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Abstract In this paper we find out the solutions to the class equation xd = b in the alternating

groupAn for each b 2 Hn \ Ca and n 2 h = {1,2,5,6,10,14}, where b ranges over the conjugacy class

A(b) in An and d is a positive integer number, Hn = {Ca of Sn Œn> 1, with all parts ak of a different

and odd},Ca is conjugacy class of Sn and form each conjugacy classCa depends on the cycle partition

a of its elements. In another direction, for any permutation k in the symmetric group Sn, if k 2 Ca and

k R Hn \ Ca, then Ca does not split into the two classes Ca± of An. Moreover, in the present research,

the number of solutions is determined and this current work is supported by examples.
ª 2013 Production and hosting by Elsevier B.V. on behalf of University of Bahrain.
1. Introduction

If x is a solution of xn = b, n is a positive integer and y is a

conjugate to x, then y is a solution of xn = k, where k is con-
jugate to b in an alternating group (or any finite group). We
call xn = b a class equation in An, where b and x belong to

conjugate classes in an alternating group. The Frobenius
equation xd = c and conjugacy classes in finite groups were
introduced by Frobenius (1903), and studied by many others,
such as Lam (1988), Kimmerle and Sandling (1992), Mann

and Martinesz (1996), Muller (2000),Takegahara (2002) and
Eric (2007), who dealt with some types of finite groups,
including finite cyclic groups, m-generated finite groups, and

Wreath products of finite groups. Goldmann and Russell
(2002) studied the computational complexity of solving
systems of equations over a finite group G, where

x1x2x3. . .xh = 1G is an equation over a finite group G. A study
was introduced by Taban (2007) to solve the class equation
xd = b in a symmetric group and explain the solutions using

group-theoretic approach. This approach states that all pairs
of permutations c and b in a symmetric group are conjugates
iff they have the same structure. However, this is not necessar-

ily true in an alternating group An specially, at n 2 h. More-
over, Montserrat and Ilva (2011) gave a description of the
solution set of systems of equations over an equationally
Noetherian free product of groups G by using an analogue

of the Makanin–Razborov diagrams. Also, Gabor and Csaba
(2012) show that the complexities of the equivalence and the
equation solvability problems are not determined by the clone

of the algebra, where they explain that by using alternating
group on four elements. In any way in the current work, the
conjugacy classes in an alternating group will be studied in

detail when n 2 h. Choose any b 2 Sn and write it as c1,
c2, . . . ,cc(b). With ci disjoint cycles of length ai and c(b) is the
number of disjoint cycle factors including the 1-cycle of b.
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Since disjoint cycles commute, we can assume that a1 P a2 -
P � � �P ac(b). Therefore a = (a1,a2, . . . ,ac(b)) is a partition of
n and it is called cycle type of b. Let Ca � Sn be the set of all

elements with cycle type a, then we can determine the conju-
gate class of b 2 Sn by using cycle type of b, since each pair
of k and b in Sn are conjugate iff they have the same cycle type

(Zeindler, 2010). Therefore, the number of conjugacy classes of
Sn is the number of partitions of n. However, this is not neces-
sarily true in an alternating group. Let b = (124) and

k = (142) be two permutations in S4 that belong to the same
conjugate a(b) = (a1 (b),a2(b)) = (1,3) = (a1(k),a2(-
k)) = a(k), and they have the same cycle structure, but k and
b are not conjugate in A4. Since (k1,k2, . . . ,kr)

�1 = (kr, . . . ,k2, -
k1) we obtain a (b) = a(b�1), then every permutation in Sn is
conjugate to its inverse. Thus we have Sn as an ambivalent
group. This is not true for the alternating groups, where if

we assume h = {1,2,5,6,10,14} we have (An, n 2 h) as ambiv-
alent groups and (An, n R h) as not ambivalent groups. The
main purpose of the present research is to solve and determine

the number of solutions of the class equation xd = b (i.e find
out the solution set X= {x 2 AnŒxd 2 A(b)} and the number
of these solutions ŒXŒ) in the alternating group An for each

b 2 Hn \ Ca and n 2 h, where b ranges over the conjugacy class
A(b) in An and d is a positive integer number, Hn = {Ca of Sn-

Œn > 1, with all parts ak of a different and odd}. Ca is conjuga-
cy class of Sn and form each conjugacy class Ca depends on the

cycle partition a of its elements. If k 2 Ca and k RHn \ Ca, then
Ca does not split into the two classes Ca± of An.

2. Definitions and notations

Definition 2.1. A partition a is a sequence of nonnegative
integers (a1,a2, . . .) with a1 P a2 P � � � , and

P1
i¼1ai <1. The

length l(a) and the size ŒaŒ of a are defined as

l(a) = Max{i 2 N; ai „ 0} and jaj ¼
P1

i¼1ai We set a n = {a
partition ; ŒaŒ = n} for n 2 N. An element of a n is called a
partition of n (see Zeindler, 2010).

Remark 2.2. We only write the non zero components of a

partition. Choose any b 2 Sn and write it as c1c2. . .cc(b). With
ci disjoint cycles of length ai and c(b) is the number of disjoint
cycle factors including the 1-cycle of b. Since disjoint cycles

commute, we can assume that a1 P a2 P � � �P ac(b). There-
fore a = (a1,a2, . . . ,ac(b)) is a partition of n and each ai is called
part of a (see Zeindler, 2010).

Definition 2.3. We call the partition a = a(b) = (a1(b),a2
(b), . . . ,ac(b)(b)) the cycle type of b (Zeindler, 2010).

Definition 2.4. Let a be a partition of n. We define Ca � Sn to
be the set of all elements with cycle type a (Zeindler, 2010).

Definition 2.5. Let b 2 Sn be given. We define

cm ¼ cðnÞm ¼ cðnÞm ðbÞ to be the number of cycles of length mof b
(Zeindler, 2010).

Remark 2.6.

(1) The relationship between partitions and cm is as fol-
lows:if b 2 Ca is given then cðnÞm ðbÞ ¼ jfi : ai ¼ mgj (see
Zeindler, 2010).
(2) The cardinality of each Ca can be found as fol-

lows:jCaj ¼ n!
za

with za ¼
Qn

r¼1r
cr ðcrÞ! and cr ¼ cðnÞr ðbÞ ¼

jfi : ai ¼ rgj (see Bump, 2004).

(3) jCaðbÞþj ¼ jCaðbÞ�j ¼ jCaðbÞj
2

(see James and Kerber,

1984). Hence, the number of the solutions for the class
equation xd = b in An if exists is only

n!
2zaðbÞ

.

Definition 2.7. Let b 2 Ca, where b is a permutation in An.

A(b) conjugacy class of b in An is defined by

AðbÞ ¼ fc 2 Anjc ¼ tbt�1; for some t 2 Ang

¼
Ca; ðif b R HnÞ
Caþ or Ca�; ðif b 2 HnÞ

�

where Hn = {Ca of SnŒn> 1, with all parts ak of a different
and odd} (Mahmood and Rajah, 2011).

Remark 2.8.

(1) b 2 Hn) b 2 An.

(2) b 2 Ca \ H c
n \ An ) AðbÞ ¼ Ca, where Hc

n is a comple-
ment of Hn.

(3) b 2 Ca \ Hn) Ca splits into two classes Ca± of An.
(4) If b,k 2 Ca \ Hn, and k 2 Ca+, then AðbÞ ¼

Caþ if b�
An

k

Ca� if O:W

(

(5) If n 2 h = {1,2,5,6,10,14}, then for each b 2 An b is con-

jugate to b�1 in An b�
An

b�1
� �

(Shuker et al., 2011).

Theorem 2.9. If b 2 [Aa,Bb, . . . ,Tt] is a conjugacy class in sym-

metric group Sn, then bd 2 [Xra,/sb, . . . ,wtm] where
gcd(d,A) = r, gcd(d,B) = s, . . . , gcd(d,T) = m and A = Xr,
B = /s, . . . ,T = wm (Taban, 2007).

Remark 2.10.

(1) If xd 2 Bb1
1 ;B

b2
2 ; . . . ;Bbm

m

� �
, then we can find each solution

for every part of xd 2 Bb1
1

� �
; xd 2 Bb2

2

� �
; . . ., and

xd 2 Bbm
m

� �
separately, and then we collect all the solu-

tions to find the solution of xd 2 Bb1
1 ;B

b2
2 ; . . . ;Bbm

m

� �
in

Sn. Moreover, if there is no solution for at least one of
the parts, then there is no solution of

xd 2 Bb1
1 ;B

b2
2 ; . . . ;Bbm

m

� �
in Sn.

(2) Theorem 2.9 gives us all conjugacy classes of the form

T t1
1 ; T

t2
2 ; . . . ; T tm

m

� �
which are belonging to the solution

set of xd 2 Br1t1
1 ;Br2t2

2 ; . . . ;Brmtm
m

� �
in Sn, where

gcd(d,T1) = r1,gcd(d,T2) = r2, . . . ,gcd(d, Tm) = rm and
T1 = B1r1, T2 = B2r2, . . . ,Tm = Bmrm. But this does
not give us all the solutions of

xd 2 Br1t1
1 ;Br2t2

2 ; . . . ;Brmtm
m

� �
in Sn except when t1 = t2 = -

� � �= tm = 1and r1 = r2 = � � �= rm = 1 (Taban, 2007).
3. Ambivalent alternating groups

The group in which each element is a conjugate of its inverse is

called ambivalent group. Moreover, for all pairs of



40 S. Mahmood, A. Rajah
permutations c and b in a symmetric group are conjugates iff
they have the same structure. However, this is not necessarily
true in an alternating group An specially, at n 2 h =

{1,2,5,6,10,14}. In another direction, if n 2 h. Then An is an
ambivalent alternating group and form set Hn for each n 2 h
can be summarized as follows:

1. Hn = / and H c
n ¼ Sn if ðn ¼ 1; 2Þ.

2. H5 = {[5]}.

3. H6 = {[1,5]}.
4. H10 = {[1,9], [3,7]}.
5. H14 = {[1,13], [5,9], [3,11]}.
Definition 3.1. Let c = (a1,a2,a3,a4,a5) 2 [5] of S5 and
b = (b1,b2,b3,b4,b5) 2 [1,5] of S6. We define classes [5]± and

[1,5]± as following:

A(c) = [5]+ = {k 2 [5] Œk = tct�1 for some t 2 A5},

A c
#
� �
¼ ½5�� ¼ fk 2 ½5�jk ¼ t c

#
t�1 for some t 2 A5}, where

c
# ¼ ða1; a3; a5; a2; a4Þ,
A(b) = [1,5]+ = {k 2 [1,5] Œk = tbt�1 for some t 2 A6},
and

A b
#
� �

¼ ½1; 5�� ¼ fk 2 ½1; 5�jk ¼ t b
#

t�1 for some t 2 A6},

where b
#

¼ ðb1; b3; b5; b2; b4Þ.

Remark 3.2.

(i) Let c = (a1,a2,a3,a4,a5) 2 [5] of S5 and b = (b1,b2,b3, -

b4,b5) 2 [1,5] of S6, where c
# ¼ ða1; a3; a5; a2; a4Þ;

b
#

¼ ðb1; b3; b5; b2; b4Þ, and d is a positive integer. Thus,

(1) cd = c and bd = b() d ” 1 (mod 5)

(2) cd ¼ c
#

and bd ¼ b
#

() d � 2 (mod 5)

(3) cd ¼ c
#�1

and bd ¼ b
#�1

() d � 3 (mod 5)

(4) cd = c�1 and bd = b�1 () d ” 4 (mod 5)
(ii) AðcÞ ¼ Aðc�1Þ; A c
#
� �
¼ A c

#�1
� �

in A5, and

AðbÞ ¼ Aðb�1Þ; A b
#
� �

¼ A b
#
�1

� �
in A6, [given that An,

for (n = 5,6) are ambivalent groups].

k 2 A c
#
� �
\ ½5�k 2 A b

#
� �

\ ½1; 5�

(iii) A(k) = A(k�1) = [5]+ if k 2 A(c) \ [5], and
A(k) = A(k�1) = [1,5]+ if k 2 A(b) \ [1,5].

(iv) A k
#
� �

¼ A k
#
�1

� �
¼ ½5�� if k 2 A c

#
� �
\ ½5�, and

A k
#
� �

¼ A k
#
�1

� �
¼ ½1; 5�� if k 2 A b

#
� �

\ ½1; 5�.

Lemma 3.3. Let L = {m 2 NŒm ” q (mod 5) for some
q = 1,4}. If d is a positive integer such that gcd(d,5) = 1 and
b 2 [5] of S5, then the solutions of xd 2 A(b) in A5 are
1. A(b), if d 2 L.

2. A b
#
� �

; if d R L.

Proof. Given that b 2 [5] \ H5, [5] splits into two classes A(b)

and A b
#
� �

of A5. Moreover, gcd(d, 5) = 1. Then, by (2.10),

½5� ¼ AðbÞ [ A b
#
� �

is a solution set of

xd 2 ½5� ¼ AðbÞ [ A b
#
� �

in S5. However, AðbÞ \ A b
#
� �

¼ /.

Hence, for each p 2 ½5� ) p 2 AðbÞ&p R A b
#
� �� �

or

p 2 A b
#
� �

&p R AðbÞ
� �

.

(1) Assume d 2 L. If p 2 A(b), then ðp�
A5

bÞp is conjugate to

b in A5. However, pd �
A5

p (because

d 2 LÞ ) pd �
A5

b) pd 2 AðbÞ&pd R A b
#
� �

. If

p 2 A b
#
� �

, then p�
A5

b
#

� �
. However, pd �

A5

p (because

d 2 LÞ ) pd �
A5

b
#

) pd 2 A b
#
� �

&pd R AðbÞ. Then, the

solution set of xd 2 A(b) in A5 is A(b).
(2) Assume d R L. If p 2 A(b), then p�

A5

b

� �
) p

# �
A5

b
#

.

However, pd �
A5

p
#

(because d R LÞ ) pd �
A5

b
#

)

pd 2 A b
#
� �

&pd R AðbÞ. If p 2 A b
#
� �

) p�
A5

b
#

� �
)

p
# �

A5

b. However, pd �
A5

p
#
(because d R LÞ ) pd �

A5

b) pd

2 AðbÞ&pd R A b
#
� �

. Then, the solution set of xd 2 A(b)

in A5 is A b
#
� �

. h

Example 3.4. Find the solutions of x23 2 A(5 3 2 4 1) in A5 and

the number of the solutions.

Solution: Since b = (5 3 2 4 1) 2 H5, gcd(23,5) = 1 and
23 R L, then the solution set is A(5 2 1 3 4) and the number
of the solutions is j½5�j

2
¼ 5!

2�5 ¼ 12, where
A(5 2 1 3 4) = {(1 2 3 5 4), (1 5 4 2 3), (1 2 5 4 3), (1 3 2 4 5),

(1 4 2 5 3),(1 3 5 2 4), (1 2 4 3 5), (1 4 5 3 2), (1 4 3 2 5),
(1 5 2 3 4), (1 5 3 4 2), (1 3 4 5 2)}.

Theorem 3.5. Let L = {m 2 NŒm ” q(mod 5) for some

q = 1,4}. If d is a positive integer such that gcd(d,5) = 1 and
b 2 [1,5] of S6, then the solutions of xd 2 A(b) in A6 are

1. A(b), if d 2 L.

2. A b
#
� �

, if d R L.
Proof. Given that b 2 [1,5] \ H6,[1,5] splits into two classes

A(b)and A b
#
� �

of A6. Moreover, gcd(d, 5) = 1. Then, by
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(2.10), ½1; 5� ¼ AðbÞ [ A b
#
� �

is a solution set of xd 2 ½1; 5� ¼

AðbÞ [ A b
#
� �

in S6. However, AðbÞ \ A b
#
� �

¼ /. Hence, for

each p 2 ½1; 5� ) p 2 AðbÞ&p R A b
#
� �� �

or

p 2 A b
#
� �

&p R AðbÞ
� �

.

(1) Assume d 2 L. If p 2 A(b), then ðp�
A6

bÞp is conjugate to

b in A6. However, pd �
A6

p (because d 2 LÞ )

pd �
A6

b) pd 2 AðbÞ&pd R A b
#
� �

. If p 2 A b
#
� �

, then

p�
A6

b
#

� �
. However, pd �

A6

p (because d 2 LÞ )

pd �
A6

b
#

) pd 2 A b
#
� �

&pd R AðbÞ. Then, the solution set

of xd 2 A(b) in A6 is A(b).

(2) Assume d R L. If p 2 A(b), then p�
A6

b

� �
) p

# �
A6

b
#

.

However, pd �
A6

p
#

(because d R LÞ ) pd �
A6

b
#

)

pd 2 A b
#
� �

&pd R AðbÞ. If p 2 A b
#
� �

) ðp�
A6

b
#

Þ )

p
# �

A6

b. However, pd �
A6

p
#
(because d R LÞ ) pd �

A6

b) pd

2 AðbÞ&pd R A b
#
� �

. Then, the solution set of xd 2 A(b)

in A6 is A b
#
� �

. h

Example 3.6. Find the solutions of x19 2 A(2 4 5 6 3) in A6 and
the number of solutions.

Solution: In as much as b = (2 4 5 6 3) 2 H6 = {[1,5]},
gcd(19,5) = 1, and 19 2 L, then the solution set is
A(2 4 5 6 3), and the number of the solutions is
j½1;5�j
2 ¼ 6!

2�5 ¼ 72, where
Definition 3.7. Let b = ck 2 [3,7] of S10, where c = (b1,b2,b3),
k = (a1,a2,a3,a4,a5,a6,a7). We define classes [3,7]± of A10 by:

A(b) = [3,7]+ = {l 2 [3,7] Œ l = tbt�1 for some t 2 A10}

and A b
#
� �

¼ ½3;7�� ¼ l 2 ½3;7�jl¼ tb
#

t�1 for some t 2 A10

� 	
,

where b
#

¼ c�k and �k¼ ða1;a4;a7;a3;a6;a2;a5Þ.
Remark 3.8

(i) Let b = ck 2 [3,7] of S10, where c = (b1,b2,b3), k ¼
ða1; a2; a3; a4; a5; a6; a7Þ; �k ¼ ða1; a4; a7; a3; a6; a2; a5Þ; �k ¼
ða1; a3; a5; a7; a2; a4; a6Þ, and d is a positive integer number.
Thus,

(1) bd = b() d ” 1 (mod 21)

(2) bd ¼ c�1�k() d � 2 ðmod 21Þ
(3) bd = ck�1() d ” 4 (mod 21)

(4) bd ¼ c�1�k�1 () d � 5 ðmod 21Þ
(5) bd = c�1k() d ” 8 (mod 21)

(6) bd ¼ c�k() d � 10 ðmod 21Þ
(7) bd ¼ c�1�k�1 () d � 11 ðmod 21Þ
(8) bd = ck�1() d ” 13 (mod 21)

(9) bd ¼ c�k() d � 16 ðmod 21Þ
(10) bd ¼ c�1�k() d � 17 ðmod 21Þ
(11) bd ¼ c�k�1 () d � 19 ðmod 21Þ
(12) bd = b�1() d ” 20 (mod 21)
(ii) AðbÞ ¼ Aðb�1Þ; Aðc�1�kÞ ¼ Aðc�k�1Þ; Aðc�k�1Þ ¼ Aðc�1�kÞ;
Aðc�1�k�1Þ ¼ Aðc�kÞ, Aðc�1kÞ ¼ Aðck�1Þ;Aðc�kÞ ¼Aðc�1�k�1Þ
[given that ambivalent group]

(iii) AðbÞ ¼ Aðc�1�kÞ [because, $t = (b2,b3)(a1,a4,a5,a3,a7, -

a6) 2 A10 such that tbt�1 ¼ c�1�k�.
(iv) AðbÞ ¼ Aðc�kÞ [because, $t= (a1,a3,a4)(a7,a6,a2) 2 A10

such that tbt�1 ¼ c�k�.
(v) Aðc�k�1Þ ¼ Aðc�kÞ [because, $t= (a1,a4,a2)(a3,a5,a6) -

2 A10 such that tc�k�1t�1 ¼ c�k�.
(vi) Aðc�k�1Þ ¼ Aðck�1Þ [because, $t= (a1,a6,a5)(a2,a3,a7) -

2 A10 such that tck�1t�1 ¼ c�k�1�.

Lemma 3.9. Let L == {m 2 NŒm ” q (mod 21) for some
q = 1,4,5,16,17,20}. If d is a positive integer such that

gcd(d,3) = 1 & gcd(d,7) = 1 and b 2 [3,7] of S10, then the
solutions of xd 2 A(b) in A10 are

1. A(b), if d 2 L.

2. A b
#
� �

, if d R L.

Proof. Given that b 2 [3,7] \ H10, [3,7] splits into two classes

A(b) and A b
#
� �

of A10. Moreover, gcd(d, 3) = 1 and

gcd(d, 7) = 1. Then, by (2.10), ½3; 7� ¼ AðbÞ [ A b
#
� �

is a solu-

tion set of xd 2 ½3; 7� ¼ AðbÞ [ A b
#
� �

in S10. However,

AðbÞ \ A b
#
� �

¼ /. Hence, for each p 2 ½3; 7� )

p 2 AðbÞ&p R A b
#
� �� �

or p 2 A b
#
� �

&p R AðbÞ
� �

.

(1) Assume d 2 L. If p 2 A(b), then ðp �
A10

bÞp is conjugate to

b in A10. However, pd �
A10

p (because

d 2 LÞ ) pd �
A10

b) pd 2 AðbÞ&pd R A b
#
� �

. If
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p 2 A b
#
� �

, then ðp �
A10

b
#

Þ. However, pd �
A10

p (because

d 2 LÞ ) pd �
A10

b
#

) pd 2 A b
#
� �

&pd R AðbÞ. Then, the

solution set of xd 2 A(b) in A10 is A(b).

(2) Assume d R L. If p 2 A(b), then ðp �
A10

bÞ ) p
# �

A10

b
#

. How-

ever, pd �
A10

p
#

(because d R LÞ ) pd �
A10

b
#

) pd 2 A b
#
� �

&pd R AðbÞ. If p 2 A b
#
� �

) ðp �
A10

b
#

Þ ) p
# �

A10

b. However,

pd �
A10

p
#

(because d R LÞ ) pd �
A10

b) pd 2 AðbÞ&pd

R A b
#
� �

. Then, the solution set of xd 2 A(b) in A10 is

A b
#
� �

. h

Definition 3.10. Let b = [1,9] of S10, where b = (a1,a2,a3,a4, -
a5,a6,a7,a8,a9). We define class [1,9]+ of A10 by

A(b) = [1,9]+ = {l 2 [1,9] Œ l = tbt�1 for some t 2 A10}

Remark 3.11.

(i) [1,9]�= [1,9] � A(b) = {l 2 [1,9] Œ l „ tbt�1 for all
t 2 A10}

(ii) Let b = [1,9] of S10 where b = (a1,a2,a3,a4,a5,a6,a7, -
a8,a9),
�b ¼ ða1; a3; a5; a7; a9; a2; a4; a6; a8Þ; �b ¼ ða1; a5; a9; a4; a8;
a3; a7; a2; a6Þ, and d is a positive integer number. Thus,

(1) bd = b() d ” 1 (mod 9)

(2) bd ¼ �b() d � 2 ðmod 9Þ
(3) bd ¼ �b() d � 4 ðmod 9Þ
(4) bd ¼ �b�1 () d � 5 ðmod 9Þ
(5) bd ¼ �b�1 () d � 7 ðmod 9Þ
(6) bd = b�1() d ” 8 (mod 9)
(iii) AðbÞ ¼ Aðb�1Þ; Að�bÞ ¼ Að�b�1Þ; Að�bÞ ¼ Að�b�1Þ
[because A10 is an ambivalent group].

(iv) AðbÞ ¼ Að�bÞ [because, $t= (b3,b6)(a1,a5,a7,a8,a4,a2) -

2 A10 such that tbt�1 ¼ �b�.
(v) Aðb�1Þ ¼ Að�bÞ [because, $t= (b3,b9)(a1,a8,a7,a2,a4,a5) -
2 A10 such that t�bt�1 ¼ b�1�.
Theorem 3.12. Let b = [1,9] of S10. If d is a positive integer
such that gcd(d,9) = 1, then the solution of xd 2 A(b) in A10

is A(b).

Proof. Given that b 2 [1,9] \ H10, [1,9] splits into two classes
A(b) and [1,9]� of A10. Moreover, gcd(d, 9) = 1. So by (2.10),
the solution set of xd 2 [1,9] in S10 is [1,9]. For each

k 2 [1,9],(k 2 A(b)) or (k R A(b)). If k 2 A(b), then

k �
A10

b) kd �
A10

bd. However, bd �
A10

b) kd �
A10

b) kd 2 AðbÞ.

If k R A(b), assume kd 2 AðbÞ ) kd �
A10

b. But

b �
A10

bd ) kd �
A10

bd ) k �
A10

b) k 2 AðbÞ which is contradic-

tion. Then the solution of xd 2 A(b) in A10 is A(b). h
Definition 3.13. Let b = ck 2 [5,9] of S14, where k = (a1,a2, -

a3,a4,a5,a6,a7,a8,a9) and c = (b1,b2,b3,b4,b5), we define clas-
ses [5,9]± of A14 by:

A(b) = [5,9]+ = {l 2 [5,9] Œ l = tbt�1 for some t 2 A14}
and

A b
#
� �

¼ ½5; 9�� ¼ fl 2 ½5; 9�jl ¼ t b
#

t�1 for some t 2 A14},

where b
#

¼ �ck and �c ¼ ðb1; b3; b5; b2; b4Þ.

Remark 3.14.
(i) Let b = ck 2 [5,9] of S14, where c = (b1,b2,b3, -

b4,b5), �c ¼ ðb1; b3; b5; b2; b4Þ k ¼ ða1;a2; a3; a4; a5;-
a6; a7; a8; a9Þ, �k ¼ ða1; a3; a5; a7; a9; a2; a4; a6; a8Þ,
�k ¼ ða1; a5; a9; a4; a8; a3; a7; a2; a6Þ and d is a posi-

tive integer number. Thus,
(1) bd = b() d ” 1 (mod 45)

(2) bd ¼ �c�k() d � 2 ðmod 45Þ
(3) bd ¼ c�1�k() d � 4 ðmod 45Þ
(4) bd ¼ �c�k�1 () d � 7 ðmod 45Þ
(5) bd ¼ �c�1k�1 () d � 8 ðmod 45Þ
(6) bd ¼ c�k() d � 11 ðmod 45Þ
(7) bd ¼ �c�1�k() d � 13 ðmod 45Þ
(8) bd ¼ c�1�k�1 () d � 14 ð mod 45Þ
(9) bd ¼ c�k�1 () d � 16 ðmod 45Þ
(10) bd ¼ �ck�1 () d � 17 ðmod 45Þ
(11) bd = c�1k() d ” 19 (mod 45)

(12) bd ¼ ck() d � 22 ðmod 45Þ
(13) bd ¼ �c�1�k�1 () d � 23 ðmod 45Þ
(14) bd = ck�1() d ” 26 (mod 45)

(15) bd ¼ �c�1k�1 () d � 28 ðmod 45Þ
(16) bd ¼ c�1�k() d � 29 ðmod 45Þ
(17) bd ¼ c�k() d � 31 ðmod 45Þ
(18) bd ¼ �c�k�1 () d � 32 ðmod 45Þ
(19) bd ¼ c�1�k�1 () d � 34 ðmod 45Þ
(20) bd ¼ �ck() d � 37 ðmod 45Þ
(21) bd ¼ �c�1�k() d � 38 ðmod 45Þ
(22) bd ¼ c�k�1 () d � 41 ðmod 45Þ
(23) bd ¼ �c�1�k�1 () d � 43 ðmod 45Þ
(24) bd = c�1k�1() d ” 44 (mod 45)
(ii) AðbÞ ¼ Aðb�1Þ, Að�c�kÞ ¼ Að�c�1�k�1Þ, Að�c�kÞ ¼
Að�c�1�k�1Þ, Að�ckÞ ¼ Að�c�1k�1Þ, Aðc�kÞ ¼ Aðc�1�k�1Þ,
Aðc�kÞ ¼ Aðc�1�k�1Þ, Að�c�1kÞ ¼ Að�ck�1Þ, Að�c�1�kÞ ¼
Að�c�k�1Þ, Að�c�1�kÞ ¼ Að�c�k�1Þ, Aðc�1kÞ ¼ Aðck�1Þ,
Aðc�1�kÞ ¼ Aðc�k�1Þ, Aðc�1�kÞ ¼ Aðc�k�1Þ [given that

A14 is an ambivalent group].

(iii) AðbÞ ¼ Aðc�kÞ [because, $ t= (a3,a6)(a1,a5,a7,a8,
a4,a2) 2 A14 such that tbt�1 ¼ c�k�. Also, Að�c�kÞ ¼
Að�ckÞ; Að�c�1kÞ ¼ Að�c�1�kÞ; Aðc�1kÞ ¼ Aðc�1�kÞ.

(iv) Aðb�1Þ ¼ Aðc�1�kÞ [because, $t= (a3,a9) (a1,a8,a7,

a2,a4, a5) 2 A14 such that tc�1�kt�1 ¼ b�1�. Also,

Aðc�kÞ ¼ Aðck�1Þ; Að�c�kÞ ¼ Að�ck�1Þ; Að�c�1�kÞ ¼
Að�c�1k�1Þ
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(v) A(b�1) = A(ck�1) [because, $ t= (b2,

b5)(b3,b4) 2 A14 such that tck�1t�1 = b�1]. Also,

Aðc�kÞ ¼ Aðc�1�kÞ; Aðc�kÞ ¼ Aðc�1�kÞ.
Theorem 3.15. Let L = {m 2 NŒm ” q (mod 45) for some
q = 1,4,11,14,16,19, 26,29,31,34,41,44}. If d is a positive

integer such that gcd(d,5) = 1 & gcd(d,9) = 1 and
b 2 [5,9] of S14, then the solutions of xd 2 A(b) in A14 are

1. A(b), if d 2 L.

2. A b
#
� �

, if d R L.
Proof. Given that b 2 [5,9] \ H14, [5,9] splits into two classes

A(b) and A b
#
� �

of A14. Moreover, gcd(d, 5) = 1 and

gcd(d, 9) = 1. So by (2.10), ½5; 9� ¼ AðbÞ [ A b
#
� �

is a solution

set of xd 2 ½5; 9� ¼ AðbÞ [ A b
#
� �

in S14. However,

AðbÞ \ A b
#
� �

¼ /. Hence, for each p 2 ½5; 9� )

p 2 AðbÞ&p R A b
#
� �� �

or p 2 A b
#
� �

&p R AðbÞ
� �

.

(1) Assume d 2 L. If p 2 A(b), then p �
A14

b

� �
p is conjugate

to b in A14. However, pd �
A14

p (because d 2 LÞ ) pd �
A14

b

) pd 2 AðbÞ&pd R A b
#
� �

. If p 2 A b
#
� �

, then p �
A14

b
#

� �
.

However, pd �
A14

p (because d 2 LÞ ) pd �
A14

b
#

)

pd 2 A b
#
� �

&pd R AðbÞ. Then, the solution set of xd

2 A(b) in A14 is A(b).
(2) Assume d R L. If p 2 A(b), then p �

A14

b

� �
) p

# �
A14

b
#

.

However, pd �
A14

p
#

(because d R LÞ ) pd �
A14

b
#

)

pd 2 A b
#
� �

&pd R AðbÞ. If p 2 A b
#
� �

) p �
A14

b
#

� �
)

p
# �

A14

b. However, pd �
A14

p
#
(because d R LÞ ) pd �

A14

b)

pd 2 AðbÞ&pd R A b
#
� �

. Then, the solution set of

xd 2 A(b) in A14 is A b
#
� �

. h

Definition 3.16. Let b 2 [1,13] of S14, where b = (a1,a2,a3,a4, -

= (a1,a2,a3,a4,a5,a6,a7,a8,a9,a10,a11,a12,a13). We define clas-
ses [1,13]± of A14 by:

AðbÞ ¼ ½1; 13�þ ¼ fl 2 ½1; 13�jl ¼ tbt�1 for some t 2 A14g and

A b
#
� �

¼ ½1; 13�� ¼ fl 2 ½1; 13�jl ¼ t b
#

t�1 for some t 2 A14g;

where b
#

¼ ða1; a3; a5; a7; a9; a11; a13; a2; a4; a6; a8; a10; a12Þ.

Remark 3.17.

(i) Let b 2 [1,13] of S14, where
b ¼ ða1; a2; a3; a4; a5; a6; a7; a8; a9; a10; a11; a12; a13Þ
b1 ¼ ða1; a3; a5; a7; a9; a11; a13; a2; a4; a6; a8; a10; a12Þ
b2 ¼ ða1; a4; a7; a10; a13; a3; a6; a9; a12; a2; a5; a8; a11Þ
b3 ¼ ða1; a5; a9; a13; a4; a8; a12; a3; a7; a11; a2; a6; a10Þ
b4 ¼ ða1; a6; a11; a3; a8; a13; a5; a10; a2; a7; a12; a4; a9Þ
b5 ¼ ða1; a7; a13; a6; a12; a5; a11; a4; a10; a3; a9; a2; a8Þ

and d is a positive integer . Thus,

(1) bd = b() d ” 1 (mod 13)

(2) bd = b1() d ” 2 (mod 13)

(3) bd = b2() d ” 3 (mod 13)

(4) bd = b3() d ” 4 (mod 13)

(5) bd = b4() d ” 5 (mod 13)

(6) bd = b5() d ” 6 (mod 13)

(7) bd ¼ b�15 () d � 7 ðmod 13Þ
(8) bd ¼ b�14 () d � 8 ðmod 13Þ
(9) bd ¼ b�13 () d � 9 ðmod 13Þ
(10) bd ¼ b�12 () d � 10 ðmod 13Þ
(11) bd ¼ b�11 () d � 11 ðmod 13Þ
(12) bd = b�1() d ” 12 (mod 13)
(ii) AðbÞ ¼ Aðb�1Þ; Aðb1Þ ¼A b�11


 �
; Aðb2Þ¼ A b�12


 �
; Aðb3Þ ¼

A b�13


 �
;Aðb4Þ ¼ A b�14


 �
and Aðb5Þ ¼ A b�15


 �
[given that

A14 is an ambivalent group]
(iii) A(b) = A(b2) [because, $t= (a2,a4,a10)(a6,a3,a7)(a11, -

t = (a2, a4, a10)(a6, a3, a7)(a11, a5, a13)(a8, a9, a12) 2 A14

such that tbt�1 = b2].
(iv) A(b) = A(b3) [because, $t = (a6,a8,a3,a9,a7,a12)(a10, -

t = (a6, a8, a3, a9, a7, a12)(a10, a11, a2, a5, a4, a13) 2 A14

such that tbt�1 = b3].
(v) A(b1) = A(b4) [because, $t= (a7,a3,a6)(a5,a11,a13)(a9, -

t = (a7, a3, a6)(a5, a11, a13)(a9, a8, a12)(a4, a2, a10) 2 A14

such that tb1t
�1 = b4].

(vi) A(b1) = A(b5) [because, $t= (a2,a4,a10)(a6,a3,a7)(a11, -
t = (a2, a4, a10)(a6, a3, a7)(a11, a5, a13)(a8, a9, a12) 2 A14

such that tb1t
�1 = b5].
Lemma 3.18. Let L = {m 2 NŒm ” q (13) for some
q = 1,3,4,9,10,12}. If d is a positive integer such that
gcd(d,13) = 1 and b 2 [1,13] of S14, then the solutions of xd -

2 A(b) in A14 are

1. A(b), if d 2 L.

2. A b
#
� �

, if d R L.
Proof. Given that b 2 [1,13] \ H14, [1,13] splits into two clas-

ses A(b) and A b
#
� �

of A14. Moreover, gcd(d, 13) = 1. So by

(2.10), ½1; 13� ¼ AðbÞ [ A b
#
� �

is a solution set of xd 2 ½1; 13�

¼ AðbÞ [ A b
#
� �

in S14. However, AðbÞ \ A b
#
� �

¼ /. Hence,

for each p 2 ½1; 13� ) p 2 AðbÞ&p R A b
#
� �� �

or p 2 Að

b
#
� �

&p R AðbÞÞ.
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(1) Assume d 2 L. If p 2 A(b), then ðp �
A14

bÞp is conjugate to b
in A14. However, pd �

A14

p (because d 2 LÞ ) pd �
A14

b)

pd 2 AðbÞ&pd R A b
#
� �

. If p 2 A b
#
� �

, then ðp �
A14

b
#

Þ. How-

ever, pd �
A14

p (because d 2 LÞ ) pd �
A14

b
#

) pd 2 A b
#
� �

&

pd R AðbÞ. Then, the solution set ofxd 2 A(b) inA14 isA(b).

(2) Assume d R L. If p 2 A(b), then p �
A14

b

� �
) p

# �
A14

b
#

. How-

ever, pd �
A14

p
#
(because d R LÞ ) pd �

A14

b
#

) pd 2 A b
#
� �

&

pd R AðbÞ. If p 2 A b
#
� �

) p �
A14

b
#

� �
) p

# �
A14

b. However,

pd �
A14

p
#

(because d R LÞ ) pd �
A14

b) pd 2 AðbÞ& pd R

A b
#
� �

. Then, the solution set of xd 2 A(b) in A14 is A b
#
� �

.

Definition 3.19. Let b = ck 2 [3,11] of S14, where k = (a1,a2, -
(a1, a2, a3, a4, a5, a6, a7, a8, a9, a10, a11) and c = (b1, b2, b3), we

define classes [3,11]± of A14 by:

A(b) = [3,11]+ = {l 2 [3,11] Œ l = tbt�1 for some t 2 A14}

and A b
#
� �

¼ ½3; 11�� ¼ fl 2 ½3; 11�jl ¼ t b
#

t�1 for some t 2

A14}, where b
#

¼ ck1 and k1 = (a1,a3,a5,a7,a9,a11, a2,a4,a6,a8,a10)

Remark 3.20.

(i) Let b = ck 2 [3,11] of S14, where c = (b1,b2,b3),
k = (a1,a2,a3,a4,a5,a6,a7,a8,a9,a10,a11),
k1 ¼ ða1; a3; a5; a7; a9; a11; a2; a4; a6; a8; a10Þ;
k2 ¼ ða1; a4; a7; a10; a2; a5; a8; a11; a3; a6; a9Þ;
k3 ¼ ða1; a5; a9; a2; a6; a10; a3; a7; a11; a4; a8Þ;
k4 ¼ ða1; a6; a11; a5; a10; a4; a9; a3; a8; a2; a7Þ
and d is a positive integer. Thus,

(1) bd = b() d ” 1 (mod 33)

(2) bd = c�1k1() d ” 2 (mod 33)

(3) bd = ck3() d ” 4 (mod 33)

(4) bd = c�1k4() d ” 5 (mod 33)

(5) bd ¼ ck�13 () d � 7 (mod 33)

(6) bd ¼ c�1k�12 () d � 8 (mod 33)

(7) bd = ck�1() d ” 10 (mod 33)

(8) bd = ck1() d ” 13 (mod 33)

(9) bd = c�1k2() d ” 14 (mod 33)

(10) bd = ck4() d ” 16 (mod 33)

(11) bd ¼ c�1k�14 () d � 17 (mod 33)

(12) bd = ck2() d ” 14 (mod 33)

(13) bd ¼ c�1k�11 () d � 20 (mod 33)

(14) bd = c�1k() d ” 23 (mod 33)

(15) bd = ck2() d ” 25 (mod 33)

(16) bd = c�1k3() d ” 26 (mod 33)

(17) bd ¼ ck�14 () d � 28 (mod 33)

(18) bd ¼ c�1k�13 () d � 29 (mod 33)

(19) bd ¼ ck�11 () d � 31 (mod 33)

(20) bd = c�1k�1() d ” 32 (mod 33)
(ii) AðbÞ ¼ Aðb�1Þ, Aðc�1k1Þ ¼ Aðck�11 Þ, Aðck3Þ ¼ A c�1k�13 ,
�1 �1 �1 �1 �1 �1

 �
Aðc k4Þ ¼ Aðck4 Þ, Aðck3 Þ ¼ Aðc k3Þ, Aðc k2 Þ ¼
Aðck2Þ, Aðck�1Þ ¼ Aðc�1kÞ [given that A14 is an ambiva-

lent group]
(iii) A(b) = A(ck3) [because, $t= (a2,a5,a6,a10,a4)(a3,a9, -

t = (a2, a5, a6, a10, a4)(a3, a9, a11, a8, a7) 2 A14 such that
tbt�1 = ck3].

(iv) A(b) = A(ck4) [because, $t= (a3,a6,a4,a5,a10)(a7,a9, -
t = (a3, a6, a4, a5, a10)(a7, a9, a8, a3, a11) 2 A14 such that
tbt�1 = ck4].

(v) A(b) = A(ck2) [because, $t= (a6,a5,a2,a4,a10)(a9,a3, -
t = (a6, a5, a2, a4, a10)(a9, a3, a7, a8, a11) 2 A14 such that
tbt�1 = ck2].

(vi) A(b�1) = A(c�1k1) [because, $t= (a8,a9,a7,a11,a3)(a10, -
t = (a8, a9, a7, a11, a3)(a10, a5, a4, a6, a2) 2 A14 such that
tbt�1 = c�1k1].

S. Mahmood, A. Rajah
Lemma 3.21. Let L = {m 2 N Œ m ” q (mod 33) for some
q = 1,2,4,8,16,17,25,29,31,32}. If d is a positive integer such
that gcd(d,3) = 1 & gcd(d,11) = 1 and b 2 [3,11] of S14,

then the solutions of xd 2 A(b) in A14 are

1. A(b), if d 2 L.

2. A b
#
� �

, if d R L.
Proof. Given that b 2 [3,11] \ H14, [3,11] splits into two clas-

ses A(b) and A b
#
� �

of A14. Moreover, gcd(d, 3) = 1 and

gcd(d, 11) = 1. So by (2.10), ½3; 11� ¼ AðbÞ [ A b
#
� �

is a solu-

tion set of xd 2 ½3; 11� ¼ AðbÞ [ A b
#
� �

in S14. However,

AðbÞ \ A b
#
� �

¼ /. Hence, for each p 2 ½3; 11� )

p 2 AðbÞ&p R A b
#
� �� �

or p 2 A b
#
� �

&p R AðbÞ
� �

.

(1) Assume d 2 L. If p 2 A(b), then ðp �
A14

bÞp is conjugate to

b in A14. However, pd �
A14

p (because

d 2 LÞ ) pd �
A14

b) pd 2 AðbÞ&pd R A b
#
� �

. If

p 2 A b
#
� �

, then p �
A14

b
#

� �
. However, pd �

A14

p (because

d 2 LÞ ) pd �
A14

b
#

) pd 2 A b
#
� �

&pd R AðbÞ. Then, the

solution set of xd 2 A(b) in A14 is A(b).
(2) Assume d R L. If p 2 A(b), then ðp �

A14

bÞ ) p
# �

A14

b
#

. How-

ever, pd �
A14

p
#

(because d R LÞ ) pd �
A14

b
#

) pd 2

A b
#
� �

&pd R AðbÞ. If p 2 A b
#
� �

) p �
A14

b
#

� �
) p

# �
A14

b.

However, pd �
A14

p
#

(because d R LÞ ) pd �
A14

b)

pd 2 AðbÞ&pd R A b
#
� �

. Then, the solution set of xd -

2 A(b) in A14 is A b
#
� �

. h
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g remarks
4. Concludin

By the Cayley’s theorem: Every finite group G is isomorphic to

a subgroup of the symmetric group Sn, for some n P 1. Then
we can discuss these propositions. Let xd = g be class equation
in finite group G and assume that f:G @ An, for some n 2 h and

f(g) 2 H \ Ca. The first question we are concerned with is:
what is the possible value of d provided that there is no solu-
tion for xd = g in G? The second question we are concerned
with is: what is the possible value of d provided that there is

a solution for xd = g in G? and then we can find the solution
and the number of the solution for xd = g in G by using Cay-
ley’s theorem and our theorems in this paper. In another direc-

tion, let G be a finite group, and pi(G) = {g 2 G Œ i the least
positive integer number satisfies gi = 1}. If Œpi (G)Œ = ki, then
we write piðGÞ ¼ fgi1; gi2; . . . ; gikig, and

Q
¼ fpiðGÞgiP1 . For

each g 2 G and gij 2 pi(G) we have (ggijg
�1)i = 1. By the Cay-

ley’s theorem we can suppose that (f:G @ Sn) or (f:G @ An). Also
the questions can be summarized as follows:

1. Is
Q
¼ fpiðGÞgiP1 collection set of conjugacy classes of

G?
2. Is there some i P 1, such that f�1(Ca) = pi (G), for each

Ca of An, where (f:G @ An)?

3. Is there some i P 1, such that f�1(Ca) = pi (G), for each
Ca of Sn, where (f:G @ Sn)?

4. If (G @ Sn) and p(n) is the number of partitions of, is

j
Q
j ¼ pðnÞ?

5. If (G @ An) and An has m ambivalent conjugacy classes.
Is it necessarily true that G has m ambivalent conjugacy

classes?
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