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Abstract. In this paper, we propose high-dimensional repeated measurements model
and using the Bridge estimator as penalized method that minimizes the residual sum of
squares plus penalty term 2|9j|y. After that, under appropriate conditions, we discuss
the consistency and asymptotic behavior of lasso estimator when y = 1 as especial case
and also study the consistency and limiting distribution of the Bridge estimators when
y <1 and y > 1. Moreover, we discuss the asymptotic of estimators by using small
parameter and local asymptotic. In other words, we discuss the asymptotic behavior in
a triangular array of observations.

1.Introduction

High-dimensional statistical problem can be considered as results of the large amount of data
gathered today such as spectra, biomedical data, financial data, images which are described by
hundreds or thousands of attributes. The relationship between the unknown parameters denoted
by k which are to be estimated and the sample size denoted by n reflects the type of data
whether it is high-dimensional or low-dimensional. In the sense that, when the number of
parameters is larger than sample size then we have "high-dimensional" data. On the other hand,
when the number of parameter is less than sample size then we have "low-dimensional™ data.

Modelling high-dimensional data is challenging because of some reasons. One of these mainly
is ordinary least squares estimator is not unique and will heavily over-fit the data. In this case,
if this method has such problem so it is possible to use totally different method, for example
penalized least squares methods. These methods are common and suitable to treat with the high-
dimensional data when the number of explanatory variables is larger than the sample size. The
penalized least squares method is used to overcome the computational problems in the high-
dimensional data and it is also improved the prediction accuracy by making estimator and
variable selection simultaneously. It is based on the principle that minimizing the sum of
squares error with some constraints on the parameters. It can be obtained the penalized least
squares estimators by minimizing the objective function which contains two parts a loss
function and a penalty function. The best penalty function gives estimator that describes by
three properties: unbiasedness, sparsity and continuity. It is also the estimator from the ideal
aspect must have oracle properties which are consistency and asymptotic normal. One of these
penalized least squares methods is called "lasso", proposed by Tibshirani (1996). This method
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is considered as an especial case when y = 1 in a penalized regression method called "Bridge
regression" proposed by Fran and Friedman (1993), as in the following form

K
B = argmln Z(Y XUﬁ] an ,

where A is penalty parameter and %" f=1|ﬁj|y is penalty function. The lasso method is based
on the idea that minimizing the residual sum of squares plus the sum of absolute

value of coefficients. In Section 2, we define our model with its some properties. In section 3,
we assume that some important assumptions on the design matrix and also investigate the
convexity of lasso estimator with some important definitions. In section 4, we discuss the
asymptotic consistency of Bridge estimators with lasso estimator as especial case when y = 1.
Finally, in section 5, we discuss the finite sample behavior by considering " small true
parameters".

2. Setting Model
Consider the response random variables Y;4, ..., Yy are generated by a repeated measurements
linear model attime t,t =1, ...,T

Yie = u+ Xjiey Bj + Vi + €i, (1)
for observed explanatory variables {xj(it)}, unknown fixed parameters uand p; € R¥,

unknown errors €;; with €;,~N(0,52) and a random effect v; with v; ~N (0, 6;2). The model
in (1) can be rewritten as

Yie = 1+ XFo1 BiXjciey + wie, 2
Where w; = v; + €;; With w;;~N(0,03), 02 = o2 + 2.

Assuming that the explanatory variables are centered to have mean 0 and put u = Y inthis case,
it can be change Yj; in (2) by Y;; — Y and concentrate on estimating . Again assuming that Y =
0. The model in (2) can be rewritten as

Yie = Gjiry0) + wir. ()

In matrix notation the model in (3) can be rewritten as
Y=G0+w, 4)

Where, Y = [Y11' . YlT' Y21, . YNl' . YNT], haS Iength NT,
G =[e,X], e=11,..1]" haslength NT,

X =[X;,...,Xn] isa NT x K design matrix of fixed effects,
6 = [ u, By, Bz, -, Bi] has length k + 1, and

w = [0)11, v, W, W21, vy, WNT, ...,wNT], haS Iength NT.

From the model in (4), we have Y~Nyr(G0,X), where
E(ww") = E[(Y —GO)(Y — GO)']

= IN®(ag I + gZee’), where ® is Konecker product
= 02 (Iy®I7) + 0 (Iy®ee"),

replace I by (Et + J7) and ee’ by TJ, where

]T = leel and ET = IT _]T, then

L= L *[In®(Er +]T)] + O-E(IN®T]T)

= 02 (IN®Er) + cZ2(In®Jr) + ToF (Un®J7),

by collecting terms W|th the same matrices, we obtain
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2 = 0Z(Iy®Er) + (67 + ToZ) Un®J1)
= 02Q + o?P,
where of = (62 + To?2) andX™! = % +Z,

a1
-2 = (eHNT D (aP)N.

Now 0 can be estimated by minimizing the penalized least squares (LS),

. ~ _ ; 1 N 12 A N\2 AN k AL

e Oy () = argmin (A5, (Y = Gt )7 + 216"} ©)

for given penalty parameter 1y denotes the estimator 8y and y > 0. Such estimator contains

two especial cases, the bridge estimator in (5) becomes ridge estimator when y = 2 and lasso

estimator when y = 1. Also if Ay is sufficiently large and y < 1, then the estimators in the

penalty function Ay Zj?=1|9]-|y is exactly 0. In fact, model selection methods that penalize by

some nonzero parameters can be imposed as limiting cases of bridge estimation as y—0 since

]l/i_l’)l’(lJ Z§=1|9j|y = ¥¥_,1(6; # 0). In fact when Ay = 0, so the terminology in (5) becomes
N (Yt — G, 8)? which corresponds to ordinary least squares estimator and this estimator

denotes by é,f,o). This means that (5) becomes

~ 0 . 2)
6" = argmin Y, (Y, — G}, 6)%.
96Rk+1

3. The Assumptions on the Design Matrix G
For the design matrix proposes the following regularity conditions

i lim Ay = lim =3, GGl — 4, (6)

where A is a nonnegative definite matrix .

ii. The random error w;; are independent and identical distributed with mean 0 and has a

continuous, probability density function (p.d.f) f in a neighborhood of 0. If the matrix A in (7)

is nonsingular then the parametrization of the model in (1) is unique. Define the following class
Q={&& =0+ ®where Ay®d = 0}, where 0 satisfies the relation in (4).

Under conditions (i) and (ii) and assuming that A is nonsingular then we have that the least
squares estimator is consistent and that

VN (65 — 6) > N(, 02A™Y), where 62 = o2 + o?.

Lemma 1. Under assumption (4;) on design matrix we have that the regularity condition

1 '
ﬁf?i?zil GGy —>0,aN—>o, t=1,..,T. (7

Proof. Consider € > 0 and R = tr(4). We have Ay — A and A is nonsingular and non-

negative definite, this implies tr(4y) = %Z’i"zl GGy > R > 0.

Therefore there exists an N*(&) such that

YN GG —R| <&, N>N-

—e <YV, G/ XG, —R<¢

R—e < %Z’i"zl G{:Git < R + . We have
1 '

0 Slﬁ NoEo GieGie

= 5 Jnax (2;=1 GieGie — Xz Gi,tGit)

N N*<i<N
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1 , ,
< = — — —
< NNI};?;(N((R +&)i—(R—e)(i—1)
R+2ie—¢

= max ———
N7si=N R+2ie
< max < 3¢

N*<isN N

For sufficiently large N and letting N — oo, since
. 1 ’
0=< 1\1}1330 sup ; max, GGy < 3¢,

Whereas >0 is arbitrary. The prove is complete.

Proposition 1. The Lasso estimator 8 when y =1 in equation (5) is convex.
Proof . The Objective function in (5) when y =1 can be written as

Oy = F(0) + g(0), where
£(8) = 23", (vie — G1:0;)" and g(8) =22 3k_ |9, , t=1,..,T.

Since @ € R then the domain of both functions f and g is convex.

To prove that £(8) is convex, we must show that % G'G is nonnegative definite matrix for any

k x 1 vector. In matrix notation, f can be written as

£(8) =1 (v - 68) (v - Go)
=L((w+66)~68) ((w+66) —Gd)
(0 + 60— GO) (w+ GO — GO)

== (w+ GO — ) (w+ GO —8))
~0'w+=w'GO—-0)++ (0-0)G'w+(0-08)Gc'G(0—0)
~0'w+=w'G(O—-0)+- (6-0)G'w+(0-0)Gc'G(0—0)

[ R

By letting N — oo, note the following results
%w’w LA E(w'w) = g2 (by the law of large number)
E [% N wi] =% N  E[w;] = 0, therefore

2E [% gvzlwi] G'(6 — 8) = 0 (by the law of large number)

This implies

f(@)=02+-(0-08)G'G(o - 0)

=02+ (6-0)A(6 —0)

Since (6 — 8) = 0 forall true 6 and estimator 8, therefore
(6-8)a(6—0)=|cwo -9 =o.

Thus A is nonnegative definite matrix and this implies that £(8) is convex.
For any 8,, 8, and any 0€(0,1) , y =1 in (5) let

9(8) =2||ad; + (1 — )6,

< 2 lad]]” + 5l — )8

=2rallo]” +7 1~ w6
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=ag(61) + (1 —a)g(82).

Hence g (&) is convex.

Since f(8) and g(0) are both convex , therefore
Ly(0) = £(6) + g(®) isalso convex. m

Definition 1. (Convergence in Probability) [11]. A sequence of random variables X, X, ... is
said to converges in probability to a random variable X if, for every € > 0,

lim P(|X,, — X| < €) =1 or equivalently, lim P(|]X,, — X| =€) = 0.

n—oo n—oo

Definition 2. (Convergence in Distribution) [11]. A sequence of random variables X4, X5, ..., X,
is said to converges in distribution to a random variable X if

lim Fy (x) = Fx(x) atall points x where Fx(x) is continuous.

n—oo

Definition 3 [17]. A sequence of random variables X;, X, ... is said to be convergent to a
constant c¢ in probability, denoted X, 2 ciffor any given € > 0,

lim P(|X,, —c| =€) = 0.
n—0o

Definition 4 [17]. A sequence of random variables {X,,}, n = 1,2, ..., is of smaller order than

a sequence random variables {a,,},n = 1, 2, ..., if
lim {X—”} = 0 in which case we write X,, = o(a,).
n—oo Wan
Definition 5 [17]. A sequence of random variables {X,,}, n = 1, 2, ..., is said to be bounded
upon order {a,}, n = 1,2, ..., if there exists a real number K < oo such that ] < K forall n.

an

In this case, we write X,, = 0(a,,).

Definition 6 (Consistency). An estimator (™) is said to be consistent for the parameter 0 if
lim (|6™ — 0| =€) =0, Ve>0.

N—>oco

Definition 7. (Kronecker product). An product of two matrices A € M9 and B € M™ in the
form

a1B a;;B Q9B
AQ®B = az B azpB v AzgB
aplB apZB anB

Is called kronecker product

4. Asymptotic Consistency of the Lasso Estimator

In this part, it will be discussed the consistent of lasso estimator as especial case when y = 1
in bridge estimator. Assume that the Grim matrix A defined in (6) is nonsingular. Define the
following random function

A~ 1 ; AN\2 A AlY
Ly(0) = -3 (vie — G0)" +2TF_|G|" Ay >0,y >0,t=1,..,T  (8)
Which is minimized at & = 8, . Assuming that the asymptotic behavior of the bridge estimator

can be determined by studying the asymptotic behavior of (8). The following theorem explains
that Oy is a consistent estimator of 0 provided that 1y = o(N).
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Theorem 1. The lasso estimators

~ ) A o1 ; AN2 A A 1Y

Oy = argminLy(0) = argmtn;Zf'zl(yit - G0) + TNZ§=1|9]'| Ay >0,t=1,..,T
when y = 1 is consistent if the following assumptions is satisfied

1. The matrix A defined in (7) is nonsingular.

2.2 52,20 ie Ay = o(N).

3. Oy > argmin (£) ,where £(8) = (6 —0)'A((8 — 8) + 2o X¥_,|8}]
Proof. To prove that the lasso estimator 8, is consistent, we must show that £y (é) defined in
(8) converges in Probability to L(é) + a2 . In other word, we need to show that,
sup|Ly(0) — £(6) — o3| 2o 9
fek
for any compact set K and that
On = 0p(1). (10)

To show this, it can be translated £, in (8) to matrix notation as,

Ly(8)=2(v —G6O) (v — GO) + %Nz;;lmjv

=2 (w+GO) — GB) ((w + GO) — GO) + 22 3%_,|6;"

= (0+60O-0) (w+60O—0) + %Nzyzlmjr

= ~[w'w+206(6 —8) + (6 -8)'6'G(6 — 0)] + 225k,

Now, letting N — coand y = 1 we have the following facts:

var(w) = E(w'w) + E(w)' E(w) = E(w'w) = 3.

%w’w gE[w’w] = g2 ( by the law of the large number),

GG - A,

N 1 1

E [ﬁZ?’:l wit] = 2L Elwi] =0,

%w’c(e -0)-2E [% N, wit] G'(6 — 6) = 0 (by the law of the large numbers)
A_N g /10 = 0

N

Therefore,

Ly(0) 562+ (6 -8)G'G(6 — 8) + A T5_4|0;| = £(8) + 02

Since Ly () pointwise convergence in probability to £(8), we conclude that,
sup|Ly(8) — £(8) — dd| 2 0, for any compact K and that
Bek

Oy = 0,(1).

Therefore we have that Fory>1, Ly is convex and
Oy = argmin (Ly) LA 6 = argmin (L).
Therefore lasso estimator 8, is consistent wheny = 1. m

Remark 1. For y < 1, Ly will not be convex but the formula in (9) can be easy concluded it
by using the same way above. To investigate the formula in (10), we have that

Ly(8) 2 23N, (Yie — 61,6;)" = £L{() for all 6.
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We note that argmin(LY) = 0, (1), it follows that argmin(Ly) = O, (1).

This implies that 8, are consistent when y < 1 . In spite of Ay = o(N) is sufficient for
consistency of estimator 8, it will be chosen Ay smaller order than VN to get VN —
consistency of the ridge estimator. At the same time, if A is chosen less order than v/N then
VN (65 — 0) will be the same asymptotic distribution as VN (85 — 8). Therefore the rate of
growth of Ay depends on whether y > 1 or y < 1 to get interesting asymptotic distribution. In
the following theorem, VN — consistency of lasso and bridge estimators will be investigated
when 1y = O(V/N) for y=>1.

Theorem 2. Given the above assumptions on design matrix (i) and (ii), if j—%—» Ay =0 and
A is nonsingular and assume that 8y = argminnLy(9) = argmin%Z?’zl(yit - Gi’t@)2 +
A k ~ 1V
R 1
Ay >0,y >0,t=1,.., T ,then
~ ~ d
1. The lasso estimator 8y wheny = 1 satisfies VN (8y — 0) > argmin(Vy),
where V; (1) = u'Au — 2u'W + A, Z?zl[ujsgn(ej)l(ej #0)+ |uj| 1(6; = 0)].
~ ~ 2
2. The Bridge estimator 8 when y > 1 satisfies VN (8y — 6) - argmin(Vy),
where V, (1) = u'Au — 2u'W + A, Zf=1ujsgn(9j)|9j|y_l and
W~N(0, g2 A).

Proof.
1. If y=1 Define a random variable Vy where,
2
1 "Gy 2 uj|¥ 14
Vn(w) = EZ?I:l [(Wit - umt) - wizt] + VNzﬁl [|gj + T,Jv - |91'| ]' (11)

where u = (uq, ...,u,) €R*, Ay >0,y =1,t=1,..,T.
(11) can be rewritten in matrix notation as

Vy(w) = (| W — 3—%”2 + A 2oy |9]- + % ) — (llwll* + Ay X%-4|6;] ), which can be written
as
Vn () = Qy (6 +75) — o (®) (12)

where, Qn(@) = IIY — Gall? + Ay Z¥_,|a]
Note that VN (8y — ) minimizes Vy
i.e. VN (8y —0) = argminVy by noting that
Vn (\/ﬁ (ézv - 9)) =0Qn (9 + (éN - 9)) —Qn(0) = Qn(By) + 4

To show that Vj converges in distribution to V;, noting that
uj _ Gul’ Gu k uj
on (0 +3L) —an(0) = |(v = 66) = Z2| | — 60) — 2| + Aw Th_y |0 + | — o ()

I ~1 1~r 1Y
= (Y =GO (Y = GO) — ' Te— S + 52 4 Ay BN |6+ 2 — (lwll? +
An Zf=16])
_ u’'G’ u'G’ u'G'Gu k u; ¥ k
= lloll? -0 —*F 0 + 52 2y 55 |+ A — ol — 2y T4 6]

:u’%u’ —2u'%+/11v2?=1[|9j+% - |9]|]

By letting N — oo we will have the following results:

1664, %28 N
N ’

W_)W' \/N_)Ao and
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Asz?:l“ej + ] - |9,-|] = 20 T_1[wisgn(6))1(6; # 0) + || 1(6; = 0)].

i.e. by applying these facts, we have that
. d
Vv = Qn (6 +£) — Qn(6) V@)
= u'Au — 2u'W + Ao X¥_; uysgn(6;)1(6; = 0) + |u;|1(6; = 0).
d
This implies that Vy(uw) — Vi(uw) .
2. If y>1, note that by using same argument above for first part and
uilY v y—1
Ay X “91' +-Z -1 ] - Ao Xjo1wsgn(6)|6;]" .
da
It follows that Vy (u) — Vo(w) .

d
Since Vy(u) — V(u) with the finite-dimensional convergence and Vy is convex wheny = 1
and also V has a unique minimum, therefore by convexity argument follows that

~ d
VN (BN - 9) = argmin Vy(u) - argminVy(u) ify =1 and
o d
VN (By — 0) = argmin Vy(w) —argminV,(w) ify > 1.

Also we have argmin (V) = A~ W~N(0,0%A71) when 1, = 0. m

Remark 2. In Theorem 2, it is seen that when A, > 0 and y = 1 then the nonzero parameters
of the lasso estimator are estimated with some asymptotic bias. This bias is caused by the part
Ao XX_1[u;sgn(6;)1(6; # 0) + |w;| 1(6; = 0)] in vy (w).

In other words, assume that 85 # 0 and O5c = 0, in this case, we have
Vi(w) = u'Au — 2u'W + A4 Zjesujsgn(ej) + A Zjesc|Uj|.

Moreover, theorem 2 shows that when y > 1 the value of parameters that will be shrinkage
towards O increases with amount of coefficients being estimated. Therefore, for large
coefficients, the bias of their estimators for y > 1 may be unsatisfactory large. In the following

Y
theorem, it will be showed that Ay = O(Nz) is necessary for y < 1 but Ay = O(/N) is
sufficient.

k
V() =u'Au—2u'W + A, Z|uj|y 1(9]- =0).
j=1
Proof. Let 8y = argmin Ly (8) = argmin [%2{'\’:1(}% - X{té)z + %Zﬁlmjly]
where y<1,Ay >0and t=1,...,T.
Define a random variable Vy as

A N2 1Y
V() = i, [(wie = 225) " = | + aw sk [0+ 2~ lo;]"],

whereu’ € R¥, y<1, Ay >0and t=1,...,T.
It will be proved same as theorem two but it will be added some complexity because the
objective function £, is nonconvex. In matrix notation the above equation is

1260 = (o= 5 Sy + 34 - (bl + 2 Tl

which can be written as
Vv = Q (6 +2£) — o ()
where, Qy(a) = |IY — Gall? + Ay Z¥_,|a;|”
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Note that VN (8y — 6) minimizes Vy
i.e. argminVy = VN (8y — 6) by noting that
Va (VN (8y = 6)) = @n (6 + (9 = 8)) — Qn(0) = Qu + 4.

To show that V¥, converges in distribution to V, noting that

V@) = Qn (0 +7£) = Qn(B) = (¥ = GOY' (Y — GO) — ' S — X £

u'G'cu Y
+2EE8 4 Ay = (lwll? + Ay Ziq |65]")
— N2 — 6, w6 o uecu K 51 el — Kk v
= loll? -0 —“F o + =22 2y 3k |0+ 2| — ol — 2y 254 6]
G'G G'w k uj |V 14
=w S - 2w 2 A s o+ F - 1ol

By letting N — oo we will have the following results:

1., G'w d
;GG—)A, W—)W,

since Ay = 0 (N%) = o(+/N) then A—’}’l — Ao and this implies that
N2
An XN, [|9j + % - |6j|y] — 0 if 8; = 0. Therefore
Y
A i [0+ Gl = 100" = 20 sl 16 = 0)

Which is uniform convergence over compact sets on u. It implies then that
d
Vy(w) - V(u) = u'Au — 2u'W + A, Zf=1|uj|y 1(6; = 0),
which is uniform convergence on the space of functions on compact sets. Since The random
variable Vy is nonconvexity due to y <1 hence To prove that
. d " i
argmin(Vy) = VN (8y — 6) - argmin (V), it is sufficient to show that
argmin(Vy) = Op(1).

It is noted that

2
u'G; u; ¥
V() = I, |(wie =) - | = AwBhey [

I~oN2
> 3, [(wie —22) - wi| - o+ & T [

= V,&m) (u), forall uand N sufficiently large.

e N2
Since y < 1, this implies that the terms [(wit — ufﬁ“) — wizt] is grow faster than the terms

|u;|”, hence we have that argmin (V,\Em)) = 0,(1).
It follows that argmin(Vy) = 0,(1). Since argmin (V) is unique and
argmin(v) = Op(1).

~ a
Therefore, argmin(Vy) = VN (0 — 6) - argmin (V). m

v
Remark 3. In the above theorem, it is seen that Ay = O (NE) is necessary for y < 1 but Ay =

O(V/N) is sufficient. It also indicates that if y< 1 then it can be estimated non-zero
coefficients normally with unbiased asymptotic. In the other hand, the estimates of zero
coefficients are shrunk to zero with positive probability. It is cleared that theorem 3 is in contrast
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with theorem 2 when y = 1 which indicates that the nonzero parameters are estimated with
some asymptotic bias.

5. An asymptotic of Finite Sample and Small True Parameters

he Bridge estimator for y < 1 has specific feature which is the ability of obtaining exact 0
parameter estimates. In this section, we discuss the possibility of obtaining this "exact 0"
phenomenon in finite samples when the true parameter is close to 0 but nonzero.

To do this, it will be defined a triangular array of observations by defining

YN(it) =u-+ X;V](lt)ﬂN] + VNi + gN(it)' fori = 1,...,N and t = 1,..,T (13)
which can be written as
Yneoy = #+ XnanBn + Onin) (14)

O'(% = 0'3 + 0'82 where Wn(it) = VNi + EN(it) with wN(it)~N(Ol 0'(3),
(14) can be rewritten as
Yniio)y = GnnOn + ©n(in (15)
where Gy = [€, Xnap], e = [1,...1]"and 8y = [u, By]'
Triangular array of G ;e can be written as

X111
X212 X222

Gnen = X313 X323 X333

[ G

X
Xnvir Xnar N.NT

Assuming for the design matrix Gy ;) the following regularity conditions.

1 I
EZ?]=1 GnatyGnaey 24 t=1,..,T (16)
where A is positive definite matrix and
1 4
§ max Gyin)Gnen = 0 (17)

These are explicit analogues of (6) and (7).

- _ i -
Consider @ = 0 + N and define

~ ] , 2 Y
Oy = argmin [T, (Yuae) — 0'Grao)” + An 265 | (18)

this formulation achieves the asymptotic properties of Bridge estimator when one or more of
true parameters are near to 0 but nonzero.

Theorem 4. Consider Yy = G;\,(u)e,v + wyqy fori=1,..,N, t=1,..,T with 8y =
0 + % and assume that the regularity conditions (16) and (17). Let

~ , ' 2 14

Oy = argmin T, (Yyae — 0'Grnan)” + Ay Xh=1]6;] for somey > 1.
1.1f 22 - 2, then VN(Oy — 6 )iar min (v), where

TN 0 N N ) ,
V(w) = u'Au —2u'W + A, Z?zlujsgn(Bj)|9j|y_1.

. d
2. \/N(QN - QN) — argmin (v) if 8 = 0 and A—’;f - g = 0, where
N2

V() = u'Au — 2u'W + 2o XK., |u; + zj|y.
Proof.
1. Define random variable

rG! ; 2 .4
V() = %Z{V:l [(wN(it) —= 11\;1( t)) - wlz\l(it)] + %25:1 [|9NJ' + \I/L_H - |9Nj|y] ’

whereu’ € R¥, Ay >0,y >1, T=1,..,T.

10
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Above equation can be written as
1 u' Gy LA u;|¥ Wi 14
Vn@) =231, [(w,vm) B N [ ]— |0+ 2 lowsl”| o)
It can be rewritten (19) in matrix notation as
G iy .
Vy () = [”wN N”|| + Ay 2k, |9N, ;‘—H ] - [||w||2 + Ay ;?=1|9N,-|V], which can be

written as Vy(u) = Qp (BN ﬁ) —Qn(Oy)

Where Qu (6x) = 1Yy — GnOnII2 + Ay Z51]6w;]"

It is cleared that VN (8y — 6y ) minimizes V.

i.e. argmin Vy = VN (8y — 6y ) by noting that

Vn (\/ﬁ (9N - GN)) =Qp (‘9N + (éN - QN)) —Qn(8y) = QN(éN) —Qn(Oy) =
Qv(By) + 4

and conclude that the objective function Qp is similar to the Lasso objective function,

minimized at 8y wheny = 1. To show that Vy converges in distribution to V, noting that
Gnu

Qn (9N ﬁ)_QN(QN) = |(YN_GN9N)_%|I|(YN_GN9N N
+/1NZ] 1|9N1 f —QN(Q)

= Yy — GnOp)' (YN — GnOy) — wN’GNTu u\/in +u’G{\;%Nu

+ A s |y + 2 = (lowll? + Ay SEos]6n,])

=||wN||2—%w—“fﬁ N+MANZ,-=1|9N,- + 2 — o2 = An ZH_a]0n,|”
= BNy 0y B 2 5 (6w + ]~ 6wy "] (20)

By letting N — oo we will have the following results:
1y
G a
I%N S W~N(0,02 A)
A
o

Y _
i [|ons +%| —|owil"] = Zferwisgn(onlon;|” Lify> 1.

i.e. by combining these facts, we have that

V(W) = Qp (eN + %) —Qn(By) SV = wAu — 2u'W +
Ao Sy uisgn(On)|0n;] " ity >1

e Vyw) S V@) .

This implies that

~ d
argmin (Vy) = VN (ON — QN) — argmin (V).
2. If B= 0 then we have that By = % and (20) becomes

0 (0 + ) = 0u(on) = w S 2w SR Z[Ir ol

By letting N — o and y > 1 we have that the following results

l—’; — Ao = 0, and this implies that
N2

11
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zj 14
AN ?:1[ “£J + | ] AO Zleluj + ZJl
Combining above results we have that
V) =u'Au —2u'W + A, Zf=1|uj + Zj|y.

d
Hence Vy(u) = V(u)
Therefore
~ ~ d

argmin (Vy) = VN (HN — BN) =N (BN - \/iﬁ) — argmin (V). m
Remark 4. Part 1 of theorem 4 proposes that the asymptotic bias indicated in theorem 2 is still
continue if one or more parameters are large. While part 2 proposes that the usefulness of using
penalty with y > 1 is restricted to situation where all coefficients are smaller than sample size

N. The following corollary explains that when y = 2 then all coefficients will be less than
sample size N .

Corollary 1. Consider Yy = vaat)ezv +wyqy fori=1,...,N, t=1,..,T with 0y =

0+ \/iﬁ and assume that the regularity conditions (16) and (17). Let Oy

, , 2 14
argmin Y.). 1(YN(it) -0 GN(it)) + Ay Z?=1|9j| .
d
if6 =0, 5 -4, =0and VN (QN BN) — argmin (v) where
N2
Vuw) = u'Au —2u'W + 2o X4 |u; + |y then for ridge estimation y = 2 we have that

VN (By — 7% S A+ 2D W = A02)
~N[( Ao(A +Aol) Z), (O-(%(A +/101)_1A(A +/101)_1)]
. d
Proof. Since vN (HN - \/iﬁ) — argminV(u)
and argmin V (u) represents derivative of V with respect to u.
i.e. argminV(u) = g—z [u’Au —2u'W + 2, Zf=1|uj + zj|2.] =0
0 =24Au — 2W + 24,(u + 2)
0 =Au_W+Aou+A()Z
0 = (A+Aol)u_W+loz
u=_WA+1D"T(W — 292)
Also E(u) = E[(A + A,D)7I(W — A92)]
= (A + 101)_1E(W + Aoz)
= _Ao(A + Aol)_l
Var(u) = var[(A + 1,1)"T(W — 1y2)]
= [0-(% (A + Aol)_lA(A + /10[)_1]
Hence
VN (by -5 S A+ 2D (W = A92)
~N[(=2o(A + 2oD)712), (62 (A + AoD)TTA(A + 2o D)7 D)].
Remark 5. Corollary 1 explains that by select 1, reasonably, we will have the mean square
error G’y smaller than that of G'8y.

Theorem 5. Assume that Yy (i) = G On + @nry and

~ . - , , 2 14
ON = argmln Ly (ﬁ) = argmmZ?Ll(YN(it) -0 GN(it)) + Ay Zf=1|9]~| forsomey <1

and 2 y 2> Ao =0withoy =6 +—= \/— Also suppose that the regularity conditions (16) and (17)

are satlsfled then
A . ~ d
1. The lasso estimator 8 when y = 1 satisfies VN(8y — 0) > argminV.

12
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where V(u) = u'Au — 2u'W + 4, Zﬁl[ujsgn(é?j) 1(9]- +* O) + |uj + zj| I(Bj = O)] .
2. The Bridge estimator 8y when y < 1 Satisfies VN(8y — ) 5 argminV, where
V(uw) = u'Au—2u'W + 1, Zf=1|uj + Zjly I(Bj = 0) .

Proof.
1. Define a random variable Vy as

Vv) = XL, [(WN(it) - u,i;/%(it))z - wlz\l(it)] + Ay 2oy [|9Nj + %rl - |9Nj|y]'

whereu’ € R¥, y=1, Ay >0and t =1, ...,T.
It will be proved same as theorem 2 and 3 but will be add some changes. In matrix notation
the above equation is

V) = ([lon — 22" + Ay S [0 + 2] ) = (lowl?

, which can be

written as
V() = Qy (91\1 + %) - QN(QN )
where, Qy(a) = Y — Gall? + Ay 3¥_, ||
Note that VN (8y — 6y) minimizes Vy
i.e. argminVy = VN (65 — 6y) by noting that
Vn (\/N (éN - 91\1)) = Qp (9N + (éN - HN)) —Qn(Oy) = Qn(By) + A
and observe that the objective function Q,; is similar to the Lasso objective function, minimized
at 8. To show that V), converges in distribution to V, noting that
Vn(u) = Qn (9N %) —Qn(On) = Yy — GnON)' (Yy — GnOy) — wyy G\}V—u u\/G—N w+

LA+ Ay (llonl? + Ay Zs x| )

\/_
u'Gy, u’'GJ u'GLGN u
= lloyll? = £ oy — L8 gy, 4 LML 3 55 oy + 1 = Nowll? =

An Zf=1|91vj|y
’ 4 .
= w O yr gy Ny g 5 (|ows + 2]~ Jow,|]

By letting N — oo with 8, = 0 +§ we will have the following results:
Gyw @
w oW
Y
since Ay = O (NE) = o(vVN) then 2% - A, it follows that
N2

AN ] 1 [|9N] \/—| |0N]|] i AO Zle[ujsgn(ﬁj)l(ej * 0) + |uj +Zj| I(eNj = 0)]

1.,
NGNG —)A,

d
Hence Vy(w) — V(W) = u'Au — 2u'W + o X5_,[u;sgn(6;) 1(6; # 0) + |u; + z| 1(6; =
0)]. Therefore,

~ d
argmin(Vy) = VN (8y — 6y) - argmin (V).
2. Since The random variable V, is nonconvexity due to y < 1, There are some added

Y
complexities to the second part of random variable Vy. Since since Ay = O (NE) =
o(VN) then '1—’; — Ao , this implies that

N2

A Sl [|ons + 7| = |6ws|"] > 0 if 6, # 0. Therefore

13
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uj|¥ Y Y z
A Zhoa [|ons + | = 10wi1"] = 20 Zhealuy + 2" 1(6n; = 0), where 6y = 6 +Z
Which is uniform convergence over compact sets on u. It implies then that
d
V) = V() = u'Au — 2u'W + A, T5_ |u; + zj|y 1(6y; = 0) which is uniform
convergence on the space of functions on compact sets.

~ d
To prove that argmin(Vy) = VN (Oy — 6y) = argmin (V), it is sufficient to show that
argmin(Vy) = 0,(1). Itis noted that

’ 2
u Gn( u;
Vv = 3, [(WN(it) - #) - wlz\l(it)] | N +

12 2
u GG Y
>3V, [(WN(it) - 7‘/%( t)) - wlz\l(it)] — (Ao +98) Z?=1|uj + Zj|

= Vl\fm) (w), for all uw and N sufficiently large.

2
u'Gniry

Since y < 1, this implies that the terms [(WN(it) — — w,z\,(it)] is grow faster than the

terms |u; + zj|y, hence we have that argmin (V,\Em)) = 0,(1).

It follows that argmin( Vy) = 0,(1). Since argmin (V) is unique and argmin(v) = 0, (1).
~ d

Therefore, argmin(Vy) = VN (O — 0y) —> argmin (V). m

Remark 6. In contrast with the theorem 4 when y < 1, the small parameters may be estimated
exact O in finite sample even when large parameters are present.

6. Conclusion

In this paper, the discussion of the study has introduced the high-dimensional repeated
measurements model. It has studied the asymptotic behavior of bridge estimator and lasso
estimator as especial case of it with put some assumption on design matrix for the two topics.
In first topic which is mentioned in section 4, we discuss the asymptotic in general with large
parameters. It can be concluded that the consistency of bridge estimator will be sufficient for
two cases. In the first case the sufficient consistency of bridge estimator is occurred when tuning
parameter A, is asymptotically smaller than N for all value of shrinking parameter y.

While in the second case, the sufficient consistency of bridge estimator is occurred when Ay is
asymptotically bounded by VN and the value of shrinking parameters are greater than or equal
one. But in this case, the bias of their estimators may be unsatisfactory large when y is greater
than one while the magnitude of shrinking parameters towards zero increases. Furthermore, we
conclude that the necessary condition for consistency the bridge estimator is occurred when Ay

Y
is asymptotically bounded by Nz and the value of shrinking parameter y is less than one.
Moreover, the nonzero parameters can be estimated at the usual rate without any asymptotic
bias while shrinking the estimates of zero parameters to zero with positive probability.

In second topic which is mentioned in section 5, the study showed that the asymptotic of
bridge estimator in small parameters when a triangular array of observations are assumed with
simple change on the parameters. In this case, we conclude that the same results above about
the consistency of bridge estimators are obtained when A, is asymptotically smaller than VN
and the value of shrinking parameters are greater than one. On the other hand, if one or more
of the parameters is large then the asymptotic bias suggested by first topic would still continue.
Furthermore, we conclude that even when large parameters are existence, the small parameters
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Y
can be estimated as exactly zero in finite samples when A, is asymptotically smaller than Nz
and the value of shrinking parameter y is less than or equal one.
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