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This paper investigates chaos suppression in widely used indirect field oriented controlled
induction machine (IFOCIM) drive system using fixed-time synergetic control method. The
complex eighth-order IFOCIM drive system shows chaotic oscillations during a specific range
of the integral gain of the PI speed controller. The conventional synergetic control method is
improved by employing the fixed-time theory, the characteristics of the designed controller are
chattering free and the convergence time is limited within a fixed-time upper bound depending
on the controller parameters. The fixed-time synergetic control method is used to converge a
selected macro variable to the origin within the fixed time upper bound. The controller can
stabilize the chaotic system dynamics in a good way within a short time.
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1. Introduction

Induction machines (IM) as electrical to mechan-
ical power conversion devices are used widely in
industrial and domestics applications. Also, the
indirect field oriented controlled induction machine
(IFOCIM) is used widely in industrial applications
due to its high torque response features. The non-
linear systems such as induction machines show
very complex dynamics. The induction machine
parameters are changed with time due to aging,
heat rise during operation for long periods of time,
saturation level, and environmental impact [Krish-
nan & Bharadwaj, 1991; Gao & Chau, 2003; Chua &
Wang, 2011; Zhao et al., 2016]. These changes in the
parameters of the induction machine drive system

may be lead to system variables bifurcation
[Bazanella & Reginatto, 2000; Lu et al., 2009; Salas
et al., 2008]. Also, the controller parameters varia-
tion of IFOCIM may be making the system dynam-
ics bifurcate in cyclic or chaotic manner [Asakura
et al., 2000; Lu et al., 2009; Gao & Chau, 2003].
Therefore, the elimination of chaos in the indi-
rect field oriented controlled induction machine
indicates interesting research in power conversion
systems.

Many control techniques have been used in
closed loop machine speed control to suppress
the chaotic behavior. Few of these techniques are
related to the induction machines. Therefore, beside
IM, the survey will touch on permanent magnet
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synchronous machine (PMSM), brushless DC
(BLDC) machine, and power systems which have
similar dynamics behavior.

Asakura et al. [2000] used vector-control tech-
nique to control velocity of a reduced order IM
with periodic speed reference, the controlled system
dynamics had a chaotic oscillation due to identified
error of the real rotor resistor value and the value
in the controller, they employed three-layer neural
network to control the chaos of the obtained third-
order system. Ozer and Akin [2008] implemented
a third-order oriented vector-controlled induction
machine voltage mode observer, they used Pyragas
control to suppress the chaotic state, the idea is to
stabilize the unstable orbits that embedded in the
chaotic system by using feedback of the states. Chen
et al. [2012] used SMC to synchronize and elimi-
nate the chaos in reduced order (fourth-order) field-
oriented induction machine. Ranjbar and Kholerdi
[2016] proposed a fuzzy controller to omit chaos in
three-phase IM that is driven by constant voltage
to frequency (V/f) inverter.

Harb [2004] suggested backstepping nonlinear
control technique and sliding mode control (SMC)
to eliminate chaos behavior in a permanent mag-
net synchronous machine (PMSM), the study stated
that the backstepping nonlinear controller is much
better than the SMC. Ren and Liu [2006] pro-
posed nonlinear feedback control method to con-
trol the chaotic behavior in PMSM. Zribi et al.
[2009] provided PMSM control method based on
the instantaneous Lyapunov exponents (ILEs) algo-
rithm to adjust the gain of the controller to make
the positive (chaotic state) and zero instantaneous
Lyapunov exponents negative (stable state). Huang
et al. [2011] suggested a quasi-sliding mode con-
trol (QSMC) to suppress chaos for a PMSM, the
QSMC forcing the system states to the quasisliding
manifold by designing a continuous controller of the
switching surface. Yu et al. [2012, 2015] employed
neural networks to identify unknown and desired
control signals and an adaptive tracking controller
is constructed via backstepping for PMSM, the pro-
posed adaptive neural controllers guarantee that the
tracking error converges to a small neighborhood of
the origin. Yu et al. [2016] introduced an adaptive
fuzzy control technique with reduced order (fourth-
order) observer method to eliminate the chaotic
behavior in the dynamics of PMSM drive system.
Borah and Roy [2017] used predictive control to
control the chaos in permanent magnet synchronous

generator (PMSG) where the simulation result is
validated experimentally by implementing the elec-
tronic circuit. All the mentioned PMSM control
techniques are used to control third-order systems.
Rongyun et al. [2020] controlled the chaotic behav-
ior in third-order PMSM by using synthetical SMC
with inverse system decoupling, where they used
SMC and super-twisting SMC for d-axes current
and motor speed, respectively.

SMC, robust control and extended backstep-
ping control were simulated numerically to control
the chaos for third-order BLDC motor [Rajagopal
et al., 2017], the robust control was designed as
SMC combined with field-oriented theory [Baram-
bones et al., 2012] while the backstepping control is
desired to track a smooth periodic signal.

SMC with fixed-time control method was intro-
duced to control sixth-order power system, numer-
ical results show that the system chaos is stabi-
lized in finite time [Ni et al., 2017]. Wang et al.
[2018] designed an adaptive feedback control sys-
tem based on the finite time theory and the
passivity-based approach for suppressing the chaos
behavior in fourth-order power system. Zribi et al.
[2018] provided a discrete SMC technique to bring
order to the fourth-order chaotic power system, the
two discrete SMC (DSMC) techniques exponential-
reaching law and developed double power-reaching
law were compared where the results show better
reduced chattering response from the last method.
Pole placement-based proportional integral SMC
(PISMC) method was illustrated numerically to
control chaotic oscillation in fourth-order power sys-
tem, the simulation results stated that the chatter-
ing is reduced compared with conventional SMC
method [Kumar & Singh, 2019]. Adaptive SMC
method based on relay function was used to sta-
bilize a second-order chaotic power system model,
the adaptive method was employed to reduce the
chattering effect that is caused by the conventional
SMC method [Shang et al., 2020]. Wang et al. [2020]
designed the disturbance observer and SMC, which
did not include the system equations, for second-
order system and applied them to the seventh order
power system. Two methods were used, linear state
feedback control and dither control, to turn the
chaotic state in sixth-order power system model into
the periodic steady-state [Chang, 2020].

All the control strategies that were discussed
have some advantages and disadvantages, these
characteristics will be viewed alone here.
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Neural Network (NN) can be developed by
using different training algorithms, it can reveal
complex nonlinear relations between dependent and
independent variables, and it can be developed with
less statistical training, while its drawbacks can be
pointed as: it has unexpected behavior, there is
not specific procedure to select the NN size, and
needs more time for training [Tu, 1969]. The Pyra-
gas method algorithm looks simple but it is sensitive
to parameter choice [Fradkov & Evans, 2005]. SMC
is a robust nonlinear control method with param-
eter uncertainty and simple implementation but
the chattering phenomenon emerges [Huang et al.,
2020; Wang et al., 2019]. Fuzzy control method is
characterized by describing an inaccurate model,
robust, with strong fault tolerance and some draw-
backs such as the requirement of expert experience,
difficult parameters tuning, decreasing the response
speed with increase of accuracy, and hard realiza-
tion [Huang et al., 2020]. The backstepping non-
linear control method is a robust control technique
with two drawbacks: the consumed time of the ana-
lytic calculation of control signal derivatives and
the limitation to nonlinear systems that formed as
a lower-triangular [Sonneveldt et al., 2007]. Adap-
tive control methods are robust control methods
and simple to use but they have some disadvan-
tages as they undergo nonlinear-disturbances, are
sensitive to noise, and require large memory [Yao
et al., 2015], sensitive to the adaptation values of the
gains [Landau & Lozano, 1981], the adaptative rate
is slow, and the transient response is poor [Ceza-
yirli & Ciliz, 2008]. Predictive control is able to
describe the inaccurate model and is robust but has
slow response, complex structure, and hard realiza-
tion [Huang et al., 2020]. In PISMC, the chattering
effect is reduced compared with conventional SMC
method but not eliminated. The drawbacks of the
disturbance observer and SMC method in [Wang
et al., 2020] are (1) the chattering effect due to
SMC where its parameters must be adjusted to bal-
ance between low chattering and small steady-state
error. (2) Also, to increase the observer accuracy
by adjusting its parameters, the controller energy
increases. The drawbacks of the state-feedback con-
troller are: the constraints for the variables of the
state and controller, decreasing the robustness with
perturbations, and the need to find the coeffi-
cients of controller [Tarczewski & Grzesiak, 2016;
Tahoumi et al., 2018], while dither has two dis-
advantages include increase in the quantization of

noise energy and dataacquisition times [Gray &
Stockham, 1993; Chen et al., 2020].

In all the reviewed control techniques besides
the mentioned drawbacks, the steady state time
response cannot be limited and cannot be expected,
depending on initial conditions and system param-
eters. Also, the system contains chattering as noted
in SMC and PISMC. Fixed-time synergetic con-
trol method can overcome these shortages when it
reaches the steady state within fixed-time, inde-
pendent of initial conditions, and it is chattering
free. These properties make the fixed-time syner-
getic control (FTSC) method very suitable to sup-
press chaos in IFOCIM drive system.

A fixed-time synergetic control method has
been used in this paper to suppress the chaotic phe-
nomenon in complex eighth-order IFOCIM drive
system, where the conventional synergetic control
is improved by fixed-time theory. FTSC stability
is also proved based on Lyapunov stability theory.
In this paper, there are three main contributions
to be mentioned as following: (1) chaos suppres-
sion in eighth-order IFOCIM drive system model is
introduced and to the best of our knowledge, the
model has not been controlled yet. (2) the syn-
ergistic control theory is employed to control the
model. (3) The fixed-time theory is used to limit
synergetic control time response within a fixed-time
upper bound which depends only on the controller
parameter regardless of the initial conditions

The remaining sections of this paper are divided
into: The nonlinear model of the IFOCIM drive
system is derived in Sec. 2, the model consists of
eighth-order differential equations. Section 3 shows
the dynamic behavior of IFOCIM due to control and
motor parameters changes, the bifurcation diagram,
Lyapunov exponents spectrum, basins of attrac-
tions, and phase portrait are used to show the bifur-
cation behavior of the system. Section 4 illustrates
the proposed FTSC method and the FTSC is imple-
mented to stabilize the eighth-order IFOCIM drive
system with the proofs. In Sec. 5, FTSC is used
to suppress the chaotic oscillation in IFOCIM drive
system, the simulation results state that the system
is stabilized within the proved time range without
chattering. The conclusion is given in Sec. 6.

2. IFOCIM Drive System Modeling

The common closed loop control diagram of
IFOCIM drive is shown in Fig. 1. The measured
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Fig. 1. IFOCIM drive system scheme.

speed and estimated flux signals are fed into the
controller, and the stator current components (ids
and iqs) are produced from the flux and speed PI
controllers. The inverter output is applied to IM,
while the controller feedback signals are the stator
currents of the induction motor. Also, the encoder
(shaft encoder) is used to measure the shaft speed.
Shaft encoder is a transducer that converts the
angular speed of the shaft to analog or digital sig-
nal. The synchronous d−q reference frame model of
a squirrel-cage induction motor can be stated [Bose,
2001], to have the following full order IM dynamic
system:

dids
dt

= −γids + ωeiqs + ζβψdr

+βωrψqr +
vds
σLs

, (1)

diqs
dt

= −ωeids − γiqs − βωrψdr

+ ζβψqr +
vqs
σLs

, (2)

dψdr
dt

= ζLmids − ζψdr + (ωe − ωr)ψqr, (3)

dψqr
dt

= ζLmiqs − (ωe − ωr)ψdr − ζψqr, (4)

dωr
dt

=
P

2J

[
3
2
P

2
Lm
Ls

(ψdriqs − ψqrids)

−TL − 2
P
Bmωr

]
, (5)

where, vds, vqs, ψdr, and ψqr are the stator volt-
age and the rotor fluxes in synchronous direct
and quadrature axis reference frames to the stator,
respectively; ωe is the angular synchronous speed of
the motor, σ = 1 − L2

m
LsLr

, Tr = Lr
Rr

, γ = Rs
σLs

+ 1−σ
σTr

,

β = Lm
σLsLr

, and ζ = 1
Tr

. The motor parameters are
listed in Table 1.

To compensate for the produced error between
the estimated and real value of rotor resistance
due to prolonged operation, the slip speed (ωsl)
in IFOCIM technique is described as follows

Table 1. System parameter definitions.

Parameter Definition Parameter Definition

Rs Stator resistor P Number of poles
Ls Stator inductance J Rotor inertia
Rr Rotor resistance Bm Viscous friction coefficient
Lr Rotor inductance Tr Rotor time constant
Lm Mutual inductance Tl Load torque
ωr Rotor speed ωref Speed reference
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[Chua & Wang, 2011]:

ωsl = (ωe − ωr) =
α

Tr
LmTre

Tre =
(
Kpw +Kiw

∫
dt

)
(ωref − ωr)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
. (6)

The d − q current components of the stator in
the synchronous reference can be expressed as
follows:

idref = ψdref +Trψ̇dref

Lm
− ψqrTre

iqref = ψdrTre

⎫⎪⎪⎬
⎪⎪⎭, (7)

where α is the gain of the compensator, ψdref is
the rotor reference flux, Kpω and Kiω are the pro-
portional and integral gains of the speed controller,
respectively. From Fig. 1, Eqs. (1)–(7), and by
defining the state variables x1 = ids, x2 = iqs,
x3 = ψdr, x4 = ψqr, x5 = ωr, x6 = (Kpw +
Kiw

∫
dt)(ωref − ωr), x7 =

∫
(idref − ids)dt, and

x8 =
∫

(iqref − iqs)dt, the higher order model
(HOM) of IFOCIM system can be expressed by the
following equations:

ẋ1 = −γx1 +
[
x5 +

α

Tr
Lmx6

]
x2 +

β

Tr
x3

+β
Lr
Lm

Kpd

[
1
Lm

ψdref +
Tr
Lm

ψ̇dref

−x4x6 − x1

]
+ βx5x4 + β

Lr
Lm

Kidx7, (8)

ẋ2 = −
[
x5 +

α

Tr
Lmx6

]
x1 − γx2 − βx5x3

+
β

Tr
x4 + β

Lr
Lm

Kpq [x3x6 − x2]

+β
Lr
Lm

Kiqx8, (9)

ẋ3 =
Lm
Tr

x1 − 1
Tr
x3 +

α

Tr
Lmx4x6, (10)

ẋ4 =
Lm
Tr

x2 − 1
Tr
x4 − α

Tr
Lmx3x6, (11)

ẋ5 =
P

2J
[K(x2x3 − x1x4) − TL] − Bm

J
x5, (12)

ẋ6 = −Kpw

[
P

2J
[K(x2x3 − x1x4) − TL] − Bm

J
x5

]

+Kiw(ωref − x5), (13)

ẋ7 = −x1 − x4x6 +
1
Lm

ψdref +
Tr
Lm

ψ̇dref , (14)

ẋ8 = −x2 + x3x6, (15)

where K = 3
2
P
2
Lm
Lr

, Kpd, Kid, Kpq, and Kiq are the
proportional and integral gains for the ids, iqs con-
trollers, respectively.

3. Dynamical Analysis

The IM parameters are listed in Table 2 [Gao &
Chau, 2003] and the PI controller gains are cho-
sen to be Kpd = Kpq = 50, Kid = Kiq = 100,
Kpω = 20, Kiω = 90, ψdref = 0.55 Wb, and α = 1.3.
The speed reference and load torque are selected to
be 50 rad/sec and 3Nm, respectively.

3.1. Equilibrium points

Let the notations xei , i = 1, 2, . . . , 8 indicate the
equilibrium point states. By considering xe5 = ωref

and solving (8) to (15), the vector values of the
equilibrium point can be found as below:

Xe =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

xe1

xe2

xe3

xe4

xe5

xe6

xe7

xe8

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−m±√
m2 − 4ln
2l

Bmωref +
P

2
TL

α
P

2
Kψdref

Lmx
e
1(1 − α) + αψdref

Lmx
e
2(1 − α)

ωref

xe2
xe3

Lm
βLrKid

(
a1x

e
1 + a2

(xe2)
2

xe3
− a3

)

Lm
βLrKiq

((
b1 + b2

xe2
xe3

)
xe1 + b3

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(16)
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Table 2. IM parameters for simulation.

Parameter Value Parameter Value

P 4 Lr (H) 0.2235

Rs (Ω) 0.76 Lm (H) 0.2176

Ls (H) 0.2248 J (kgm2) 0.0111

Rr (Ω) 0.675 Bm (Nm/rad/s) 7.355 × 10−4

where

l = (1 − α)L2
m,

m = (2α − 1)Lmψdref ,

n =
l

(
Bmωref +

P

2
TL

)2

(
α
P

2
Kψdref

)2 − αψ2
dref ,

a1 = γ − β
Lm
Tr

(1 − α) +
βLr
Lm

Kpd,

a2 = βLr(1 − α)Kpd − α
Lm
Tr

,

a3 = (βLm(1 − α) + 1)ωref

Bmωref +
P

2
TL

α
P

2
Kψdref

+
(
αβ

Tr
+
βLrKpd

L2
m

)
ψdref ,

b1 = ωref + βωref Lm(1 − α),

b2 =
αLm
Tr

and

b3 =
(
γ − βLm

Tr
(1 − α)

) Bmωref +
P

2
TL

α
P

2
Kψdref

+αβωref ψdref .

From (16), Xe is not unique for α �= 1, other-
wise Xe has a unique solution. The real solution of

Xe is obtained when:

2Lm

(
Bmωref +

P

2
TL

)

2Lm

(
Bmωref +

P

2
TL

)
+
P

2
Kψ2

dref

≤ α ≤
2Lm

(
Bmωref +

P

2
TL

)

2Lm

(
Bmωref +

P

2
TL

)
− P

2
Kψ2

dref

.

(17)

According to (17), the real solution is obtained in
the range of 0.61 ≤ α ≤ 3.04. Outside of this range
of α, the system does not have real equilibrium
points.

3.2. Stability of equilibrium points

The PI controller gains are chosen to be Kpd =
Kpq = 50, Kid = Kiq = 100, Kpω = 20, and
0 ≤ Kiω ≤ 120, while ψdref = 0.55 Wb, and α = 1.3.
According to (16) the system has two different
equilibrium points:

Xe1 = (2.783, 1.446, 0.533,

−0.094, 50, 2.71, 0.12,−0.531)T

Xe2 = (10.697, 1.446, 0.017,

−0.094, 50, 86.561, 0.344,−0.13)T

Based on the linearization theorem, the differential
system can be described in matrix form close to the
equilibrium point as follows:

ẋ = J(x)x, (18)

where J(x) is the Jacobian matrix of the system
and x = (x1, x2, x3, x4, x5, x6, x7, x8)T is the vector
of the system variables. The Jacobian matrix of the
linearized model can be given as:

J(x) =

[
J6×6 J6×2

J2×6 02×2

]
, (19)
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where,

J6×6 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−γ − c1Kpd xe5 + c2x
e
6

β

Tr
βxe5 − c1Kpdx

e
6 −xe2 − βxe4 c2x

e
2 − c1Kpdx

e
4

−xe5 − c2x
e
6 −γ − c1Kpq c1Kpqx

e
6 − βxe5

β

Tr
xe1 + βxe3 −c2xe1 + c1Kpqx

e
3

c2
α

0
−1
Tr

c2x
e
6 0 c2x

e
4

0
c2
α

−c2xe6
−1
Tr

0 −c2xe3

c4x
e
4 −c4xe3 −c4xe2 c4x

e
1 −c3 0

c4Kpwx
e
4 −c4Kpwx

e
3 −c4Kpwx

e
2 c4Kpwx

e
1 Kiw − c3Kpw 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

J6×2 =

[
c1Kid 0 0 0 0 0

0 c1Kiq 0 0 0 0

]T
, J2×6 =

[−1 0 0 −xe6 0 −xe4
0 −1 xe6 0 0 xe3

]
,

c1 = β
Lr
Lm

, c2 = α
Lm
Tr

, c3 =
Bm
J

and c4 =
1.5LmP 2

4JLr
.

The eigenvalues of the Jacobian matrix
described in (19) are checked numerically. The equi-
librium point Xe1 is stable while Xe2 is unstable for
Kiω > 106.4. For Kiω = 106.4, the eigenvalues are
listed in Table 3.

3.3. Bifurcation diagrams and
Lyapunov exponents

The IFOCIM model specified by (8)–(15) has been
numerically investigated for different values of the

Table 3. The eigenvalues of the linearized system for
Kpd = Kpq = 50, Kid = Kiq = 100, Kpω = 20,
Kiω = 106.4, ψdref = 0.55 Wb, α = 1.3, Tl = 3Nm and
ωref = 50 rad/sec.

Eigenvalues Xe1 Xe2

λ1 −7832.1 −7785.7 + 175.27i
λ2 −3913.8 + 2914i −7785.7 − 175.27i
λ3 −3913.8 − 2914i −71.9
λ4 − 0.487 + 0.064i −38.644
λ5 − 0.487 − 0.064i +14.707
λ6 −2.81 −5.125
λ7 −4.175 −0.468 + 0.047i
λ8 −5.322 −0.468 − 0.047i

controller parameters. The bifurcation diagram and
corresponding Lyapunov exponents spectrum as a
function of parameter α are shown in Fig. 2. The
parameters are Kpd = Kpq = 50, Kid = Kiq = 100,
Kpω = 20, Kiω = 90, and ψdref = 0.55 Wb. From
Fig. 2, one can note that, for a certain value of
controller gains with varying α, the system bifur-
cates into period-1, period-2, period-3 and chaotic
attractor. When α is varied from 0.3 to 5, Figs. 2(a)
and 2(b) depict that the dominant cases are period-
1, period-2, period-3, and period-4 in the ranges of
α from 0.3 to 0.725 and from 1.327 to 5 and the
fixed point is seen in the range from 0.726 to 1.284,
while chaos is noted during the tiny range from
1.285 to 1.326 only. The results show that chaos
occurs in very small range of α, while it is noted
that the results in the previous studies [Bazanella &
Reginatto, 2000; Lu et al., 2009; Jain et al., 2018]
showed that in the general behavior of the sys-
tem, saddle-node bifurcation (SNB), Hopf bifurca-
tion (HB), Bogdanov–Takens (BTB), and zero Hopf
bifurcation (ZHB) occur.

As shown in Fig. 2, the value of α which leads
to chaos is varied in a small range around 1.3 for
Kiω = 90. Besides, in practical applications, the
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(a)

(b)

Fig. 2. Speed bifurcation diagram and Lyapunov exponents due to α change at Kpd = Kpq = 50, Kid = Kiq = 100,
Kpω = 20, and Kiω = 90 (a) bifurcation diagram and (b) the first four corresponding Lyapunov exponents.

upper limit value of α is about 1.5 [Krishnan &
Doran, 1987]. Therefore, α = 1.3 is selected to inves-
tigate the system dynamics due to the changes of
the controller gain(s).

The system dynamics are verified numerically
to investigate the bifurcation behavior as Kiω

changes for a certain value of α(= 1.3) as illus-
trated in Fig. 3(a). It is noted that for Kiω = 0,
a stable periodic solution occurs with period-2;
period-doubling bifurcation route to chaos appears
for Kiω ≥ 0.1. Period-4 occurs for Kiω from 0.1 to
23, period-8 forKiω from 23.1 to 28.3, and period-16
forKiω from 28.4 to 29.7. The system exhibits chaos
for Kiω from 29.8 to 106.3. While period-5 and
period-10 are also noted at windows for Kiω from
75.6 to 76.7 and Kiω from 76.8 to 77.7, respectively.
Period-10 range has been enlarged as in Fig. 3(a).

Also, there are windows for fixed point spread
between the chaos region for Kiω from 104.3 to
104.6 and Kiω from 104.9 to 105. For Kiω ≥ 106.4,
the system tracks speed command perfectly which
is noted as the fixed point. The first four Lyapunov
exponents are illustrated in Fig. 3(b) that vali-
date the system behavior in Fig. 3(a). The chaotic
attractors are demonstrated in Fig. 4. The three-
dimensional (3D) phase portrait projected (ids, iqs,
ωr) has been plotted for different values of Kiw:
Kiw = 50 in Fig. 4(a) and Kiw = 90 in Fig. 4(b).

3.4. Basins of attractions and
multistability

In this subsection, the basins of attractions and
multistability will be discussed. As in other
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(a)

(b)

Fig. 3. IFOCIM drive system with Kpd = Kpq = 50, Kid = Kiq = 100, Kpω = 20, ψdref = 0.55 Wb, α = 1.3, ωref = 50 and
TL = 3Nm (a) bifurcation diagram and (b) the corresponding spectrum of the first four Lyapunov exponents L1, L2, L3, and
L4 illustrate various behaviors of system with variation of Kiω upwards in the range 0 ≤ Kiω ≤ 120.

nonlinear systems, the multistability and coexis-
tence could be present. The nonlinear systems are
sensitive to the change in its parameters and the ini-
tial conditions of the state variables. The numerical
simulation has been used to investigate the differ-
ent dynamic attractors for a certain values of the
parameters. In Fig. 5, the system shows three dif-
ferent attractors: fixed point (blue), periodic (red)
and chaotic (yellow). Figures 5(a)–5(c) represent
different attractors with respect to the change in
initial values of x3 and x4 with Kiw = 20, 90, and
106, respectively. The other variables have constant
initial values x1(0) = 0, x2(0) = 0, x5(0) = 0,
x6(0) = 0, x7(0) = 0, and x8(0) = 0. Figure 5(a)

involves two different attractors, that are fixed point
and periodic attractors each alone and as peri-
odic attractors spread inside the area of the fixed
point attractor. In Fig. 5(b), two attractors are
present — periodic and chaotic. The chaotic attrac-
tor occupies a small region (yellow) which is col-
lared by a large fixed point attractor area (blue).
Also, Fig. 5(c) demonstrates two different attrac-
tors (chaotic and fixed point) for Kiw = 106 and
initial states (0, 0, x3, x4, 0, 0, 0, 0) where x3 and x4

are varied. While in Figs. 5(d)–5(f), the initial val-
ues of x1, x2, x3, x4, x5, and x8 have been adjusted
to be 0, 0, 0, 0, 0, and 0, respectively, and the values
of x6(0), x7(0) are changed. Figure 5(d) illustrates

2150131-9
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(a) (b)

Fig. 4. 3D Phase portrait projected (ids, iqs, ωr) with system parameters Kpd = Kpq = 50, Kid = Kiq = 100, Kpω = 20,
ψdref = 0.55 Wb, α = 1.3; TL = 3 Nm and ωref = 50 rad/sec: (a) Kiω = 50 and (b) Kiω = 90.

(a) Kiw = 20 (b) Kiw = 90 (c) Kiw = 106

(d) Kiw = 20 (e) Kiw = 90 (f) Kiw = 106

Fig. 5. Basins of attractions with system parameters as in Fig. 3 and Kiω as mentioned in the subfigure lables, where in
(a)–(c) x3 and x4 are varied with x1(0) = 0, x2(0) = 0, x5(0) = 0, x6(0) = 0, x7(0) = 0, and x8(0) = 0 and (d)–(f) x6 and x7

are varied with x1(0) = 0, x2(0) = 0, x3(0) = 0, x4(0) = 0, x5(0) = 0, and x8(0) = 0, fixed point (blue), periodic (red) and
chaotic (yellow).
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(a) (b)

(c) (d)

(e) (f)

Fig. 6. Phase portrait and time series with system parameters Kpd = Kpq = 50, Kid = Kiq = 100, Kpω = 20,
ψdref = 0.55 Wb, α = 1.3, ωref = 50 and TL = 3Nm: (a) phase portrait projection (x3, x4) shows transient chaotic behavior
followed by steady-state behavior for Kiω = 110 and the initial value (x1(0), x2(0), x3(0), x4(0), x5(0), x6(0), x7(0), x8(0)) =
(0, 0,−1.265,−0.5918, 0, 0, 0, 0), (b) the corresponding time series of x4, (c) phase portrait projection (x3, x4) for same param-
eter value with Kiω = 90 and (x1(0), x2(0), x3(0), x4(0), x5(0), x6(0), x7(0), x8(0)) = (0, 0,−1.333,−0.5152, 0, 0, 0, 0), (d)
the corresponding time series of x4, (e) phase portrait projection (x3, x4) for same parameter value with Kiω = 90 and
(x1(0), x2(0), x3(0), x4(0), x5(0), x6(0), x7(0), x8(0)) = (0, 0, 0,−1, 0, 0, 0, 0) and (f) the corresponding time series of x4.
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the coexistence of two attractors, fixed point (blue)
and periodic (red), when varying the initial values
of x6 and x7 and keeping the others as mentioned
earlier. Figure 5(e) displays fixed point and chaotic
attractors due to the changes in the initial values of
x6 and x7 for Kiw = 90. Also, Fig. 5(f) has a fixed
point and chaotic attractors but for Kiw = 106.
The chaotic attractors are represented in yellow as
very small areas inside the blue fixed point attrac-
tor farm. These different attractors which are shown
in Fig. 5 imply the sensitivity of the IFOCIM sys-
tem to the variation in the initial values of IFOCIM
system variables.

From Figs. 6(a) and 6(b), the system exhibits
a transient chaotic behavior followed by fixed point
steady-state behavior with system parameters as in
Fig. 3 and Kiω = 110 while the initial value (x1(0),
x2(0), x3(0), x4(0), x5(0), x6(0), x7(0), x8(0)) = (0,
0,−1.265,−0.5918, 0, 0, 0, 0). For the same param-
eters above and Kiω = 90, the system has chaotic
behavior as in Figs. 6(c) and 6(d) for (x1(0),
x2(0), x3(0), x4(0), x5(0), x6(0), x7(0), x8(0)) = (0,
0,−1.333,−0.5152, 0, 0, 0, 0) and it has fixed point
behavior as in Figs. 6(e) and 6(f) for (x1(0),
x2(0), x3(0), x4(0), x5(0), x6(0), x7(0), x8(0)) = (0,
0, 0,−1, 0, 0, 0, 0). It is clear from Figs. 6(c)–6(f)
the system has two different attractors for the
same parameters when the initial values have been
changed. From Figs. 3, 5, and 6, one can conclude
that the IFOCIM model has multistability.

4. Controller Design

The fixed-time synergetic control has been used to
control the complicated nonlinear system dynamics,
FTSC idea is to design a macro variable ψ which
introduces the control input u(t) to drive the sys-
tem dynamics to follow the command signal in a
fixed-time upper bound.

4.1. Fixed time theory

Definition 4.1 [Ni et al., 2017; Wang et al., 2019].
Consider a nonlinear system described by:

ẋ = f(x), x(0) = x0 (20)

where x ∈ R and f(x) ∈ R.
Assume an equilibrium point of system (20) is

the origin, then it is said to be a fixed-time sta-
ble equilibrium point provided that it is stable with

bounded convergence time T (x0), that is ∃Tmax >
0, such that limx0→∞[T (x0)] ≤ Tmax.

Lemma 1 [Ni et al., 2017; Wang et al., 2019; Huang
et al., 2020]. Consider the system below :

ẏ = −αym
n − βy

q
p , y(0) = y0, (21)

where α and β are both > 0 and m,n, q, p are all
positive odd integers, satisfying m > n, 0 < q/p <
1. The system (21) is stabilizing to the origin in
convergence time T (y0), then y will converge to the
origin within a fixed time upper bound Tmax(y), and
by a constant Tmax(y), that is limy0→∞[T (y0)] ≤
Tmax(y), and

Tmax(y) =
n

α(m− n)
+

p

β(p − q)
. (22)

Lemma 2 [Wang et al., 2019; Huang et al., 2020].
Consider a continuous positive definite function V,
and assume it is satisfying the differential equation:

V̇ = −α1V
γ1 − β1V

γ2 , V (0) = V0, (23)

where α1 and β1 are positive real numbers, γ1 and
γ2 are all positive real numbers, satisfying γ1 > 1,
0 < γ2 < 1.

The required time to converge the system (23)
to the origin is set to be T (V0), then V will
converge to the origin within a fixed-time upper
bound Tmax(V ), and by a constant Tmax(y), that is
limV0→∞[T (V0)] ≤ Tmax(V ), and

Tmax(V ) =
1

α1(γ1 − 1)
+

1
β1(1 − γ2)

. (24)

4.2. Design of fixed-time synergetic
control for IFOCIM drive
system

Consider the following nonlinear system:

ẋi = xi+1, i = 1, 2, 3, . . . , n− 1

ẋn = fn(x) + g(x)u

}
, (25)

where x = (x1, x2, . . . , xn)T ∈ R is the state vec-
tor of the system, fn(x) ∈ R represents a nonlinear
function that describes the dynamics of the system,
gn(x) �= 0 is the control gain, and u ∈ R stands for
control input.

The control input u is designed practically,
based on synergetic control theory (SCT) which
includes the movement of the system dynamics to
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invariant manifold from any initial vector, then the
dynamics are pulled to the origin of the system (25).
In order to move system dynamics (25) to the ori-
gin, a macro variable ψ must be defined to satisfy:

T ψ̇ + φ(ψ) = 0, (26)

where T is selected to be the design parameter that
determines the convergence rate of macro variable
ψ to the invariant manifold ψ(0) and φ(ψ) is a dif-
ferentiable function of ψ that must satisfy:

(1) invertible;
(2) φ(0) = 0;
(3) φ(ψ)ψ > 0, ∀ψ �= 0.

Lemma 3 [Wang et al., 2019]. If the function φ(ψ)
is defined as (27), then φ(ψ) satisfies the condi-
tions:

φ(ψ) = ψ
p1
q1 + ψ

q1
p1 , (27)

where q1 and p1 are odd numbers, and satisfy 0 <
q1/p1 < 1.

Then (26) of the macro variable can be rewrit-
ten by using (27) as follows:

T ψ̇ + ψ
p1
q1 + ψ

q1
p1 = 0. (28)

From Lemma 1 and (28), the macro variable
will reach the invariant manifold ψ = 0 in a fixed-
time and settles down on the manifold forever.
The convergence time is denoted by T (ψ0), then
limψ0→∞[T (ψ0)] ≤ Tmax(ψ) and

Tmax(ψ) = T

(
p1 + q1
p1 − q1

)
. (29)

It is seen from (29), the manifold reaching time
is determined by the parameters p1, q1, and T .
Therefore, these parameters should be selected care-
fully to ensure that the macro variable gets the
invariant manifold in shortest time as possible.

The control objective is to retrieve the state
variables of IFOCIM drive system described by (8)–
(15) from the chaotic behavior to stable equilib-
rium state. From Fig. 3 in Sec. 3.3, the changes
in integral gain Kiω of the PI speed loop which is
described by (13) lead the system to chaotic oscilla-
tions, therefore, the control input u(t) will be added
to the speed loop controller section which can sta-
bilize the chaotic dynamics. The controlled system
can be described as:

ẋ(t) = f(x, t) + g(x)u, (30)

where

f(x, t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−γx1 +
[
x5 +

α

Tr
Lmx6

]
x2 +

β

Tr
x3 + β

Lr
Lm

Kpd

[
1
Lm

ψdref +
Tr
Lm

ψ̇dref − x4x6 − x1

]

+βx5x4 + β
Lr
Lm

Kidx7

−
[
x5 +

α

Tr
Lmx6

]
x1 − γx2 − βx5x3 +

β

Tr
x4 + β

Lr
Lm

Kpq[x3x6 − x2] + β
Lr
Lm

Kiqx8

Lm
Tr

x1 − 1
Tr
x3 +

α

Tr
Lmx4x6

Lm
Tr

x2 − 1
Tr
x4 − α

Tr
Lmx3x6

P

2J
[K(x2x3 − x1x4) − TL] − Bm

J
x5

−Kpw

[
P

2J
[K(x2x3 − x1x4) − TL] − Bm

J
x5

]
+Kiw(ωref − x5)

−x1 − x4x6 +
1
Lm

ψdref +
Tr
Lm

ψ̇dref

−x2 + x3x6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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and

g(x) = [0, 0, 0, 0, 0,m5 , 0, 0]T .

Let y1 = ωr − ωref , then the system dynamics can
be written as follows:

ẏ1(t) = y2

ẏ2(t) = f9(x) +m5u(t)

}
, (31)

where

f9 = m1f1 +m2f2 +m3f3 +m4f4 +m5f5

m1 = c4x4

m2 = −c4x3

m3 = −c4x2

m4 = c4x1

m5 = −20c3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

The controller design for the system (31)
requires a definition of an evident form for the
macro variable ψ. There are many styles for select-
ing the macro variable ψ that can force the state
variable of the system (31) converge asymptotically
to the origin when the macro variable attains the
invariant manifold ψ = 0. However, the simplest
method used to select ψ is the linear combination
of the system (31) state variables y1 and y2 as below:

ψ = ky1 + y2. (32)

When the parameter k is selected to be posi-
tive, the state variables y1 and y2 of the system (31)
converge asymptotically to the origin. The con-
trol input u(t) can be obtained by combining (28)

and (32) to get the control input as follows:

u(t) = − 1
m5

(
f9 + ky2 +

1
T

(ψq1/p1 + ψp1/q1)
)
.

(33)

Theorem 1. The given macro variable (32) reaches
the invariant manifold ψ = 0 within a fixed-time if
the control input of the system (31) is designed as
in (33).

Proof. Let a Lyapunov candidate function be
defined as:

V =
ψ2

2
. (34)

Then the time derivative of (34) is:

V̇ = − 1
T

(ψ(q1/p1+1) + ψ(p1/q1+1))

= − 1
T

((2V )
q1+p1
2p1 + (2V )

q1+p1
2q1 ) (35)

Let W = 2V , then (35) becomes:

Ẇ = − 1
T

(W
q1+p1
2p1 +W

q1+p1
2q1 )

= − 1
T

(W ζ1 +W ζ2), (36)

where ζ1 = q1+p1
2p1

and ζ2 = q1+p1
2q1

According to Lemma 2, and since ζ1 > 1 and
0 < ζ2 < 1 in (36), then the functions W and V
converge to zero in a fixed-time, which means the
selected macro variable ψ enters the invariant man-
ifold ψ = 0 in a fixed-time too.

The proof is completed. �

(a) (b)

Fig. 7. System response when the control acts at t = 100 sec for system parameters as in Fig. 4(b) and the controller
parameters are k = 10, T = 1.21, p1 = 9, and q1 = 7, (a) the phase portrait projection (ωr, ids,iqs), (b) the time responses for
motor speed, (c) d-component of stator current and (d) q-component of stator current.
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(c) (d)

Fig. 7. (Continued)

5. Simulation Results

The system has been simulated under control action
to show the controller effectiveness. The system
parameters are Kpd = Kpq = 50, Kid = Kiq = 100,
Kpω = 20, Kiω = 90, ψdref = 0.55 Wb, and α = 1.3,
while the controller parameters have been selected
to be k = 10, T = 1.21, p1 = 9, and q1 = 7
with the best system response. The control input
u(t) described in (33) has been applied at time
t = 100 sec as shown in Fig. 7, where the chaos
attractor dynamics are suppressed to the stable
equilibrium point within a short time. Figure 7(a)
shows the phase portrait of motor speed, ids, and
iqs projection, where the red part represents the sys-
tem dynamics trajectory after applying the control
input at t = 100 sec. From the motor speed time
response in Fig. 7(b), the required response time to
stabilize the controlled system is about 4 sec while
it is less for motor current components of the motor
stator as illustrated in Figs. 7(c) and 7(d).

6. Conclusion

The chaos control in nonlinear systems is an inter-
esting field of research for the last few years. Few
studies related to chaos suppression in induction
machines drive systems have been published which
deals with simple models, fourth-order in maxi-
mum. In this paper, eighth-order IFOCIM drive
system is derived, IFOCIM system offers different
periodicity due to the bifurcation parameter change
when the system shows inter chaos in a specific
range of the integral gain of the PI speed loop
controller. A complex eighth-order IFOCIM drive
system is introduced to investigate the chaos oscil-
lation suppression by using fixed-time synergetic

control strategy, the fixed-time theory is used to
prove that the conventional synergetic control stabi-
lizes the system dynamics within fixed-time bound-
ary not depending on the initial the system vec-
tor states, the time upper bound is limited by the
FTSC parameters only. The designed control input
has been applied to the chaotic IFOCIM drive sys-
tem at time t = 100 sec, the controller forces the
system dynamics to leave the chaotic trajectories
and converge to the stable equilibrium point within
a short time. The system dynamics reach the stable
equilibrium point within the fixed-time bound. In
future work, the time delay of the controller design
can be investigated, and also, the FTSC method
can be compared with another control type.
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