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The correction term of a sample having dislocation (strain field as well as core) has
been studied at low temperatures on the basis of the Callaway integral as well as in the frame
of the generalized Callaway integral. Assuming four types of the scattering mechanisms,
viz. boundary, dislocation, point defect and three phonon, analytical expressions for the
correction term are given under two different conditions. The expressions derived give
results in agreement with the findings of previous works.

1. Introduction

Callaway [1] was the first who distinguished the three phonon normal pro-
cesses from the three umklapp processes. He derived an expression for the lattice
thermal conductivity of an insulator as a sum of two parts. The first one is at-
tributed to the combined scattering relaxation rates, whereas the second part is
very complicated known as the correction term (AK) due to the three phonon
normal processes.

Kosarev et al [2] and Parrot [3] have published a generalization of Callaway’s
approach to thermal conductivity when different polarizations are taken into ac-
count. Later on, the generalized expression was modified by Dubey [4] introducing
the dispersion of phonons.

The lattice thermal conductivity due to the correction term has been studied
in the frame of the Callaway integral as well as in the frame of the generalized
Callaway integral [5~11], and it is usually found that the contribution to the lattice
thermal conductivity arising from the correction term is negligibly small. (Excep-
tions are solid He [9], LiF [10] and solid HD [11]). These studies are confined to
samples of perfect structures only. In none of them was an analytical expression ob-
tained for the correction term in a lattice having dislocations (strain field and core).
Recently, the present author [12,13] studied the contribution of the correction term
for a sample containing core dislocation in the frame of the Callaway integral as
well as the generalized Callaway integral. It was found that analytical expressions
are very necessary to avoid the complicated integrals of the correction term.

The aim of the present investigation is to obtain a simple analytical expression
for the correction term on the basis of the Callaway integral and also the generalized
Callaway integral at very low temperatures.
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2. Analytical expression for AK in the frame of the Callaway integral

According to Callaway [1], the lattice thermal conductivity of an insulator
can be written as

K =¢yLy + AK, (1)
where
AK = coL3/L3, (2)
©p/T
L= [ g+ @, (3)
0
ep/T
L= [ Rt + ) R, @)
0
op/T
Lj :/ Tglrﬁl(fﬁl + rgl)"lF(z)dr. (5)
0

co = (Kg/2n*v)(KgT/h)3, F(z) = z%*(e* — 1)~2%, £ = hw/KpT, w is the phonon
frequency, Op is the Debye temperature of the sample, v is the velocity of the
phonon, TA—,l is the three phonon normal processes scattering relaxation rate and
rR! is the total scattering relaxation rate due to all momentum nonconserving
processes. The expressions used for the scattering relaxation rate can be derived as

TR O=Tp T T+ g (6)
T = Aw® = Dz, (7
tn! = dw = ayz, (8)
Tl = dw? = ez?, (9)
! = Bw?T? = b2, (10)
75! = B'WT® = bye?, (11)

E = by + by, (12)

! and 7! are the scattering relaxation rates ascribed to

boundary [13], point defect [15], strain field dislocation [15}, core dislocation [15] and
three phonon umklapp processes [1], respectively. A, a’, d, B and B’ are scattering
strengths of the respective processes.

The analytical expressions have been obtained in the low temperature ap-
proximation under two different conditions, i.e. ‘rd',l > (75 14 rd'cl) and g s
(' +73)-

where ‘rgl, ‘rp',l, rd_,l, Tie
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-1 -1 -1
(A) Tda > (TB + 7'dc )

For this case, the simplified forms of L, and L3 can be written as

Ly= "115 [1 - G\Fi - G3F8 — GoFf — G4FY], (13)
Ly =bils[1~ f; — G2FL® — 9G,G4FY — 2G4GaF)! — 8 i 1’;; G2GoF?
— GIF{ - 2G,GsFS - Glczg—i% — G2F!? - ((12 : I’;)) GG F!
_ (_1_35% 81, (14)

where Gl = Tgl/dl, G2 = E/al, G3 = D/al, G4 = c/al, P = bl/bg, Fr'l" = m/In,
mand n=1,2,3,..., etc. and the I’s are integrals which can be expressed as

ep/T
I = / z"e® (e — 1) %dz,
0

where r = 2,3,4, ..., etc. At very low temperatures, the upper limit of the integrals
can be taken as infinity. Thus I, can be evaluated as

I = / z"e® (e — 1)~ 2de = r! Z ir (15)
0 =7

It is observed that the contribution of the three phonon umklapp processes scat-
tering relaxation rate is very small compared to 7 ! and it can be ignored. A
further approximation can be made by neglecting the lower order term and then
the expression for AK is given by

CoblI5F6 [1 _

AK = 2G F¢ — 2G3F2 — 2GoF{ + G2 F{ — 2G4 F{], (16)

a}
(B) 75" > (r3." +73,)
Applying this condition and evaluating (4) and (5), we get

Ly =byrgls [1 - crg Fg — a1t F{ — DrpFg° — ETgF¢), (17)
L3 =016 [1 —bi7gFe — 2riF}? - 2a1CTBF6 ~2DerE Fi2 — a2ri F§

—(E + b2)cti Fit — 241 DTE FI — (E + by)ay 73 F§ — D*ri FM4

— (E +b2) D1 F}2 — Ebyr FYO) . (18)
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126 A. H. AWAD
Using these equations, AK is expressed as

AK = coby 7315 [l — 2c75 F§ — 2a175F] — 2D1pF.° — b178F§] . (19)
With the help of Eq. (15), one can get an expression for AK as follows:

AK = 720cob; 7% [1 — 1008cTp — 14a; 75 — 10080D7p + 56b1 78] . (20)
In the absence of strain field dislocation, AK reduces to

AK = coby 73 Is [1 — 2ctg F§ — 2D1g F{® — b1 75 F§] (21)

which is similar to that obtained by Awad [12] for a sample having core dislocation

in the frame of the Callaway integral.
The expression for AK will be

AK = CoblTBIs [1 - 2DTB - bITBFG] (22)

for a sample without dislocation, which is the same as that obtained by Dubey [8].

3. Analytical expression for AK in the frame
of the generalized Callaway integral

The generalized form of the Callaway integral of the lattice thermal conduc-
tivity can be given as

lZ(l/v,)/ (7} +730)71(1 + Ry2?) (1+3R,x2)"1F(z)dx+AK] ,

(23)
where ¢; = Kp/6n%v,)(KpT/k)?, R is a constant depending on the dispersion
curve of the sample, suffix s represents the mode of phonon and all other terms
have their meaning as in Section 2.

According to Dubey [4], AK can be written as

AK =c; [2(Ty + Tz) + (L1 + L))* / [2(Ts + Ta) + (Ls + L4)). (24)
It was found that the contributions of T5, Ty, L2 and L4 are very small in comparison
to the contributions of Ty, T3, L; and L3 due to their integration limit. Thus AK
becomes:

AK =c1 [(2Th + L1)?/(2T3 + L3)], (25)
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where
G;/T
T=/oh) [ il + ) 1+ Ras? R (e)ds, (26)
1]

8,/T
T3 =(1/v%,) /0 r;}TrE,T(f;}T+r§}T)—1(1+Rl:2)“(1+331z2)4F(z)da(:, |
27

os/T
L=/t [ ik + i) + Rar)F (s, (29)
0

93/T
Ls =(1/vzs.l)/ N TRL (TN + TR L) (1 + Rsz®)*(1 4 3Rse?)! F(2)dz.
° (29)

©’s are the characteristic temperatures, suffixes T and L represent transverse and
longitudinal phonons, respectively. The expressions used for the above stated scat-
tering relaxation rate can be expressed as

TI\_/,lL :B1w2T3 = b31:2, (30)
TJ]L =Byw?T3e=9D/aT _ p, 22 (31)
T;,’IT =BawT* = bsz, (32)
T[;,T =B4w’1,46—eD/GT = bz, (33)

where B; and B, are the three phonon normal and umklapp processes scattering
strengths, respectively, for longitudinal phonons, B3 and By are the same for the
transverse phonons, a is a constant [15] and other terms have been defined in
Section 2.

As stated earlier, our interests are confined to low temperature only, therefore
our study is limited to two approximations.

A) 51> (G + )

In the framework of the above approximation, the integrals Ty, L1, T3 and L3
can be given

bsrgl
Ty = =32 [X{(R) - FUF{X3(Ra) = HaFOX3H(Ry) = (Hs + Hs) F{ X3 (Ry)]

p &Y
(34)

barp 1,

Ly = 3:;9 ® [X&(Rs) — Hi FE X' (Ra) — HoFI°X13(Rs) — HyFEX3%(Rs)
L
—HsF{X3(RJ)], (35)
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PI
Ts_bsl"’ YJ(Ry) — H‘*, FSY&(Ry) — HEFM'Y 3 (Ry) — 2H \ Hs F2Y{ Y (Ry)
vg, (L+p)
12v-14 (2+ P) 9,11 2 79
—2H\HoF°Y 5 (Ry) — (1+P,)H1H3F5Y9 (R1) — Hy F5Y7 (Ry)
10v,12 (2+ P') 749 13,15
_2H2H5F Y1 (Rl) (1 P/)H3H5F5Y (Rl)—HzF Yl (Rl)
(2+P) 10y H} 7
(1+P,)H2H3F5 (Rl) (1+P/)F5Y7 (Rl) (36)
b3l &
Ly =g L Y2(Rs) = (g ppy Ha R (Rs) ~ HEFSTVE (o)
2+ P;
—2H1H5F610Y12(R3)—2H1H2F61 35(R3) E1+ I;HlHqFGMYl (R)
— HIF$YS®(Rs) — HIFSY3 (Rs) — H2H5F6”Y1 (Rs)
(2+ P) 9v-11 2 play (2+P1) 12y14
___Hm —2_FIY¥(Rs)|, (37)
A+ py) 6 10V%

where

X" (R;) =1+ 3R;FX + 3R?F*2 + R3FDH,
Y2 =14 TR, F" + 18RZF2+2 4+ 22R3F"H L TRIFTY® 4 SROFIYE,
Hy=crg, Hy=Drtg, Hz=(bs-+bs)rp, H4= b3,
bs

Hs=ay7g, P'=— and P = by
bs b4

At low temperatures, the contribution of the three phonon umklapp process
scattering relaxation rate is very small to the combined scattering relaxation rate
and it can be ignored in the calculation of AK. Neglecting 7; 71 as well as other
lower terms, AK can be approximated to

AK = 3clb57',23(Zl + Z2)/(1 + a/2)v,Z3, (38)

where
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3
Zi=N [M - 2H1F£(1 + B - M F(1+ '_FG) —2HF3(1+ L a0

) (39)

R
Fs +_ ¢'F} +_‘ 'FSFg) - H1F710{1+F170F58

Zy = 6R, FY [(1 + >

2
qa° 6 /il e’ ,
+TF5(1+F10F6)+“2_CF1 o(L+ F§F}) + ——c'FoFlg (1+F6F11)}
*H5F78{1+F3F5+—'2—F5(1+F87F6)+?CF8(1+F5F§)

3

2.6
+q4a c'F56F§3(1+F67F98)}—H2F711{1+F171F59+
7 p10 qa® 12 9 -8 ‘12“6; 6 12 8 1+10 8
(1+ F1Fg) + ¢ 11(1+F5F12)+_4 CFgFii(1+ FgFy))y — bitpFy
7 g6 qa36 / 42‘137 /5 1210
{1+F3F5 +TF5(1+C)+—2—F5(1+CF7F8)

4206 ' 8 6 10

2. 5
Z3 = Ny — bsrngs(l + %—Fss + TR, F{ {(1 + = 2 IF7) — bsrpF?

’Fé")} (41)
§M _1+1—F§, N, = 1+1—F§, ¢ = ﬁ ,a= 2 and g =} —*" With the help of
Eq. (15) and neglecting the dispersion of phonons Eq (38) reduces to
AK = 960c,bsv 173 [1 — 924crg — 13.3a178 — 9072D7p — 130.5b575).  (42)
In the absence of the strain field dislocation, we get
AK = 960c1bsv] 721 — 924crp — 9072D7g — 130.5b575]. (43)

A similar expression was obtained by Awad [13] for a crystal having core disloca-
tions. The expression for AK reduces to

AK = 960c bsv;  TE[1 — 9072D7g — 130.5b578] (44)

for a sample having perfect structure, which is similar as the one obtained by
Dubey [11].
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(B) 73" » (15" +753')

The terms T3, Ly, T3 and L3 can also be approximated as

Ty = —5 [X§(R1) — G1F}X5(Ry) — Ge X5(Ry) ~ GsF{ X3(Ry)

-G FiX§(R1)] (45)
bl
Ly = 1305 [XZ(R3) — G1FEX{(R3) — G3FEXL°(Rs) — G4F{ X3(Rs)
L,

—GsFg X§(Rs)] , (46)

———_GeYs (R1) — G?F3Y(R1) — 2G1G FEYE(Ry)

T = b515 [ P’

e
— 9G1GsFIYS(Ry) — 8 i ﬁ,;
(2+ P")
axp)

G6G3F5 (R ) -

G1GeFg Y, (Ry) — GIFSYy ' (Ry)

= 2G3G4F%Y (¢ (Ry) — 7757 GeGaF Y7 (R1) — G3F3 'Y (Ry)

2+ P)

_ Gi
T+Pp) a+ Py
A P

L3-_—v—i—[Y68(R3) 0T P)GngY7(R3) G3F{Y§(R3) — 2G1G4FIY? (R3)

YJ(Rl)] , (47)

24 P,
El n PlgGleyes(Rs) — GiF{°Y )i (Ra)

2+ P)
(1+P)

- 2G1G3F3Y4 (R3) -

— 2G3G4F Y2 (Rs) — 75~ GaGs FiYy (Rs) — G3Fg2Y,5(Rs)
_G§
1+ P)

2+ P)

(i Py G -

F.?st(zza)] , (48)

where G5 = (bs + bs)/a; and Gg = (bs + bs)/a1. Neglecting the lower value terms,
the expression for AK can be simplified as

_ 3011)51)11‘%1 ] [Sl +Sz]
AK = [agv,(1+a/2) S5 | (49)

where
3 qa® 4 7 6 qa® 7
SI=N3 N3_2G1F4(1+_2_'F3) 2G3F4(1+ F7) 2G4F4(1——2—F6)
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2.3
—2G7(1+ %Ff)] , (50)

6 9035 ‘1‘13,7 ‘12‘16/57 5 6 13
S2Z6R1F4 1+7F4+—2'—CF6+—4-CF4F6—G1F6 {1+F5F4
q2a6

4

3 3
+L-F{(L+ FOF) + LR+ PR + L FE(L + F,;"Fg)}

ga3

2
?a® , s 0 8 17 8 spe, 99° s 6 7
+_4“CF4F9 (L+ F5Fyy) p — GaFg 1+F8F4+_§_F4(1+F8F5)

3
— GaF§ {1+ FOF] + T-F}(1 + FSFS) + T-¢ F{°(1 + F]F}y)

‘1‘13/9 6 7 ‘12“6/59 707 9‘135
+TCF8(1+F4F9)+TC F4F8(1+F5F9)}—-G7{2+—2—F4

. s apry , 999° 6 spapey , 900° g 58
(1+cF5F6)+—-2 F;(1+FgFg) + 1 dF{(1+ F;Fg) ¢, (51)

2.5 5 2.5
Ss = Na — Gs(1 + qz" F7) + TR, FY {1 + q—;‘-c'F;‘ —Gi(1+ 2 2“ c'F79)} :
(52)

ga®
Ny=1+ TF;‘ and Gy =bs/a;.

Neglecting the dispersion and with some mathematical manipulation, Eq. (49) can
be expressed as

AK = 31.86c1bsv; a7 ? [1 - 0.4575" /ay — 76.7c/ay — 572.5D/a; — 3.42bs/a,] .
(53)

In the absence of core dislocations, AK will be:
AK = 31.86¢1bsv; a7 ? [1 — 0.4575" /a; — 572.5D/a; ~ 3.42bs/a,] . (54)

This is similar to an expression obtained by Saleh et al [16].

4, Discussion

In the frame of the Callaway integral as well as the generalized Callaway
integral and assuming the additive nature of scattering relaxation rates, analytical
expressions for the correction term are rederived for a lattice having dislocation
for two different approximations. These expressions are very simple and easily
computable in comparison with the complicated phenomenological expressions given
by Callaway.
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132 A. H. AWAD

With the help of Egs (16), (20), (42) and (53), it is obvious that the ex-
pression of AK is mainly governed by the three phonon normal scattering pro-
cess. At the same time, with the help of Egs (20) and (42), it is clear that for
) ls (Tc—dl + r;,l), the correction term shows a by 7} dependence. By examining
Egs (16) and (53) it can be seen that for 7,3 > (r5' + 73'), AK o< by/a2, which
suggests that the correction term is mainly governed by the three phonon normal
process and strain field dislocation scattering relaxation rate. These results obtained
show similarity with the previous findings of earlier workers for the correction term
[4-6, 11-13, 16).
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