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A B S T R A C T 

The aim of this paper is to construct a new sequence of 

linear and positive operators which called Jain-Beta 

operators based on a parameter 𝜇. We investigated some 

properties of these operators when applied the 

approximation theorems. Moreover, we estimated the rate 

of convergence relying on concept the modulus of 

continuity. Finally, established a Voronoviskaja- type 

asymptotic formula. 
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1-Introduction 

In (1970), Jain [1] introduced a generalization of the well known Szᾶzs – Mirakjan operators 

using Poissn – type distributin as  

𝐺𝑛
𝜇(𝑓; 𝑥) = ∑ 𝒲𝜇(𝜅, 𝓃𝓍) 𝑓 (

𝑘

𝑛
) ,∞

𝜅=0                                                                                                       (1) 

where 𝒲𝜇(𝜅, 𝓃𝓍) = 𝓃𝓍(𝓃𝓍 + 𝜅𝜇)𝑘−1 𝑒−(𝓃𝑥+𝜅𝜇)

𝑘!
 ,                                                                                (2) 

 

where 𝑓: ℝ+ → ℝ, ℝ+: = [0,∞), 𝑛 ∈ ℕ, 0 < 𝓃𝓍 ≤ ∞ and |𝜇| < 1. In particular case if 𝜇 = 0, 

then from 𝐺𝑛
0(. ; 𝑥) we get the well-known Szᾶsz-Mirakjan perators. In [1] G. C. Jain defined a new 
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operators  with the help of a Pisson type distribution. He studied them convergence properties and 

gave them degree of approximation.  Nowdays, these operators are known as Jain perators, in honor of 

G. C. Jain who defined them on 1970. In this paper we study the apprximation of continuous functions 

belong to the space ∁(ℝ+). In (1995), V. Gupta, G. S. Srivastava and A. Sahai [2] defined a new L. P. 

O. consisting from Szãsz and Beta operators to approximate a Lebesgue intagrable functions on ℝ+ as 

follow  

ℬ𝓃(𝑓; 𝓍) = ∑ 𝒫𝓃,𝜅
∞
𝜅=0 (𝓍) ∫ 𝔟𝓃,𝜅(𝑡)  𝑓(𝑡)𝑑𝑡 

∞

0
,                                                                                     (3) 

where 𝒫𝓃,𝜅(𝓍) = 𝑒−𝓃𝓍 (𝓃𝓍)𝜅

𝜅!
, and 𝔟𝓃,𝜅(𝑡) =

1

ℬ𝓃(𝜅+1,𝓃)
∙

𝑡𝜅

(1+𝑡)𝓃+𝜅+1 . 

The Beta function can be defined as:  ℬ𝓃(𝜅 + 1, 𝓃) ≡
Γ(𝜅+1)Γ(𝓃)

Γ(𝓃+𝜅+1)
=

𝜅!(𝓃−1)!

(𝜅+𝓃)!
 ; and Γ(𝜅) = (𝜅 − 1)! be 

the Gamma function and 𝒫𝓃,𝜅(𝓍) be the weight of Szãsz operators, for more details about Beta 

operators see ([3] and [4]).  

   

2- Preliminaries 

In this part, we have defined a new sequence of Beta operators and gived some results whom will be 

needed to prove the main theorems. So we applied a Korovkin’s Theorem [5] on Μ𝓃,ℓ,𝜅(𝑓(𝑡); 𝓍) 

operators, which define as follow: 

Μ𝓃,ℓ,𝜅(𝑡𝑚; 𝓍) =
1

𝓃−ℓ
∑ 𝔟𝓃,ℓ,𝜅(𝓍) ∫ 𝔟𝓃,ℓ,𝜅(𝑡)  𝑡𝑚𝑑𝑡

∞

0
∞
𝜅=0                                                           (4) 

  

Lemma 2.1 For 𝑡 ∈ (0, ∞) and 𝓃, ℓ ∈ ℕ = {1,2,3, … }, we have  

 ∫ 𝔟𝓃−ℓ,𝜅+ℓ(𝑡)𝑡𝑚𝑑𝑡 =
(𝑚+ℓ+𝜅)!(𝓃−ℓ−𝑚−1)!

(𝜅+ℓ)!(𝓃−ℓ−1)!

∞

0
.                                                                                         (5) 

Encoding: For short we denote 𝔟𝓃−ℓ,𝜅+ℓ(𝓍) by 𝔟𝓃,ℓ,𝜅(𝓍) 

Theorem 2.1 For Μ𝓃,ℓ,𝜅(𝑡𝑚; 𝓍) operators and 𝓃 > ℓ then the below statements are hold for every 

𝓍 ∈ ℝ+ and 𝑚 = {0,1,2},   

1- Μ𝓃,ℓ,𝜅(𝑡0; 𝓍) = 1; (𝓃 − ℓ) > 0                                                                                                            (6) 

2- Μ𝓃,ℓ,𝜅(𝑡1; 𝓍) =
(𝓃−ℓ+1)

(𝓃−ℓ−1)
𝓍 +

ℓ(1+𝓍)

(𝓃−ℓ)(𝓃−ℓ−1)
𝔟𝓃,ℓ,0(𝓍) +

1

(𝓃−ℓ−1)
; (𝓃 − ℓ) > 1                                       (7) 

3- Μ𝓃,ℓ,𝜅(𝑡2; 𝓍) =

(𝓃−ℓ+1)(𝓃−ℓ+2)

(𝓃−ℓ−1)(𝓃−ℓ−2)
𝓍2 + 4𝓍

(𝓃−ℓ+1)

(𝓃−ℓ−1)(𝓃−ℓ−2)
+

2

(𝓃−ℓ−1)(𝓃−ℓ−2)
+

ℓ(1+𝓍)𝔟𝓃,ℓ,0(𝓍)(ℓ+𝓍(𝓃−ℓ+2)+3)

(𝓃−ℓ)(𝓃−ℓ−1)(𝓃−ℓ−2)
, (𝓃 − ℓ) > 3.                                                                                  

                                        (8) 

Proof .  it is easy to prove  

1- Μ𝓃,ℓ,𝜅(1; 𝓍) =
1

𝓃−ℓ
∑ 𝔟𝓃,ℓ,𝜅(𝓍) ∫ 𝔟𝓃,ℓ,𝜅(𝑡)  𝑑𝑡

∞

0
∞
𝜅=0  

=
1

(𝓃−ℓ)
(𝓃 − ℓ) = 1, for (𝓃 − ℓ) > 0. 

2- Μ𝓃,ℓ,𝜅(𝑡; 𝓍) =
1

𝓃−ℓ
∑ 𝔟𝓃,ℓ,𝜅(𝓍) ∫ 𝔟𝓃,ℓ,𝜅(𝑡)  𝑡𝑑𝑡

∞

0
∞
𝜅=0  
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=
1

𝓃 − ℓ
∑ 𝔟𝓃,ℓ,𝜅(𝓍)

(𝜅 + ℓ + 1)

(𝓃 − ℓ − 1)

∞

𝜅=0

=
1

(𝓃 − ℓ)(𝓃 − ℓ − 1)
∑ 𝔟𝓃,ℓ,𝜅(𝓍)(𝜅 + ℓ) +

1

(𝓃 − ℓ)(𝓃 − ℓ − 1)
∑ 𝔟𝓃,ℓ,𝜅(𝓍)

∞

𝜅=0

∞

𝜅=0

 

=
(𝓃−ℓ+1)

(𝓃−ℓ−1)
𝓍 +

ℓ(1+𝓍)

(𝓃−ℓ)(𝓃−ℓ−1)
𝔟𝓃,ℓ,0(𝓍) +

1

(𝓃−ℓ−1)
, for (𝓃 − ℓ) > 1. 

3- Μ𝓃,ℓ,𝜅(𝑡2; 𝓍) =
1

𝓃−ℓ
∑ 𝔟𝓃,ℓ,𝜅(𝓍) ∫ 𝔟𝓃,ℓ,𝜅(𝑡)  𝑡2𝑑𝑡

∞

0
∞
𝜅=0  

=
1

𝓃 − ℓ
∑ 𝔟𝓃,ℓ,𝜅(𝓍)

(𝜅 + ℓ + 2)! (𝓃 − ℓ − 3)!

(𝜅 + ℓ)! (𝓃 − ℓ − 1)!

∞

𝜅=0

 

=
1

𝓃 − ℓ
∑ 𝔟𝓃,ℓ,𝜅(𝓍)

(𝜅 + ℓ + 2)(𝜅 + ℓ + 1)

(𝓃 − ℓ − 1)(𝓃 − ℓ − 2)

∞

𝜅=0

 

=
1

(𝓃 − ℓ)(𝓃 − ℓ − 1)(𝓃 − ℓ − 2)
∑ 𝔟𝓃,ℓ,𝜅(𝓍)(𝜅 + ℓ)2

∞

𝜅=0

+
3

(𝓃 − ℓ)(𝓃 − ℓ − 1)(𝓃 − ℓ − 2)
∑ 𝔟𝓃,ℓ,𝜅(𝓍)(𝜅 + ℓ)

∞

𝜅=0

+
1

(𝓃 − ℓ)(𝓃 − ℓ − 1)(𝓃 − ℓ − 2)
∑ 𝔟𝓃,ℓ,𝜅(𝓍)

∞

𝜅=0

 

Μ𝓃,ℓ,𝜅(𝑡2; 𝓍) =

(𝓃−ℓ+1)(𝓃−ℓ+2)

(𝓃−ℓ−1)(𝓃−ℓ−2)
𝓍2 + 4𝓍

(𝓃−ℓ+1)

(𝓃−ℓ−1)(𝓃−ℓ−2)
+

2

(𝓃−ℓ−1)(𝓃−ℓ−2)
+

ℓ(1+𝓍)𝔟𝓃,ℓ,0(𝓍)(ℓ+𝓍(𝓃−ℓ+2)+3)

(𝓃−ℓ)(𝓃−ℓ−1)(𝓃−ℓ−2)
,  

for (𝓃 − ℓ) > 2.   

So, the prrof is complete.                                                                                       ■ 

Theorem 2.2 [1] Let 𝑓 ∈ 𝐶(ℝ+), 𝓍 ∈ ℝ+ and 0 ≤ 𝜇 < 1 then the sequence of L. P. O. {𝐺𝓃
𝜇(𝑓(𝑡); 𝓍)}  

converges to the functions 𝑓(𝓍) as follow     

1- 𝐺𝓃
𝜇(1; 𝓍) = 1,                                                                                                                                         (9) 

2- 𝐺𝓃
𝜇(𝑡; 𝓍) =

𝓍

1−𝜇
,                                                                                                                                    (10) 
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3- 𝐺𝓃
𝜇(𝑡2; 𝓍) =

𝓍2

(1−𝜇)2
+

𝓍

𝓃(1−𝜇)2
.                                                                                                           (11)  

This work is focused around the definition of new linear positive operators as following 

 

3- Construction of Operators 

Firstly, we define a new class of Beta – type operators   

ℬ𝓃,𝜅,ℓ(𝑓; 𝓍) = ∑ 𝔟𝓃,ℓ,𝜅(𝓍)∞
𝜅=0                                                                                                            (12) 

 𝔟𝓃,ℓ,𝜅(𝑓; 𝓍) = ∑
1

ℬ𝓃(𝜅+ℓ+1,𝓃−ℓ)
∞
𝜅=0 𝓍𝜅+ℓ(1 + 𝑥)−(𝓃−ℓ+𝜅+ℓ+1)𝑓(𝑥),                                                (13)   

ℬ𝓃(𝜅 + ℓ + 1, 𝓃 − ℓ) =
(𝓃−ℓ+𝜅+ℓ)!

(𝜅+ℓ)!(𝓃−ℓ−1)!
, 

for 𝓍 ∈ ℝ+ and the parameter  ℓ ∈ Ν. 

In [1] G. C. Jain defined a positive linear operators for 0 ≤ 𝜇 < 1 as follows 

𝐺𝓃
𝜇(𝑓; 𝓍) = ∑ 𝒲𝜇(𝜅, 𝓃𝓍) 𝑓 (

𝜅

𝓃
)  ∞

𝜅=0 ,  

where 𝒲𝜇(𝜅, 𝓃𝓍) = 𝓃𝓍(𝓃𝓍 + 𝜅𝜇)𝑘−1 𝑒−(𝓃𝑥+𝜅𝜇)

𝑘!
 , for more details can see the articles [6],[7], [8] and 

[9].  

Now, to construct the new sequence of  operators as shown below, need the equations (2) and (13) 

respectively. Therefore the required operators consisting from summation 𝒲𝜇 and integral 𝔟𝓃,ℓ,𝜅 as 

following   

𝒥𝓃,ℓ,𝜅
𝜇 (𝑓; 𝓍) = ∑ 𝒲𝜇(𝜅, 𝓃𝓍) ∫ 𝔟𝓃,ℓ,𝜅(𝑡) 𝑓(𝑡) 𝑑𝑡

∞

0
∞
𝜅=0                                                                         (14) 

 

Where 0 ≤ 𝜇 < 1, 𝓃 ∈ ℕ, ℓ ∈ ℕ0 ≔ ℕ ∪ {0}  and 𝓍 ∈ ℝ+. Observe that the parameter 𝜇 depends on 

𝓃, and 𝒲𝜇(𝜅, 𝓃𝓍) defined in (2).    

For the functions 𝑓 belonging to the weighted space 𝐶𝜌, [10]. 

𝐶𝜌 = {𝑓 ∈ 𝐶𝐵(ℝ+): 𝑓 is continuous and bounded, where 𝑓(𝓍) = 𝑂(1 + 𝓍𝜌) for some 𝜌 ∈ ℕ} 

‖𝑓‖𝜌 ≡ ‖𝑓(. )‖𝜌 = 𝑠𝑢𝑝𝓍∈ℝ+
|𝑓(𝓍)|

|1+𝓍𝜌|
. 

 

4- Auxiliary Results 

In this part, we applied a Korovkin's conditions to verify the convergence for the test functions 

𝑒𝑖(𝑡): = 𝑡𝑖, 𝑖 = 0,1,2.    

Theorem (4.1) (Korovkin's Theorem): 

Let 𝑓 ∈ 𝐶𝜌, and 0 ≤ 𝜇 < 1 and suppose that 𝑒𝑖(𝑡): = 𝑡𝑖 , 𝑖 = 0,1,2. Then for new Jain-Beta operators 

the following statements are hold for every 𝓍 ∈ ℝ+; 

1- 𝒥𝓃,ℓ,𝜅
𝜇 (𝑒0; 𝓍) = 1,                                                                                                                                  (15) 

2- 𝒥𝓃,ℓ,𝜅
𝜇 (𝑒1; 𝓍) =

𝓃𝓍+(ℓ+1)(1−𝜇)

(𝓃−ℓ−1)(1−𝜇)
 ; for 𝓃 > ℓ + 1,                                                                                     (16)  
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3- 𝒥𝓃,ℓ,𝜅
𝜇 (𝑒2; 𝓍) =

𝓃2𝓍2

(𝓃−ℓ−2)(𝓃−ℓ−1)(1−𝜇)2 +
𝓃𝓍

(𝓃−ℓ−1)(𝓃−ℓ−2)
(

1

(1−𝜇)3 +
2ℓ+3

(1−𝜇)
) 

                                    +
(ℓ+1)(ℓ+1)

(𝓃−ℓ−2)(𝓃−ℓ−1)
; for 𝓃 > ℓ + 2.                                                              (17)  

    Proof. Quite simply we can prove  

1- 𝒥𝓃,ℓ,𝜅
𝜇 (𝑒0; 𝓍) = ∑ 𝒲𝜇(𝜅, 𝓃𝓍) ∫ 𝔟𝓃,ℓ,𝜅(𝑡)  𝑑𝑡

∞

0
∞
𝜅=0 = 1 

2- 𝒥𝓃,ℓ,𝜅
𝜇 (𝑒1; 𝓍) = ∑ 𝒲𝜇(𝜅, 𝓃𝓍) ∫ 𝔟𝓃,ℓ,𝜅(𝑡) 𝑡 𝑑𝑡

∞

0
∞
𝜅=0  

= ∑ 𝒲𝜇(𝜅, 𝓃𝓍) ∫
𝑡𝜅+ℓ+1

(1 + 𝑡)𝓃+𝜅+1
  𝑑𝑡

∞

0

∞

𝜅=0

 

= ∑ 𝒲𝜇(𝜅, 𝓃𝓍)
(𝜅 + ℓ + 1)! (𝓃 − ℓ − 2)!

(𝜅 + ℓ)! (𝓃 − ℓ − 1)!

∞

𝜅=0

=
𝓃

(𝓃 − ℓ − 1)
∑ 𝒲𝜇(𝜅, 𝓃𝓍)

𝜅

𝓃
+

ℓ + 1

(𝓃 − ℓ − 1)
∑ 𝒲𝜇(𝜅, 𝓃𝓍)

∞

𝜅=0

∞

𝜅=0

 

𝒥𝓃,ℓ,𝜅
𝜇 (𝑒1; 𝓍) =

𝓃

(𝓃 − ℓ − 1)

𝓍

1 − 𝜇
+

ℓ + 1

(𝓃 − ℓ − 1)
=

𝓃𝓍 + (ℓ + 1)(1 − 𝜇)

(𝓃 − ℓ − 1)(1 − 𝜇)
 

3- 𝒥𝓃,ℓ,𝜅
𝜇 (𝑒2; 𝓍) = ∑ 𝒲𝜇(𝜅, 𝓃𝓍) ∫ 𝔟𝓃,ℓ,𝜅(𝑡)  𝑡2𝑑𝑡

∞

0
∞
𝜅=0  

= ∑ 𝒲𝜇(𝜅, 𝓃𝓍) ∫
𝑡𝜅+ℓ+2

(1 + 𝑡)𝓃+𝜅+1
  𝑑𝑡

∞

0

∞

𝜅=0

 

= ∑ 𝒲𝜇(𝜅, 𝓃𝓍)
(𝜅 + ℓ + 1)(𝜅 + ℓ + 2)

(𝓃 − ℓ − 1)(𝓃 − ℓ − 2)

∞

𝜅=0

=
𝓃2

(𝓃 − ℓ − 1)(𝓃 − ℓ − 2)
∑ 𝒲𝜇(𝜅, 𝓃𝓍)(

𝜅

𝓃
)2

∞

𝜅=0

+
𝓃(2ℓ + 3)

(𝓃 − ℓ − 1)(𝓃 − ℓ − 2)
∑ 𝒲𝜇(𝜅, 𝓃𝓍)

𝜅

𝓃

∞

𝜅=0

+
(ℓ + 1)(ℓ + 2)

(𝓃 − ℓ − 1)(𝓃 − ℓ − 2)
∑ 𝒲𝜇(𝜅, 𝓃𝓍)

∞

𝜅=0
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𝒥𝓃,ℓ,𝜅
𝜇 (𝑒2; 𝓍) =

𝓃2

(𝓃−ℓ−1)(𝓃−ℓ−2)

𝓍2

(1−𝜇)2
+

𝓃𝓍

(𝓃−ℓ−1)(𝓃−ℓ−2)
(

1

(1−𝜇)3
+

2ℓ+3

(1−𝜇)
)  +

(ℓ+1)(ℓ+1)

(𝓃−ℓ−2)(𝓃−ℓ−1)
.   

So, the proof is complete.                                                     ■ 

 

  Denote the central moment by 𝒥�̿�,ℓ,𝜗
𝜇 (𝓍): = 𝒥𝓃,ℓ,𝜅

𝜇
((𝑡 − 𝓍)𝜗; 𝓍), where 𝜗 be the order of the 

moment for the sequence of L. P. O. {𝒥𝓃,ℓ,𝜅
𝜇 (. ; 𝓍)} viewed in(13). 

 For every 𝓍 ∈ ℝ+ and 𝑓 ∈ 𝐶𝜌, we define  

𝒥�̿�,ℓ,𝜗
𝜇 (𝓍): = 𝒥𝓃,ℓ,𝜅

𝜇
((𝑡 − 𝓍)𝜗; 𝓍) = ∑ 𝒲𝜇(𝜅, 𝓃𝓍) ∫ 𝔟𝓃,ℓ,𝜅(𝑡) (𝑡 − 𝓍)𝜗 𝑑𝑡

∞

0
∞
𝜅=0 .                                (18) 

 

So, we can give the next results  

 

Lemma 4.1 Let 𝒥�̿�,ℓ,𝜗
𝜇 (𝓍): = 𝒥𝓃,ℓ,𝜅

𝜇
((𝑡 − 𝓍)𝜗; 𝓍), 𝜗 = 0,1,2 …. Then for 0 ≤ 𝜇 < 1we have 

1- 𝒥�̿�,ℓ,0
𝜇 (𝓍) = 1,                                                                                                                           (19) 

2- 𝒥�̿�,ℓ,1
𝜇 (𝓍) = 𝓍

(𝓃−((𝓃−ℓ−1)(1−𝜇)))+(ℓ+1)(1−𝜇)

(𝓃−ℓ−1)(1−𝜇)
,                                                                            (20) 

3- 𝒥�̿�,ℓ,2
𝜇 (𝓍) = 𝓍2 (

𝓃2

(𝓃−ℓ−1)(𝓃−ℓ−2)(1−𝜇)2 −
2𝓃

(𝓃−ℓ−1)(1−𝜇)
+ 1) + 𝓍 (

𝓃(1+(2ℓ+3)(1−𝜇)3)

(𝓃−ℓ−1)(𝓃−ℓ−2)(1−𝜇)3 +

      
2(ℓ+1)

𝓃−ℓ−1
) +

(ℓ+1)(ℓ+1)

(𝓃−ℓ−2)(𝓃−ℓ−1)
.                                                                                                                    (21) 

Proof. We can prove lemma (4.1) above directly depending on the theorem (4.1).                                ■ 

 

5- Direct Results and Asymptotic Formula 

Next, we shall study the asymptotic behavior for given operators by applying the main theorem 

(Voronoviskaja- type theorem) [11].  

Theorem 5.1 (Voronoviskaja Theorem)For any function 𝑓 ∈ 𝐶𝜌such that 𝑓′, 𝑓′′ ∈ 𝐶𝜌 and 0 ≤ 𝜇 < 1, 

we have lim𝓃→∞ 𝓃[𝒥𝓃,ℓ,𝜅
𝜇 (𝑓; 𝓍) − 𝑓(𝓍)] = 𝑓′(𝓍)(ℓ + 1)(𝓍 + 1) +

𝑓′′(𝓍)

2
{𝓍2 + 2(ℓ + 2)}, for every 

𝓍 ∈ ℝ+. 

Proof. Let 𝑓, 𝑓′, 𝑓′′ ∈ 𝐶𝜌 and 𝓍 ∈ (ℝ+) be fixed. By Taylor expansion, we can write  

𝑓(𝑡) = 𝑓(𝓍) + (𝑡 − 𝓍)𝑓′(𝓍) +
(𝑡−𝓍)2

2!
𝑓′′(𝓍) + 𝜉(𝑡, 𝓍)(𝑡 − 𝓍)2, where 𝜉(𝑡, 𝓍) is a Peano form of the 

remainder, 𝜉(𝑡, 𝓍) ∈ 𝐶𝜌 and 𝜉(𝑡, 𝓍) → 0 as 𝑡 → 𝓍. Applying 𝒥𝓃,ℓ,𝜅
𝜇

 we get 
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𝓃[𝒥𝓃,ℓ,𝜅
𝜇 (𝑓; 𝓍) − 𝑓(𝓍)] =

𝑓′(𝓍)𝓃𝒥𝓃,ℓ,𝜅
𝜇

((𝑡 − 𝓍); 𝓍) +
𝑓′′(𝓍)

2!
𝓃𝒥𝓃,ℓ,𝜅

𝜇 ((𝑡 − 𝓍)2; 𝓍) + 𝓃𝒥𝓃,ℓ,𝜅
𝜇 (𝜉(𝑡, 𝓍)(𝑡 − 𝓍)2; 𝓍),  

lim
𝓃→∞

𝓃[𝒥𝓃,ℓ,𝜅
𝜇 (𝑓; 𝓍) − 𝑓(𝓍)] = 𝑓′(𝓍) lim

𝓃→∞
𝓃𝒥𝓃,ℓ,𝜅

𝜇
((𝑡 − 𝓍); 𝓍) +

𝑓′′(𝓍)

2!
lim

𝓃→∞
𝓃𝒥𝓃,ℓ,𝜅

𝜇 ((𝑡 − 𝓍)2; 𝓍) +

lim
𝓃→∞

𝓃𝒥𝓃,ℓ,𝜅
𝜇 (𝜉(𝑡, 𝓍)(𝑡 − 𝓍)2; 𝓍),  

= 𝑓′(𝓍) lim
𝓃→∞

𝓃
𝓍(𝓃 − ((𝓃 − ℓ − 1)(1 − 𝜇))) + (ℓ + 1)(1 − 𝜇)

(𝓃 − ℓ − 1)(1 − 𝜇)

+
𝑓′′(𝓍)

2!
lim

𝓃→∞
𝓃 {𝓍2 (

𝓃2

(𝓃 − ℓ − 1)(𝓃 − ℓ − 2)(1 − 𝜇)2
−

2𝓃

(𝓃 − ℓ − 1)(1 − 𝜇)
+ 1)

+ 𝓍 (
𝓃(1 + (2ℓ + 3)(1 − 𝜇)3)

(𝓃 − ℓ − 1)(𝓃 − ℓ − 2)(1 − 𝜇)3
+

2(ℓ + 1)

𝓃 − ℓ − 1
)} +

(ℓ + 1)(ℓ + 1)

(𝓃 − ℓ − 2)(𝓃 − ℓ − 1)

+ lim
𝓃→∞

𝓃𝒥𝓃,ℓ,𝜅
𝜇 (𝜉(𝑡, 𝓍)(𝑡 − 𝓍)2; 𝓍), 

Then where 𝜇 → 0 and 𝓃 → ∞, we get  

lim
𝓃→∞

𝓃[𝒥𝓃,ℓ,𝜅
𝜇 (𝑓; 𝓍) − 𝑓(𝓍)]

= 𝑓′(𝓍)(ℓ + 1)(𝓍 + 1) +
𝑓′′(𝓍)

2
{𝓍2 + 2(ℓ + 2)} + lim

𝓃→∞
𝓃𝒥𝓃,ℓ,𝜅

𝜇 (𝜉(𝑡, 𝓍)(𝑡 − 𝓍)2; 𝓍), 

Applying Cauchy – Schwartz inequality on the final term 𝒥𝓃,ℓ,𝜅
𝜇 (𝜉(𝑡, 𝓍)(𝑡 − 𝓍)2; 𝓍), we get 

 0 ≤ 𝓃𝒥𝓃,ℓ,𝜅
𝜇 (𝜉(𝑡, 𝓍)(𝑡 − 𝓍)2; 𝓍) ≤ √𝓃2𝒥𝓃,ℓ,𝜅

𝜇 ((𝑡 − 𝓍)4; 𝓍)√𝒥𝓃,ℓ,𝜅
𝜇 (𝜉(𝑡, 𝓍)2; 𝓍) 

Since 𝜉2(𝑥, 𝓍) = 0 also 𝜉2(. , 𝓍) belong to the space 𝐶𝜌 then we have   

lim
𝓃→∞

𝓃𝒥𝓃,ℓ,𝜅
𝜇 (𝜉(𝑡, 𝓍)(𝑡 − 𝓍)2; 𝓍) = 𝜉2(𝑥, 𝓍) = 0 

Therefore 

 lim
𝓃→∞

𝓃[𝒥𝓃,ℓ,𝜅
𝜇 (𝑓; 𝓍) − 𝑓(𝓍)] = 𝑓′(𝓍)(ℓ + 1)(𝓍 + 1) +

𝑓′′(𝓍)

2
{𝓍2 + 2(ℓ + 2)} 

So the proof is complete.      

                                               ■ 
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Definition 5.1  (Modulus of Continuity) [12], [13] Let 𝑓 ∈ 𝐶𝜌 be the functions belong to the space of 

all bounded and continuous real – valued functions on ℝ+, with the norm ‖𝑓‖𝜌. If 𝛿 > 0,then the 

usual modulus of continuity for the functions 𝑓 ∈ 𝐶𝜌 is defined by 𝜔(𝑓; 𝛿) ≔ 𝑠𝑢𝑝
𝓍,𝑦∈(ℝ+)

|𝑥−𝑦|≤𝛿

|𝑓(𝓍) − 𝑓(𝑦)|.   

In the next theorem, we give some upper bounds for the approximation error from where the modulus 

of continuity of the first kind 

Theorem  5.2  Let 𝑓 ∈ 𝐶𝜌 and 0 ≤ 𝜇 < 1, then 

|𝒥𝓃,ℓ,𝜅
𝜇 (𝑓; 𝓍) − 𝑓(𝓍)| ≤ 2𝜔(𝑓; 𝛿)                                                                                                        (22) 

where 

𝛿 =

√𝓍2 (
𝓃2

(𝓃−ℓ−1)(𝓃−ℓ−2)(1−𝜇)2 −
2𝓃

(𝓃−ℓ−1)(1−𝜇)
+ 1) + 𝓍 (

𝓃(1+(2ℓ+3)(1−𝜇)3)

(𝓃−ℓ−1)(𝓃−ℓ−2)(1−𝜇)3 +
2(ℓ+1)

𝓃−ℓ−1
) +

(ℓ+1)(ℓ+1)

(𝓃−ℓ−2)(𝓃−ℓ−1)
  

Proof. Based on the well-known property of modulus of continuity 

|𝑓(𝑡) − 𝑓(𝓍)| ≤ 𝜔(𝑓; 𝛿) (
|𝑡−𝓍|

𝛿
+ 1)                                                                                                   (23) 

Apply the linear and positive operators 𝒥𝓃,ℓ,𝜅
𝜇

(𝑓; 𝓍) on the two sides we get 

|𝒥𝓃,ℓ,𝜅
𝜇

(𝑓; 𝓍) − 𝑓(𝓍)| ≤ 𝜔(𝑓; 𝛿) (
1

𝛿
𝒥𝓃,ℓ,𝜅

𝜇 (|𝑡 − 𝓍|; 𝓍) + 1) 

By using the Cauchy- Schwartz inequality and   (21) we get  

|𝒥𝓃,ℓ,𝜅
𝜇

(𝑓; 𝓍) − 𝑓(𝓍)| ≤ 𝜔(𝑓; 𝛿) (
1

𝛿
√(𝒥𝓃,ℓ,𝜅

𝜇 (𝑡 − 𝓍)2; 𝓍) + 1) 

≤ 𝜔(𝑓; 𝛿) (
1

𝛿
(√𝒥̿

𝓃,ℓ,2
𝜇

(𝑥)) + 1) 

≤ 𝜔(𝑓; 𝛿) (
1

𝛿
Η + 1) 

Suppose Η = √𝒥̿
𝓃,ℓ,2
𝜇

(𝑥) , be the squared root for the second moment. 

Using equation (21) we have  
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Η =

√𝓍2 (
𝓃2

(𝓃−ℓ−1)(𝓃−ℓ−2)(1−𝜇)2 −
2𝓃

(𝓃−ℓ−1)(1−𝜇)
+ 1) + 𝓍 (

𝓃(1+(2ℓ+3)(1−𝜇)3)

(𝓃−ℓ−1)(𝓃−ℓ−2)(1−𝜇)3 +
2(ℓ+1)

𝓃−ℓ−1
) +

(ℓ+1)(ℓ+1)

(𝓃−ℓ−2)(𝓃−ℓ−1)
  

Choose 𝛿 = Η   

Hence, we get |𝒥𝓃,ℓ,𝜅
𝜇 (𝑓; 𝓍) − 𝑓(𝓍)| ≤ 2𝜔(𝑓; 𝛿).  

 So the proof is complete.                                                                                                                    ■ 

Theorem  5.3  Let 𝑓 ∈ 𝐶𝜌  on (ℝ+). Then for a real number  𝜆 > 0 and 0 ≤ 𝜇 < 1, the limit relation 

lim𝑛→∞ 𝒥𝓃,ℓ,𝜅
𝜇 (𝑓; 𝓍) = 𝑓(𝓍),                                                                                                                (24) 

holds uniformly on the interval [0, 𝜆]. 

Proof. By using (15), (16) and (17) from theorem (4.1) above we can see that: 

‖𝒥𝓃,ℓ,𝜅
𝜇 (1; 𝓍) − 1‖

𝐶[0,𝜆]
= 0                                                                                                                 (25) 

‖𝒥𝓃,ℓ,𝜅
𝜇 (𝑡; 𝓍) − 𝓍‖

𝐶[0,𝜆]
= max

𝓍∈[0,𝜆]

{𝜇(𝓃 − 1) + ℓ(1 − 𝜇)}𝓍 + (ℓ + 1)(1 − 𝜇)

(𝓃 − ℓ − 1)(1 − 𝜇)
 

≤
{𝜇(𝓃−1)+ℓ(1−𝜇)}𝜆+(ℓ+1)(1−𝜇)

(𝓃−ℓ−1)(1−𝜇)
→ 0 where 𝑛 → ∞, and 𝜇 → 0.                                                            (26) 

‖𝒥𝓃,ℓ,𝜅
𝜇 (𝑡2; 𝓍) − 𝑥2‖

𝐶[0,𝜆]

= max
𝑥∈[0,𝜆]

𝓃𝓍2(2ℓ + 3) − ℓ𝓍2(ℓ + 3) − 2𝓍2 − 𝜇(𝜇 − 2)𝓍2(𝓃 − ℓ − 1)(𝓃 − ℓ − 2)

(𝓃 − ℓ − 1)(𝓃 − ℓ − 2)(1 − 𝜇)2

+
𝓃𝓍(1 + (2ℓ + 3)(1 − 𝜇)2)

(𝓃 − ℓ − 1)(𝓃 − ℓ − 2)(1 − 𝜇)3
+

(ℓ + 1)(ℓ + 1)

(𝓃 − ℓ − 2)(𝓃 − ℓ − 1)
   

≤
𝓃𝜆2(2ℓ+3)−ℓ𝜆2(ℓ+3)−2𝜆2−𝜇(𝜇−2)𝜆2(𝓃−ℓ−1)(𝓃−ℓ−2)

(𝓃−ℓ−1)(𝓃−ℓ−2)(1−𝜇)2 +
𝓃𝜆(1+(2ℓ+3)(1−𝜇)2)

(𝓃−ℓ−1)(𝓃−ℓ−2)(1−𝜇)3 +
(ℓ+1)(ℓ+1)

(𝓃−ℓ−2)(𝓃−ℓ−1)
 → 0 for 

sufficiently large 𝑛, and 𝜇 → 0.                                                                                                            (27) 

So, our proof can be obtained dependent on P. P. Korovkin [5].                                     ■ 

 

6- Conclusions The motive of the present paper is to give a rate of convergence and estimate the error 

of convergence by modified Jain – Beta operators. We have defined the new sequence of linear 

positive operators represented by Jain – Beta operators 𝒥𝓃,ℓ,𝜅
𝜇

(. , 𝓍) from kind summation integral 

based on the parameter  0 ≤ 𝜇 < 1. We investigated some approximation results like the well – known 
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Korovkin type theorem. Also, we established a Voronoviskaja –type asymptotic formula. Finally, we 

have find the rate of convergence for the operators by means of the modulus of continuity.   
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