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Abstract: In this paper, we propose the lasso method for choice of penalty level and investigate the error of the lasso
estimator in repeated measurements model. We introduce our repeated measurements model with its expectation error and
its derivative. we investigate the choice of level the penalty parameter for the lasso estimator which plays important role in
investigation the lasso estimator and also show that with high probability, the random variable is very close to its
expectation. Lastly, we investigate the error of lasso estimator and conclude that with high probability the lasso estimator
will pick out most of the important variables.

INTRODUCTION

Many scientists and researchers have been given a definition for the repeated measurements in the different periods
of time. [1] defined them as term used to describe the data in which observations of response variable are measured
repeatedly for each experimental unit under different experimental conditions. While [2] explained that the repeated
measurements require two or more independent groups between the most of known experimental designs in the set of
different researches type. In the other words, in the repeated measurements , the observations of experimental units
are measured repeatedly in the time unit.

The linear regression model is said to be high-dimensional model when the number of explanatory variables exceeds
the number of observations. In other hand, the model is called low-dimensional model when the number of
explanatory variables is less than the number of observations. Whatever the linear regression model whether low or
high-dimensional, we desire to satisfy some important properties which are: estimation, prediction and variables
selection.

A least squares estimator can be obtained by minimizing the residual sum of squares. As long as an inverse of the
explanatory matrix exists, this leads to have a unique solution to the given problem. But this method cannot apply on
the problem which has high-dimensional data. In the sense that, when the number of unknown coefficients which are
to be estimated is larger than the number of sample size. In this case, the uniqueness of solution cannot be obtained.
Furthermore the traditional methods, like all possible regression, forward regression, backward regression and step-
wise regression cannot be used for the variables selection in the high-dimensional data.

As mentioned above, it is cleared that these methods cannot be applied due to increment in the number of coefficients
on the account of sample size. In this case, another methods must be utilized instead of conventional method for the
estimation and variables selection. It is known that, the common and suitable method which can be employed to treat
with the high-dimensional data is called penalized least squares method. The main use of this method is to overcome
the computational problems and also improves the prediction accuracy. The penalized method is based on the principle
of reduction the residual sum of squares with the some constraints on the unknown parameters. The estimations of
penalized method can be obtained by minimizing an objective function which consists of two parts: loss function and
penalty function. The general form of the penalized method is given in the following equation,

Ps(4,B) = (Y =XB)' (Y — XB) + P,(A, B),
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where P;(4, B) represents the penalty function and A is penalty parameter. Therefore, the penalized estimator can be
attained according to the following form,

B = arg;mn ={(Y —XB)'(Y —XB) + P,(4, B)}

The penalized method is characterized bythe property thatmaking the penalized estimator and variables selection
simultaneously. It is noted that the best penalized function gives an estimator that characterized by three important
features which are: unbiasedness, sparsity and continuity. Moreover, As a mentioned in [3] that the estimator from the
ideal aspect must have the oracle properties which are consistency and asymptotic normal.

One of the most commonly used penalized methods in the high-dimensional data is called 'lasso’ which is proposed
by [4]. The word lasso is an abbreviation from 'least absolute shrinkage and selection operator'. The principle of the
lasso method is based on the minimizing the residual sum of squares plus the sum of absolute value of coefficients.
The lasso estimator of linear regression model can be obtained according to following equation

N k

A 11 ,

Plasso = argrnﬁln NZ(YL _Xiﬁ)z + AZlﬁA
=1 =

where A is the penalty parameter while A Zj?=1|ﬁj| is called penalty function.

The lasso becomes popular and more attractive method through selects a suitable variables and maintains the
properties that make some regression coefficients exactly zero and shrinks others to a certain magnitude with reduction
the loss function. In [5] introduced a new algorithm for lasso estimator when y = 1 in the penalty function Z|ﬁj|y
bridge function. While in [6] studied the asymptotic behavior of lasso estimator as especial case wheny = 1 in bridge
regression. In [7] Suggested a new algorithm to compute lasso estimator called LARS which is abbreviation to the
least angle regression. They showed that this algorithm is simple in application and gives accuracy results. In [8]
introduced notes on lasso, LARS and forward stage-wise regression and show that the set of variables selection are
not consistently the true set of basic variables when prediction accuracy is used as criterion. [9] studied the lasso
properties in terms of the variables selections and estimation in a least absolute deviations. [10] discussed and derived
the degrees of freedom of lasso fit without any assumption on the explanatory matrix X. They expressed their results
in terms of active set of lasso solution-and developed this results to include the degrees of freedom of design matrix
X together with an arbitrary matrix [11] suggested an assumtionless consistency of lasso. He showed that for the lasso
considered in Tibshirani original paper, the lasso is consistent under almost no assumption at all. [1] used lasso mothed
to demonstrate and examine the feature selection task. [3] explained that the two estimators: the square-root lasso and
square-root slope can achieve the optimal minimax prediction rate. [12] introduced generalized lasso problem and
studied its uniqueness by using £, -penalty of matrix D times coefficient vector.In this paper, we will use Lasso method
in repeated measurements model to investigate some important and essential principles related with the estimated
error of Lasso. Firstly, we introduce our repeated measurements model then discussing the expectation error with its
derivative. Secondly, we study and investigate the choice of penalty level that satisfies lasso estimator. Lastly, we
investigate the error of lasso estimator and conclude that with high probability the lasso estimator will pick out most
of the significant variables [13].

SETTING MODEL

Consider the following repeated measurements linear model
Yie = i+ XK1 BiXjae) + vi +€i (1)
i=1,..,N,t=1,..,T,where
Y;.the value of response variable for i* unit at time t,
Xjr) the explanatory variables,
w B, j=1,..,k arefixed parameters,
v; is the random effect with v;~N (0, 62),
€;¢ is an error term with €;, ~N (0, 62) .
The model (1) can be written as follows:
Yie = u+ 35 BiXjn + w;, )
Where w;, = v; +€;, w;, ~N(0,07),05 = d& + 5.
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This by using matrix notation the model (2) is
Y =G0+ w, (3)
Where, G = [e,X],e = [1,1, ...,1]" has length NT,
Y =[Yi1, ... Yir, Yar, oo, Yyq, -, Yarl' has length NT,
X = [Xq,...,Xy] isa NT x K design matrix of fixed effects,

0 = [, Br, Ba, -, Bie] Has length k + 1, and
W = [Wy11, e, W17, W21, v, Wy, -, Wyr]’ has length NT.
From model (3), we have Y~Ny(G6,X), where
E(ww") =EY —GO)(Y —GO) =%

METHODOLOGY

Our target in this paper is to reconstruct the unknown vector 8 € R* in high-dimensional case where k > N, k is the
number of coefficients and N is the sample size. A key assumption of our model is that £, —penalized least squares
estimator must be thresholding rule that meaning a model with small variables so that it can be interpreted easily. Here
we assume that, S = supp(08) has k < N elements. The set S of nonzero coefficients is unknown. If k > N, the
Ordinary least squares is not consistent and it will be used other methods to deal with such case. In recent years, the
high dimensional linear model problems have been solved by many new methods. These methods based on #;
penalization or #; norm. It is concluded that for most £, penalization methods, the error structure performs a
significant role in the estimation of unknown coefficients. One of these methods that relies on error distribution is
called lasso (least absolute shrinkage and selection operator) which minimizes the residual sum of squares subject to
the sum of absolute value of coefficients being less than constant. From (3) Then the lasso estimator is the solution to

mBin(y —G6)'(y — G6), subjectto ¥7_, |6 < t. (4)
Here t > 0 is tuning parameter or equivalently
mﬁin(y —GO)'(y — GO) + A X7_,|6;] )

The formulation (4) and (5) are equivalent in the sense that, for any given 1 € [0, ), there exists a t > 0 such that
the two problems have the same solution and vice versa. In this paper, we introduce analysis for the lasso method and
weinvestigate the selection of penalty level, which does not rely on any unknown parameters or the error distribution.
It will be discussed important twofold. First, we will propose a rule for setting the penalty level. This choice of penalty
will be comprehensive and the mean of errors will be assumed that 0 and p(w;, = 0) = 0 for all i. Second, it will be
explained that the estimator with high probability has near oracle performance, i.e. with high probability

||9 - 9”2 = o( ’%),or eqivalenty ||§ - 9||§ = O(plfv—gk).

It is important to see that there is no any assumption on the distribution or moments of errors, a scale parameter is
only needed to control the tail probability of error.We state some lemmas which are used to prove the main theorem.
Lemma 1 Suppose w;; be any continuous random variable, then
dE(||wi + G| — |w;
(o 61210l _ _ppg,,, < g
Proof: Since|lwit + G| — Iwit|| < |G| is boundedthe random variable, this implies that its expectation must be
existed. Assume the probability of density function of w;; is f(w) and G > 0. It is easy to see that

8] 0 -G
E(Jwi + G| — |wiD) =f fe dt+f f(t)(2t+G)dt—f f()G dt
0 -G -0

= fooof(t)G dt + f_(;f(t)Gdt - f__:f(t)G dt + 2 f_OGt f(t)dt
=G (J-mf(t)dt + J-Of(t)dt - f_Gf(t)dt> +2 fo tf(t)dt
0 - -G ¢ —© 0 -G
= G(f_af(t)dt—f_oof(t) dt>+2f_6tf(t) dt
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= G[P(wy = —G) — P(w; < G)]+2f0tf(t)dt

=61 -2P(w; < —-6)) + zf t f(t) dt. (6)
Hence by taking the derivative with respect to G both sides it is easy to see that

dE(wig+Gl-lwie) _

a6 ZP(aht G)

Lemma 2. Assume that there exists a constant > 0 such that the random variable w;; satisfies the following
conditions

1
P(witZG)Sm forallG =0

P(wi < 6) < 5 forall G <0, @
where r introduce as a scale parameter of the distribution of w;, Then
E(lwg +cl = lag) = =lel (Il A2). ®

Proof. we have that for any ¢ > 0,
E(lwi + ¢l = lwg) = ¢ = 2 [ P(wye < —(6)dG, by (4)

> ch L 6= ch TG = |  log(2 + qd
=¢ 0 247G - r)y 2+76 -1 rOg( "

2
=c—= [log(2 + 2¢) —log (2)]

2 r
= c—;log(1+5c). 9)
i.e.E(Jowy+cl—lwy]) = ¢ —%log (1 +§c)

when c=> 9 Then

c

0

c——lo (1+ c)>c—ZE—E
& 2. 47 2
and When c s;, then

2 2 1 2
c—;log(l -I-%C) 2c—;<%—§(2£) )

r 2 16
3 N rc? 7‘c2
BT TS

.. 6
In a similar manner, for any real number ¢ when |c| = - then we have that,

T
|c
E(lwy +c| - |wzt|) = 3
and when [¢] < ;, then
2
rc
E(lwi + ¢l = |wg]) = 16
The lemma is proved by Putting the above inequalities together.

Definition 1. (Union Bound)[4].

Let Ey, E,, ..., be afinite or countably infinite set of events, not necessary disjoint then union bound is defined
as P(U;»1 E)) < X1 P(E;). (Hoeffding's inequality) [10]. Let Y, ..., Y, be independent bounded random
variables such that E(Y;) = pand <Y; < b.

2ne?

Then, for every > 0, P(|Y,, — u| = €) < 2¢” ®-a2,

Choice of Penalty
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Assume that for any y € R¥, let

_ 2

Q) ==k (10)
Then the lasso estimator can be expressed as

6 €argmin{y:Q(y) + Allyll.}, (11)

which means that the lasso estimator is equal or belong to minimize the residual sum of squares plus sum of
absolute values of coefficients. Suppose that the measurement errors w;; satisfy P(w;; = 0) = 0 and
E(wyg)=0fori=1,..,Nandt =1,..,T. The penalty level A can be determined bytaking the sub-
differential of (10) with respect to the point of true coefficient & = y for all w;, # 0,i = 1, ..., N ,which can
be written as

S = %G’(sign(wlt),sign(wn), ., Sign(wy.))’, where sign(x) denotes the sign of x,

1 if x>0
i.e. sign(x) =4 -1 ifx<0
0 ifx=0

Let] = sign(w), thenl = (I, Iy, ..., Iys)', where I; = sign(w;;),i = 1, ..., N. Since w;,s are independent
and have mean 0 so that The sub-differential of Q(y)at the point of 8, can be written as
S=26' (12)

A penalty parameter A will be selected such that it dominates the estimation error and it is greater than the
maximum absolute value of S with high probability [15]. In other words, we want to select a penalty level A
such that

P(2 = c|lSlle) = 1 — a, for some fixed constant ¢ > 1. (13)
It is clear that the distribution of I is known therefore for any given G the distribution of ||S||., is known and
does not rely on any unknown parameter. We have the following lemmas.

Lemma 3. The selection of penalty level A = ¢,/2A(a)N log k for the lasso estimator of
0 € argmin{y: Q(y) + Allyll,} satisfies P(1 = ¢||S||o) =1 — «a.

Proof: by using the definition of the union bound, it can be seen that

P(cy/2A(a)N logk < c|ISll) < XN, P(J2A(Q)N logk < |G/1)).

For each i, by using Hoefddiding inequality,
4A(a)Nlogk
P(IG! I| = \J2A(a)N logk ) < 2exp {— %} = 2exp{logh=A®) = 2k 4@,
ill2

since ||G;|13 = N for all i. Therefore,

P(cy/2A(@)Nlogk < c||S|le) < k2k 4@ = ~A@-2) < o

This impliesthat, P(1 = c|ISlle) =1 — a.

Lemma 4. the choice of penalty 2 = c?V/Nd~1(1 — %) for the lasso estimator of 6 € argmin{y: Q(y) +
Allylly} satisfies  P(A= clISlle) =1 —a(l+wy), when wy—>0 as N->o , where B=

Sxpl :;pg k%”GJHZ < oo for some constant ¢ > 2 and ®~* (1 - %) < (q — 2),/logN.

Proof: By using the definition of the union bound, it can be seen that

P(cVN®™ <1 - %)) < cliSlle) < zk:P («/Ncb—l (1 — %)) <IG{1|.

For each i, by using Stastinkov, Robin-Sethuraman inequality[7],

i=

-1 @ ! -1 @
P(VNCD (1—(2—k))S|GlI|)S2<1—CD(¢‘ (1—(2—k))>>(1+WN)
=2(1 1 a 1 =2(1-1 ¢ 1 _Z 1
= ( —( —m)( +WN)— ( - +@)( +WN)—E( +WN)

where wy—0as N-oo infinity, provided that 1 (1 - %) < (q —2)4/logN.
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Therefore P(cVN®~! (1 - (;’—k))) < cllSlle) < a((1 + wy).

This implies that, P(2 > clISlle) =1 — a(1 + wy).
Lemma5. If 2 > ¢||S||.for some fixed constant ¢ > 1, then the estimator error

. 8 € R%: 1611y = ClISkclly, where F c {1,2, ..., k}
h =6 — 6 belong to set Az where Az= and F contains at most p elements.

Proof. To prove this important feature of the lasso estimator, since éminimizes{w + /1||y||1}. therefore
IGh + wll3 + 28|, = [|G(6 - 6) + GO — Y||z +N2)|9],

= |66 - Go + 6o — Y| + N8|,
~ 2 ~
= [|60 -], + Nall6],

166 — Y13
s+ el = llwli3 + 201,
ie. IGh + wli3 + 2]18], < llwli3 + All6]l;
Let F denote the set of significant coefficients. Then
1Gh + wli = llwliz < 2 (116l = [19]],) = 21l = lhgelly). (14)

Since the sub-differential of Q(y) at the point 6 is%G’I, where [ = sign(w).

NA
IGh + wllz = llwll2 = (GR)'T 2 K'G'T = =Rl G Tllw = =~ (lhrlly = llrpelly).

c-1

So lhelly = E”hFC”L where C = Py (15)

SOME IMPORTANT NOTATIONS

Now, some important quantities and assumptions of design matrix G shall be defined and they are very
important in proving the following lemma and theorem. Throughout, each vector G; is assumed to be
normalized such that [|G;||5 = N fori=1,..,N. Let A% be the smallest number such that for any p sparse
vector d € Rk,

lGdlls < NAGldll3.

Here k sparse vector d means that the vector d has at most k nonzero coordinate, or ||d|, < p.
Similarly, let ALbe the largest number such that for any k sparse vector d € R, ||Gd||3 = NAL||d||3.Let
Yy, p, DE the smallest number such that for any p; and p, sparse vector c; and c, with disjoint support,

(Gey, Gea)l < Ny, g, lleallzllc: 2.

The following constrained eigenvalue of design matrix G must be defined. Let

P heaz Nllhelly”
To show the properties of the lasso high dimensional repeated measurements estimator, we need p{, (E) to be
bounded away from 0.. We have the following lemma which plays important role to prove next theorem.
Definition 2. (e — Net)[10]
Consider a subset K of R™ and let ¢ > 0. A subset N € K is called an € — Net of K if every point in K is
within distance ¢ of some point of N,
i.e. Vx€K3xy €N: ||lx —xll, < e
Equivalently, N € K isan € — Net of K if and only if K can be covered by balls with centers in N and radii
E.
Definition 3. (Covering numbers)[10]
The smallest cardinality of an e — Net of K is called the covering number of K and is denoted N(K, ¢).
Equivalently, the N(K, ) is the smallest number of closed balls with centers in K and radii € whose union
covers K.
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Lemma 6. Suppose w;,s are independent random variables. Assume that k > N and k > 3p,; and also let for
any vector d € Rk,
B(d) = %I(IIGd + ol = lloll3) = E(IGd + w3 = llwll3)] then

P< sup  B(d) = (1 +2C,J2%)\/2p logk) < 2k~#p(ci-1), (16)

llallo=p.lldllz=1
where C; > 1 isa constant.
Proof. forany1 <i <N, 1 <t <T,Iitcanbeseen
[1(Gd)ie — wie] — lwiel| < [(Gd)y|, where ¢ =1,2,...,T.
So |(Gd); — wi| — |wj| is abounded random variable for any fixed d.
Hence for any fixed p sparse signal d € R¥, by using Hoeffding’s inequality, we have that

Nt2
P(B(d) >7)<2 exp (—m), forall T > 0.
By the definition of A%, we have that
—N72 72
>17)< —— )= -
P(B)z7) <2 exp( zmgudu%) Zexp{ 22 ||d||%}' (a7

Let T = C/2p logk]||d||3 in (15), we have

2 ng
P(B(d) = C\/2p log kl|d||3) < 2exp (—%) =2k % forall C > 0.

By using the e — Net and covering number argument, we will find an upper bound for sup |B(d)|,
llallo=p,lldllz=1

Consider the e — Net of the set {d € R¥,||d|l, = p, |ld||, = 1}.

Since From the standard results of covering number, the covering number of {d € R?,||d||, = 1} by € balls

p
(i.e.{y € RP:|ly — x|l < €}) is at most G) fore < 1.
p
Then the covering number of {d € R*, ||d|l, = p, |ld|l, = 1} by € balls is at most (%) fore < 1.
Assume that S is such a € — Net of {d € R¥, ||d|l, = p, lld|l, = 1}. By union bound,
2

p —pc”
p <sup|B(d)| >CJ2p logk) <2(3) K K forali ¢ > 0.
des
Moreover, it can be seen that,

2
sup |B(dy) — B(d,)| SN”G(d1_dz)“% < 2Npye,
d1,d2€RK ||d1~dzllo<p.lldi—dallz<e

(since [|Gd|l3 < N p#lldll} and ||d|l5 < €). Therefore

sup |B(d)| < sup|B(d)| + 2N pye
deRrk ||dllo=p.lldlIz=1 des

Let ¢ = Y2Plo8K 1 yhop

N 2pp

P< sup |B(d)| 2C./2plogk)

derk|ldllo=p.lldllz=1

p
3kN pY
<P (suplB(d)I > (C-1)2p logk) <20
desS KT
Since k > N and k > 3K}, let C = 1+ 2C, /2% for some C; > 1, then
14
3kN K

P< sup |B(d)| =(1+ ZClﬁ —-1)y2p 10gk> <2 e

deRK||dllo=p.lld]l;=1 A
K %

P< sup |B(d)] = (1 +2¢,/7% )|/2plog k) < 2K~ (i),

der¥|d]lo=p.lld|lz=1
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Theorem: Suppose that the measurement errors w;; are independent and identically distributed
randomvariables with mean 0. Assume that w;,’s satisfy condition (7). Moreover, assume that /15, >

1 1
Yy » (E + Z) and

3N P 5 1

?pé > A\/; + Ci+/2plog k (Z + E)' (18)
For some constant C; suchthat ¢; > 1 + 2\//1_’;. Then the lasso estimator 8 satisfies with probability at least
1 — 2f~4p(c3-1)+1

(%1
7] 2plogk 16(cV2+125Ci+=
lo-o], < [Prossitie fiy
(Gp=vp » D)
Covrp )
14
where C; = 1+ 2C,,/2% and C, > 1 is constant.

all =

Proof.

5 € R*: ||6¢|l, = Cll8pcll;, where F c {1,2,...,k}
Recall lemma 5,  Az= and F contains at most p elements.

Sinceh =8 — @ and h € Az.
Assume |hy| =|hy| =--=|hg| andletS, ={12,..,p},
therefore hg, = Chge.

We write {1,2,...,k} in to the following sets:
So=1{1,2,...,p},S;={p+1,p+2,..,2p},S, =2p+1,2p+2,..,3p}, ... .
From lemma 8 in [22] it follows that

Insll, o
P 5t e

i21 i21

J—II sl + J—Ilhsoll
L
< (3+2) Insll, (19)
Hence
—(||Gh + o3 = llol3) =+ (||Ghso + ol - lloli)
+zi21;(||6<zj=0hsi) + o - |6 Ay + olf)) (20)

for any fixed vector d, Let M(d) =~E(lIGd + |3 — lw]3).
By lemma 6, with probability at least 1 — 2k ~4P(¢z-D),

2(I6hs, + w2 = Nwll3) = M(hs,) - C1y/2plogk ||hs, I, (21)
And for i > 1 with probability at least 1 — k=4P(¢Z=D),
. 2 . 2

%(”G(Z}ﬂ) hSi) + (‘)”2 - ”G(Z;%) hSi) + wHZ) = M(hsi) — Ciy2plogk ||h5i”2' (22)

where C; =1+ 2C,,/A% and C; > 1 is constant.
Put the above inequalities together, we have that with probability at least 1 — k=4P(CZ-1)+1,

1
y (IGh + @l = llwli2) = M(h) — €1/2p 108k2||h5i||2

i21

By this and inequalities (14) and (19), we have with probability at least 1 — 2k=4P(¢Z-1)+1,
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1
M) <~ (IGh + wll3 — lwl3) + Cy/ZoTogk Y [|hg ],
i21
Ap
<2, + g (sl + Y],

i21

Ap 1
< s, + covzprogk (s, + (5 +2) I, )
= 2|lhg,|I, + C1/2pTogk (1.25 +2) || s, | (23)

Now by condition (7), we consider two cases.

Firstly, if ||Ghl|3 = ﬂ then by lemma 7 in [22] and inequality (17), we have that

~ E(IlGh + wlE = llol3) > ——IGRII3 = ZphIhs, |, (24)
From assumptlon (14), we must have ||hS,ll, = 0 and hence 8 = 6.

On the other hand, if ||Gh||3 < A , from lemma 7 in [22] and inequality (8), we have
—E(IIGh+wIIz - Ilelz) >H”Gh“2 (25)
We have that,

(Gl 61 = N2 s 12 = N s, Il = 28 |1
i21

And by (Cauchy-Schwarz inequality)
(G hs, Gh)| < [|Ghs, 121G < NIGRIZ_|NAY|hg, ||

Therefore
gy (1))
Ghl|Z 2N—( d ”A’;(C 2) s, I (26)
Hence by (23) and (25), with probability at least 1 — 2k‘4P(CzZ-1)+1
s, I, = =% MR) = 25 (22|, || ) + C1y/ZpTog k (1.25 +2) ||, |, @7)
This implies
A4 16NA
s, I < — l[As, I, ( +C,\/2Zplogk (1. 25+_))
N (2 = (E+Z))
ie.
J2plogk 1
~——— 16C; (1.25 +=
o <1 A (1254
%0 2 l 1.1 ? 1 1 2
o Boni] (v )
14

_ 16k [2plogk 16€, (1.25 +2)
- Nrnl, N ™}

2
(Ah-vonlE+d))

where 7}, = .

In particular, when = 2C./N log k . we have that,
STogk 16(CVZ+125 cl+C=C1)

s, [, < 2 - (28)
Since Zia”hs,»”j < |hpsa| Zisalls |, < this implies  Xia|hs,, S%:”hsollz <
2 Cc
%”hso”z , \/a 2plogk 16(cvZ+125 ¢ +3)
T N rné,

020002-9



therefore, 2
(#-vmal3))

16— 6ll, Where 7} = o L, =14
2 ploghk 16(cV2 + 1.25C; + % ) 1 2C,,/A% and C, > 1 is a constant.
< Z
- N T} +E
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