1 + c F~ F~ ) + , 

q2aSF7. ~ 7R1FT { t  q a5 t s q 2a~ $3 = N: - G6(1 + - - ~  s ,  + + -~--c F~ - GT(1 + ~ c ' F ~ )  
2 ~ '(52) 

qa 3 

N3 = 1 + - ~ F ~  and G7 = bs/al. 

Neglecting the dispersion and with some mathematical manipulation, Eq. (49) can 
be expressed as 

AK = 31.86clbsV'71a'~ ~ [1 - 0.45v~l/al  - 76.7clal - 572.5Dial - 3.42bs/al] . 
(53) 

In the absence of core dislocations, AK will be: 

A K  = 31.86Clbsv�98 2 [1  - 0.45TB1/al - 572.5D/al - 3.4265/al]. (54) 

This is similar to an expression obtained by Saleh et al [16]. 

4. D i s c u s s i o n  

In the frame of the Callaway integral as well as the generalized Callaway 
integral and assuming the additive nature of scattering relaxation rates, analytical 
expressions for the correction term ate rederived for a lattice having dislocation 
for two different approximations. These expressions ate very simple and easily 
computable in comparison with the complicated phenomenological expressions given 
by Callaway. 
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132 A . H .  AWAD 

Wi th  the help of  Eqs (16), (20), (42) and (53), it is obvious tha t  the ex- 
pression of A K  is mainly  governed by the three phonon  normal  scat ter ing pro- 
cess. At  the same t ime, with the help of Eqs (20) and (42), it is clear tha t  for 
v/~ 1 �87 ( r ~  1 + r ~ l ) ,  the correction term shows a bNv~ dependence. By examining 
Eqs (16) and (53) it c a n  be  seen tha t  for r ~  1 ~> (rB I + r~X), A K  ce bN/a~, which 
suggests tha t  the correct ion term is mainly  governed by the three phonon  normal  
process and strain field dislocation scat ter ing relaxat ion rate. These results obta ined 
show similarity with the previous findings of  earlier workers for the correct ion te rm 
[4-6, 11-13, 16]. 
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