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1-Introduction

Numerical methods
Numerical methods are a class of techniques used for solving a wide variety of

mathematical problems in terms of numbers using only arithmetic and logic
operations. The main advantage of numerical methods is their ability to solve
problems that cannot be treated using classical analytical mathematics, such as non-
linearity and complex geometries. The disadvantage is that the solutions using
numerical methods are iterative, approximate, and not exact as those obtained by
analytical methods.

Errors in numerical computations
1- Errors from the method of solution, since all numerical methods are only

approximate.

2- Errors from solution truncation, since numerical methods are iterative and the
iterations cannot continue infinite times.

3- Errors from numbers round off.

4- Errors from the mathematical model of the physical problems. For example in
flexural formula the dx* term is neglected, also usually sin@ is approximated
to € for small values of the later.

Error calculation

If x IS an approximate to x then:
exact

approx

1- The absolute error is E or A =|X

X J
exact appro

X —X
exact approx

X ‘ '

exact

2- The relative error is R =‘

X =X
3- The percent relative error is P = |—22% app”’x‘xloo.

X

exact
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2- Numerical Solution of Algebraic Equations
(Roots of Equations)

Introduction

A problem commonly encountered in engineering is that of determining the
roots of an equation of the form y= f(x). Finding the roots of an equation is
equivalent to finding the values of x for which f(x)=0. For this reason the roots of
equation are often called the zeros of the equation. Different techniques of varying
degrees of accuracy and rates of convergence were developed to determine these
roots.

Root solving problem consists of finding the values of the independent variable
which satisfy relationships, such as:

Ax® +Bx? =Cx+D.
The procedure for finding the roots will always be to collect all terms on one side of
the equality sign, for example (for the above equation):

Ax® +Bx? -Cx-D=0.
For any values of x other than the roots, this equation will not be satisfied. So in
general:

f(xX)=Ax* +Bx* —-Cx-D.

Now, finding the roots of the above equation is now equivalent to finding the values

of x for which f(x) is zero, i.e: 0
ingle root
f (X) - O . Xroot f(X)
Single and multiple roots > X
1- x, is asingle (simple) root if f(xl):O and f'(xl);to. f
i . ) Multiple root
2- x, is a multiple root of :
Xroot f(x)
multiplicity 2 if f(xl) = f’(xl) =0 and f”(xl) =0,
X

multiplicity 3 if f(xl) = f’(xl) = f”(xl) =0 and f’”(xl) #0, and so on.

Accuracy in roots determination
All roots determination numerical methods are iterative, hence roots of

different degrees of accuracy can be obtained depending on the method used and the
-2
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number of iteration performed. The iteration should be continued until one (or more)
of such following conditions are satisfied:

1—A:‘x_ -X |<¢&, where ¢ is the allowed absolute difference between two

i i—-1

successive trials (iterations).

2- ‘f (x_)‘ < E, where E is the allowed absolute error in the value of the function.
1

Solution of algebraic equations (determining roots of equations)

1- Bisection Method
This method, which is also known as interval halving method, is too inefficient

for hand computation but is ideally suited to machine computation.
To find a real root of a given function f(x), the following steps will be used:
1- Estimate two approximations of the root X, and X such that f(xl)< 0

( f(xl) IS negative) and f(xr)> 0(f (xr) is positive). ¢
2- Bisect the interval (xI ,xr) to find its midpoint

X +X o _ _ Xroot  f(X)

X =-1 5 (which is considered as an improved
m

Xi Xm Xr X

approximation of root).
3- Check the sign of f (Xm). If f (Xm) < 0, this mean that the root lies between X

and X, then for the next iteration let X =X If f(xm) > 0, this mean that the
root lies between X, and X then for the next iteration let X =X .

4- Repeat steps 2 and 3 until the required accuracy ¢ is achieved.

Notes:

1- For each iteration, the root is assumed to be the midpoint of the last interval
found to contain it, i.e; the root is X .

2- For each iteration, the maximum absolute error A in the value of the root is no
greater than one half the size of last interval found to contain the root, i.e;

or A:(xm)i —(xm)i_l.

-3
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3- The maximum error A in the value of the root in a given iteration is one half

its value in the previous iteration; A :%A, L So this method has very slow

convergence.
4- The bisection method cannot be used to find roots of functions that do not
change their sign (from positive to negative or from negative to positive).

X —x‘
r ! . SO we can estimate the number of

5- Since Ai:%A_ . and A=

iterations n required to find a root to an accuracy of ¢ as follows:

X —x‘
A<e = T l<e = 2%ez|x,—x| = nh2+Inex=Injx —x‘,
2n r |
Xr_XI
In|x —x‘—lng In -
| or n>—t I
In2 In2

Example 1: Find the root(s) of the function f (x) = x3 —5x? —2x+10 using six
iterations.

Solution:

Check the sign of f(x) at different values of x:

X -2 -1 0 1 2 3 4 5

f(x) -14 6 10 4 -6 - 14 - 14 0

There are three roots: The first root lies between x = -2 and x = -1, the second root

lies between x = 1 and x = 2, and the third root is x = 5 (exact value).

To find the first root by using the bisection method,

1% iteration:  Let x ==2and x =-1.
Xm:xr;xl N Xm:—1+2(—2):

Check the signof f(x ) = f(-1.5)= (-1.5)® —5(-1.5)% —2(-1.5) +10 =-1.625.

Since f (Xm)< 0, then for the next iteration X =X = -1.5 and X = —1(unchanged)

-15

2" iteration: ~ x =-15and x =-1.
The calculations must be repeated as in the 1% iteration and continued until the
required number of iterations is reached.

-4-
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It is more preferred to put the calculations in a table as below:

No. of N . X X F(x ) A:Xr_xl

Iteration (i) | ' "7 m 2
1 -2 -1 -15 - 1.625 0.5
2 -15 -1 -1.25 2.73.... 0.25
3 -15 -1.25 -1.375 0.69.... 0.125
4 -15 -1.375 - 1.4375 -042.... 0.0625
5 - 1.4375 -1.375 - 1.40625 0.14.... 0.03125
6 - 1.4375 - 1.40625 - 1.421875 -0.13.... 0.015625

After six iterations the first approximate root is X —1.421875.

To find the second root:
By using the bisection method,

1% iteration:  Let x =2and x =1.

1+2
X =—=

X = — 1.5

m 2

Check thesignof f(x ) = f(L.5)= (1.5)% -5(1.5)®> — 2(1.5) +10 = -0.875.

Since f(Xm)< 0, then for the next iteration x =X =15 and X =1(unchanged).

2" jteration: x =15and x =1.  Andsoon.
X —X
i X X W o Nl f(x ) | A=
m 2 2
1 2 1 1.5 -0.875 0.5
2 1.5 1 1.25 1.64.... 0.25
3 1.5 1.25 1.375 0.39.... 0.125
4 1.5 1.375 1.4375 -0.23.... 0.0625
5 1.4375 1.375 1.40625 0.08.... 0.03125
6 1.4375 1.40625 1.421875 -0.07.... 0.015625

After six iterations the second approximate root is X ot ~1.421875.

-5-
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Example 2: Find the point(s) of intersection of y=Inx and y=2x-3 accurately to

three decimal places (i.e; £ =1x10~3).
Solution:

To find the point(s) of intersection we put y, =Yy, = In x =2x-3,

SInx-2x+3=0 = f(xX)=0 (Root finding problem)
So we must find the root(s) of f(x) where f(x)=Inx-2x+3.
Check the sign of f(x) at different values of x:

X 0.01 1 2 3 4 5
f(x) | -1.625 1 -0.306 | -1.9 -3.6 - 5.39

There are two roots: The first root lies between x = 1 and x = 2 and the second root

lies between x = 0.01 and x = 1. To find the first root by using the bisection method,

X +X
let x =2and x =1 = x =—+"-1 — ¥ :Ezl.S.
I r m 2 m 2

Check the sign of f(xm) = f(L.5)=In(1.5)-2(1.5)+3=0.40547.

1% iteration:

Since f(xm)> 0, then for the next iteration X = 2 (unchanged) and X =X =1.5.
2" iteration: x =2 and x =15.

The calculations must be repeated as in the 1% iteration and continued until A<¢.

[ X X X :Xr+XI f(xm) A= XFZX'
m 2

1 2 1 1.5 0.405... 0.5

2 2 15 1.75 0.059.... 0.25

3 2 1.75 1.875 -0.12.... 0.125

4 1.875 1.75 1.8125 -0.03.... 0.0625

5 1.8125 1.75 1.78125 0.14.... 0.03125

6 1.8125 1.78125 1.796875 - 0.007.... 0.0156...

7 1.796875 1.78125 1.7890625 0.003... 0.007...

8 1.796875 1.7890625 1.79296875 -0.002... 0.003...

9 1.79296875 1.7890625 1.791015625 - 0.0007... 0.001...

10 1.791015625 | 1.7890625 | 1.791992188 | -0.0006... | 0.0009...<&

After 10 iterations the first approximate root is X ~1.791992.

y ~In1.791992 ~ 0.583327 = The first point of intersection is (1.791992,0.583327).

-6-
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H.W:
The second point of intersection is (0.055439,-2.892471).

Note:
If we want to estimate the number of iterations required to find the above first
root to the given accuracy, then:

In 7% In 1-2
-3
nz% nz% —  n>9096.
n n

So we need 10 iterations.

2- Fixed point Method
A fixed point of a function g(x) is a real number p such that p=g(p).

Graphically, fixed points of a function y = g(x) are the points of intersection of
y=9(x) and y=xX.
Fixed point method is used to determine roots of a function f (x)as follows:
1- Rearrange the equation f(x)=0 inthe form x=g(x) (so that x is on the left
hand side of the equation).
2- Estimate an initial value to the root X. and substitute it into g(x) to get g(xi).

3- An improved estimation of the root is determined from X . = g(xi) and so on.

Notes:

1- Fixed point method has very slow convergence.

2- For determining an expected root, lies in the interval (a, b), a certain
expression of x=g(x) seems to converge to this root if the absolute value of

the slope of g(x) is less than the slope of y=x, that is
Xxe(a,b).

3- A certain expression of x=g(x) may converge to one root at more.

g'(x|<1 for all

4- If we cannot get an expression of the form x=g(x), then we could add x to

both sides. For example, we can rewrite the equation sinx=0 in the form
X=SIN X+ X.
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Example 1: Find numerically, to within 0.001, the value of x which makes the
function f(x)=(2—x)e~*'* equal to 1.
Solution:
f(x)=1 (2—x)e ¥4 =1
L(2-x)e **-1=0 = h(x)=0.
So we must find a root of h(x) where h(x) = (2—x)e*/* -1

—

(Root finding problem)

Check the sign of h(x) at different values of x: (not necessary)

X -2
h(x) 1.4

-1 0 1 2 3
1.3 1 -0.22 -1.47

Thus, there is a root lies between x =0 and x = 1.
By using fixed point method, rearrange the equation h(x) =0 in the form x=g(x):

(2-x)e *4-1=0 = (2-xe ¥4=1 = 2-x= L
e—x/4
2—-x=e¥* = x=2-¢e¥* (Inthis expression g(x)=2-e*'*)
Let x =1
(0]
1* iteration: X =9(x ) = xlzg(l):Z—e(l)"‘:0.715975

2Viteration:  x =0.715975 = x =g(0.715975)=2-e®7%79/% =0.803987

The calculations must be repeated and continued until A<g¢.

i x| X =g(x) Ai:‘xi+1—xi‘
0 1 0.715975 0.28....

1 0.715975 0.803987 0.08....

2 0.803987 0.777379 0.02....

3 0.777379 0.785485 8.1x10"3

4 0.785485 0.783021 2 4x103

5 0.783021 0.783771 75%x10 4<g

The required value is x =0.783771.

Notes:

1- Another arrangement for the above table of calculations may be used as below:

-8-
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I X Aiz‘xi+1—xi‘
0 1 -

1 0.715975 0.28....

2 0.803987 0.08....

3 0.777379 0.02....

4 0.785485 8.1x10-3

5 0.783021 2 4%10-2

6 0.783771 2 5x10" <

2- If we start with another possible expression of x=g(x) like:

1
e—x/4:_ — ex/4:2_X

(2—x)e‘x’4—1:0 =
2—X

E:In(Z—x) = Xx=4In(2-x). (Inthis expression g(x)=4In(2—-x))

Then, we get the following results:

i x| % =09(x) A= x|
0 1 0 1

1 0 2.772589 2.77.

2 2.772589 error

Thus, this expression does not converge to the required root. Therefore we must
search for another expression of x=g(x).

Example 2: For the beam shown in the figure L=4m, w =60kN/m, and the

o w
deflection is givenas y=——2—
120EIL

maximum deflection correct to three decimals.

(xs 2123 + L“xj. Find numerically the value of the
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Solution:
y  occurs at y'=0

' Wo
Y = 120EIL
5x* —6(4)*x?+4*=0 = 5x*—-96x*+256=0 [f(x)=0 Finding roots problem]
f (x) =5x* —96x? + 256
By using fixed point method, rearrange the equation f(x) =0 in the form x=g(x):

(SX“ —6L2x% + L4j =0 = 5x*-6L%x*+1*=0

where

Try 5x*—96x?+256=0 = 96x*=5x*+256 = Xx= J (5x* + 256) /96

[Here g(x) = J (5x* +256)/96 ]
Let X = 2

1* iteration: x =9(2) = J (5(2)* +256) /96 =1.870828693

2" iteration:  x = J (5(1.870828693)" + 256) /96 =1.817879947

The calculations must be repeated and continued until A<eg.

! Xi X”l:g(xi) Ai:xnl_xi‘
0 2 1.870828693 0.129....

1 1.870828693 | 1.817879947 0.052....

2 1.817879947 | 1.798740292 0.019....

3 1.798740292 | 1.792174023 6.5x10" 3

4 1.792174023 | 1.789963669 29103

5 1.789963669 | 1.78922445 73x10 ‘<g

X=~1.788854 m

y _ =Y(1.788854)

60

y

mx  120(1000)(4)

~0.036636 m ~36.6 mm

Note:

If we start with another possible expression of x=g(x) like x =‘{/(96x2 —256)/5,

then, thus, this expression will converge to another value (x = 4). Thus, we must try

another expression of x=g(x).

-10 -
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3- Newton-Raphson Method
This is one of the more popular methods used for solving non-linear algebraic

equations. It is also known as Newton's method or the tangent method. It is
convergent faster than the previous methods. The formula of this method can be
derived as follows.

Let X. be an estimation to the required root of a given function f(x). A better

estimation X, can be obtained by using the zero of the tangent to the function at X
The tangent line passes the x-axis at the improved root X, The value of X, can

be determined as follows:

f ’(xi) =tan@d, but from the shown figure: f(x)
f(x) f(x)
tanez—l s "‘f'(x-):—|’
X —X i X —
oo+l i i+1
f(x) f(x) |
or Xi—Xy=——-v = Xig =X =~ 0.
f ’(Xi) f ’(Xi) Xroot Xi+2 Xi+1 X
Notes:

1. Newton-Raphson method has slow convergence in regions of multiple
roots.

2. Near the maxima and minima points, Newton-Raphson method is either
convergent to these points or convergent to a non-required root or
divergent.

Example 1: Find the positive root of (x> —4sin x) to an accuracy of & =1x10"°.
Solution:
Let f(x)=x?-4sinx, and check the sign of f(x): (not necessary)

X 0 1 2 3
f(x) 0 -2.366 | 0.363 8.4

There is a positive root lies between x =1 and x = 2 and it is closer to x = 2.

To find this root by using Newton-Raphson method,
1% iteration:  Letx, =2,

f(X)=x2—-4sinx = f(xo):f(2):(2)2—4sin2:0.362810,

-11-
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f'(x) =2x—4cosx

= f'(x )=1f'(2)=2(2) - 4c0s2=5.664587,

X, =X, — r) X, = _ 0.362810 =1.935951.
f ’(xo) 5.664587
2" jteration: X =1.935951.
The calculations must be repeated as in the 1% iteration and continued until A<¢.
f(x)
i X 00 | F0) | x-S =l —x)
i
0 2 0.362810 5.664587 1.935951 0.064....
1 1.935951 0.011623 5.300277 1.933756 224103
2 1.933756 | 118x10-5 | 5.287682 1.933754 29%10-©
3 1.933754 | 195x10° 6 | 5.287671 1.933754 ~23x10 '<g

After 4 iterations the positive root is X ~1.933754.

Note:

Another arrangement for the above table of calculations may be used as below:

_ f(x) X2 —4sinx

' X Xig =Xi =~ =X~ I A‘:‘X' _X"
f’(xi) 2x. —4cosx belo

0 2 1.935951 0.064....

1 1.935951 1.933756 22%x10 3

2 1.933756 1.933754 22%10°8

3 1.933754 1.933754 ~2.3x10" '<¢

Example 2: Find the root of f(x) =(2—x)e™*/* -1 such that |f (x)| < 1x107°.

Solution:
By using Newton-Raphson method,

f(xX)=(2-x)e **-1,
f'(X)=(2-x)eX4*(-1/d)+e (1) = f'(X)= (z—g)ex"‘.

1% iteration:

Let x, =3
f(x)=f(3)=(2-3e 34 _1=-1.472366,

Fx)=1@) = -

(chosen arbitrary)

-12 -
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woox, U g —LAT2866 _ Ly oinnn
f ’(xo) —0.354275
2" iteration: X, =-1.156000.
The calculations must be repeated as above and continued until | (x)| < 1x1075,
f(x)
i X, f(x) f'(x) Xig =X — ; '(XI )
1
0 3 - 1.472366 - 0.354275 - 1.156000
1 - 1.156000 3.213550 - 2.388479 0.189438
2 0.189438 0.726814 - 1.385448 0.714043
3 0.714043 0.075722 - 1.105445 0.782542
4 0.782542 0.001130 - 1.072594 0.783596
5 0.783596 | 34x10" ®<1x10" °

Hence the root is X 0.783596.

Note:

If we choose x, =8 = x,=34.778112 = X, =869.152844. (Divergence)

Example 3: Solve, to three decimal-place accuracy, the following equation:

0.51e~ % _0.01e%%¢ =0.25,
Solution:

0.51e %% _0.01e% =025 = 051 %% —0.01e%% —0.25=0 [Root finding]

By using Newton-Raphson method,

f(k)
k1 = ko - .
f(k )
where (k) =0.51e" %% —0.01e%%¢ —0.25
and  f'(k)=-0.051e~ % —0.002¢%2
Let k, =0
i K, Kis1 A
0 0 4.716981132 4.716..
1 |4.716981132 5.867556335 1.150..
2 | 5.867556335 5.904661726 0.037
3 |5.904661726 5.904692139 3x10-5< &

.k =5.90481551~5.905.

-13 -
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4- Modified Newton Method
To find the roots of a function f (x), define a new function u(x) given by

u(x) = :’(())(()) ................................. (1)

The function u(x) has the same roots as does f(x), since u(x) becomes zero

Prepared by: Dr. Ahmed Sagban Saadoon

everywhere that f(x) is zero. If f(x) has a multiple root at x=c of multiplicity r

(this could occur, for example, if f(x) contained a factor (x—c)"). The u(x) may be

readily shown to have a single root at x=c.

f()=(x-c) = f'X)=r(x—c)"1,

;
u(x) = f’(X) = u(x):& —
f'(x) r(x—c)" !
Since Newton-Raphson method is effective for simple roots, we can apply this
method to u(x) instead of f(x),

u(X):(x;c)

u(x.)
Xig =X —— ——
u(x)

romEa(D), weo[TOE- TR0 Lo ) (0.6

[f' (0T [f'(0)]
The advantage of this method over the conventional Newton's method is in finding
multiple roots with a faster convergence.

Example 1: Find numerically the positive root(s) for the function: (&=1x10""°)
f(x) = x> —5.5x% + 4.0625% +10.5625.
Solution:
Sign test:
X 0 1 2 3 4 5
f(x) | 10.5625 | 10.125 | 4.6875 0.25 2.8125 | 18.375

There is an expected root(s) lies in the interval (3,4).

To find this expected root, if any, by using the modified Newton method,

1% iteration:

Let x =3
0

f(x)=x>-5.5x" + 4.0625x +10.5625 — f (x,)=f(3=0.25

-14 -
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f'(x)=3x? -11x+4.0625 = f '(x,)=1'(3)=-1.9375

f"(x) =6x—11 = f'(x)=1"(3)=7
u(x) :M = u(x) = 0.25 =-0.129032...
f(x) ~1.9375
u’(x) :1—M = u’(x) :1—m:0.533818...
[F'(x)]° (~1.9375)2

u(x ) -

X, = Xy — 0 oy =3-0129082. 550015
u'(x) 0.533818..

o]

2" iteration: X =3.241715...

The calculations must be repeated as in the 1% iteration and continued until A<eg

i Xi U(Xi) U’(Xi) Xip1 =X —u()/u'(x A

0 3 -0.129032... 0.533818... 3.241715... 0.24....

1 13241715... | 4146 x10°3 | 0.500978... 3.249991... 82x10" 2

2 13249991... | _4053 x10°° | 0.499998... 3.25 81x10° % < &

After 3 iterations the root is X = 3.25
Check for multiple root, f’(xmot) =1'(3.25)=0 = X =3.25 is a multiple root

Note:
If we use Newton-Raphson method to find the above root, with the same initial value,

then we will need more than 15 iterations to get the required accuracy. Thus,
Newton-Raphson method has a very slow convergence in determining multiple roots.

Example 2: Find the smallest positive root of the function
f(x)=x*-8.6x3-35.51x> +464.4x-998.46.  (£=1x107°)

Solution:
Check the sign of f(x) at different values of x:

X 0 1 2 3 4 5 6 7 8

f(x) | - 998.46 | - 577.17 | - 264.5 |- 76.05 | -3.42 | - 14.21 | - 52.02 | - 36.45 | 136.9
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There is a root lies between x = 7 and x = 8, but there is an expected root(s) lies

betweenx =4 and x=5

To find this expected root, if any, by using the modified Newton method,

1% iteration:  Let X =4

f(X)=x*—8.6x° ~35.51x2 +464.4x—998.46 = f(x )=f(4)=-3.42

f'(X) = 4x% —25.8x? —71.02x + 464.4 = f'(x)=1'(4)=2352
f"(x) =12x? —51.6x—71.02 = f"(x)=1f"(4)=-85.42
u(x) =1 - u(x) = —>42 _ _0.145408
f'(x) 23.52
u'(x) EETLACA (GO RN u'(x)=1- (=3.42)(=8542) _; 471906
[f'(X)] (23.52)?

u(x ) _
X, =Xy ——— = x1:4—w:4.308129

u (xo) 0.471906

2" iteration: X =4.308129

The calculations must be repeated as in the 1% iteration and continued until A< ¢

u(x)
i X u(x) W) | X=X S A=k X
i [ i u(xi) i+1 [
0 4 -0.145408 | 0.4719062 |  4.308129 0.308129
1 | 4308129 | 4.0687x10-2 | 0.5009915 |  4.300008 8.123x10~°
2 | 4.300008 | 40315x10-° | 0.5000996 |  4.300000 8x10° 6 < ¢

After 3 iterations the positive root is X .= 4.3

Check for multiple root, f’(xroot) =f'(43)=0 = X =4.3 is a multiple root

-16 -
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3- Numerical Solution of Set
of Algebraic Equations

Introduction

The solution of set of algebraic equations is an important step in wide variety
of engineering problems, such as the numerical solution of differential equations, the

structural analysis, network analysis, ....etc.

Iterative methods

In the these methods an initial set of values of the unknowns are assumed to
determine improved approximate values of these unknowns which in turn are used to
determine better approximations and so on. This iteration continues until sufficiently
values are obtained.

Solution of Set of linear algebraic equations

1- Jacobi iteration

The system of equations:

a X +a X +........ +a X =b

11 1 12 2 Im m 1

a X +a X 4. +a X =b

21 1 22 2 2m m
........................................................... (1)
a X +a X +....... +a X =b

ml 1 m2 2 mm m m
Can be written as:

xlz[bl—(a R T +a X )]/a11

x2 = [b2 — (a21x1 T + a2mxm)]/ a22
................................................................ (2)
X =[bm — (amlx1 ta X+ )] a_

In this method initial trial values are assumed which are substituted in the
iterative equations (Eq.2) of the unknowns to obtain better approximations of the
unknowns that are used to obtain new improved approximations. This method
converges if :

n

‘aii‘> Z
j

aij‘ 1=12,....... nbuti=j) ... (3)
1

-17 -
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I.e. the absolute value of the element located on the main diagonal in each row is

greater than the sum of the absolute values of the other elements in that row. So the

procedure of solution in Jacobi method is as follows:
1- The equations are rearranged for condition of convergence in Eq.3.
2- The resulting equations are written in the iterative expressions of EQ.2.
3- A set of initial values of the unknowns are assumed.

4- These values are substituted in the iterative equations to obtain new values.

5- Step 3 is repeated until the required accuracy is achieved.

Example 1: Solve the following set of equations:
4x -8y +z+21=0,
—-2X+Yy+5z2-15=0,
4x—-y+z-7=0.

Solution:.

Use Jacobi iteration,

Step 1: Rearrange the equations for convergence:
dx—-y+z=7,
4x -8y +z=-21,

—2X+Yy+5z=15.
Step 2: Find the iterative equations:

x =(+y —z)l4,
i+1 i i
Y. ., = (21+4x +2)/8,
I + 1 |
z =(15+2x —y)/5.
i+1 i i
Step 3: Assume initial values:
X =y =12 =1.
Step 4: Substitute the initial values into the iterative equations to get new values:
1% iteration:
X =(7+1-1)/4=1.75,
Yy, =(21+4(1)+1)/8=3.25,
Z =(15+2(1)-1)/5=3.2.
2" iteration: x =175, y =3.25,and z =3.2.
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The calculations must be repeated as in the 1% iteration and continued until the
required accuracy (if any) is achieved.

No. of X y 7
Iteration (i) : : :
0 1 1 1
1 1.75 3.25 3.2
2 1.7625 3.9 3.05
3 1.9625 3.8875 2.925
4 1.990625 3.971875 3.0075
5 1.99109 3.99625 3.001875
—2 —4 —3

2- Gauss-Seidel iteration

As (xl)i » Is expected to be a better approximation than (xl)i ,then it appears
more advantageous to use the value of (xl)i » in determining (xz)i » rather than
using (xl)i. Similarly, the value of (xl)i o and (xz)i L, are used to determine the
value of (x3)i L and so on. The using of this procedure will , in general, yield results

that are more rapidly convergent than the conventional Jacobi iteration.

Example: Solve the following set of equations:
4x -8y +z+21=0,
—-2X+Yy+52-15=0,
4x—-y+z2-7=0.

Solution:.

Use Gauss-Seidel iteration,

Step 1: Rearrange the equations for convergence:
dx—-y+z=17,
4x -8y +z=-21,

—2X+Yy+5z2=15.
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Step 2: Find the iterative equations:
X =(7+y —z2)/4,
I+ | 1
y =(@Q1+4x +12)I8,
1 i+1 i

I+

% :(15+2Xi Y +1)/5'
Step 3: Assume initial values:
X =y =12 =1
Step 4: Substitute the initial values into the iterative equations to get new values:
1% iteration:
X = (7+1-1)/4=1.75,
y, = (21+4(1.75) +1)/8=3.625,
z = (15+2(1.75) — 3.625)/5=2.975.
2" iteration: x =1.75, y =3.625,and z =2.975.

The calculations must be repeated as in the 1% iteration and continued until the
required accuracy (if any) is achieved.

[ X y Z
| | |
0 1 1 1
1 1.75 3.625 2.975
2 1.9125 3.953125 2.974375
3 1.994688 3.994141 2.999047
—2 —4 —3

Solution of Set of nonlinear algebraic equations

These equations can be solved by the Gauss- Seidel iteration.

Example 1: Solve the following system:
X+4y+12>-18=0,
X° +y+4z-15=0,
4x+y?+7-11=0.
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Solution:
Use Gauss-Seidel iteration,
Step 1: Rearrange the equations for convergence:

Ax+y? +z=11,

X +4y+2°=18,

x? +y+4z=15.
Step 2: Find the iterative equations:

X =@1- y%4 —12)14,

I + 1
—_(18_ _ 2
yi +1 _(18 Xi +1 Z I)/4’
z :(15_X2i+1_y

i+1 i+1

Step 3: Assume initial values:

)/ 4.

X =y =2 =1.
Step 4: Substitute the initial values into the iterative equations to get new values:
1* iteration:

X = (11-1* -1)/4=2.25,

y =(018-225 ~1?)/4=3.6875,

z =(15- 2.25% —3.6875)/4=1.5625.

2" jteration: x =2.25, y =3.6875,and z =1562.

The calculations must be repeated as in the 1% iteration and continued until the
required accuracy (if any) is achieved.

No. of X y 7
Iteration (i) : : :
0 1 1 1
1 2.25 3.6875 1.5625
—1 —2 —3
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Example 2: Solve:

x% + xy =10,
y +3xy? =57.
Solution:

Use the concept of Gauss-Seidel iteration,
Find the iterative equations:

Xi+1:\/lo_xiyi ’

Assume initial values:
X =y =1.
0 y0

Step 4: Substitute the initial values into the iterative equations to get new values:
1% iteration:

X =/10- (@) =3,
y = °1=1_ 5 agaazs.
1\ 3(3)
2" iteration: X =3,y =2494438.

The calculations must be repeated as in the 1% iteration and continued until the
required accuracy (if any) is achieved.

No. of X y
Iteration (i) : :
0 1 1

1 3 2.494438

2 1.586407 3.384172

3 2.152052 2.881771

4 1.948917 3.042387

5 2.017583 2.985723

—2 —3

IS occurred.
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4- Taylor Series

Introduction

Taylor series is the foundation of many numerical methods. Many of numerical
techniques are derived directly from Taylor series, as are the estimates of the errors
involved in employing these techniques.

Maclaurin series

Suppose that the value of the function f(x), shown in the figure, and the
values of all of its derivatives at x=0, i.e. f(0), f'(0), f"(0), f"(0),..., are known

and the value of this function at a point x is to be determined. One method is to
approximate f(x) by its tangent line at x =0, which has the equation:

p(x) = C,+CX. (polynomial of degree 1) f(x)
At x=0, px)=p(0) = p(0) =C, +C1(O) :
C = p(0), but p(0)=f(0) = C, = f(0).

p(X)=c,. |
ALX=0, P()=p(©0) = p(O)=c, ’ '

but p'(0)=f'(0) = c = f'(0).
. px)=fO)+xf'(0) = f(X)=~ f(0)+xf'(0).
The accuracy of the approximation will be better improved as the degree of the
approximation polynomial is increased. If a polynomial of infinite degree is used,

then the following approximation is obtained:

4

f(x)= f(0)+ xf'(0) + f”(O) f”’(O) O ,

© Uk
or simply f(x):Z%f"(O).
k=0

The above series (polynomial) is called the Maclaurin series (polynomial).
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Numerical Analysis / Civil Eng. / 3™ Class Prepared by: Dr. Ahmed Sagban Saadoon

Taylor series

Maclaurin series gives an approximation of a function f(x) in the vicinity of
x=0. The more general case of approximating f(x) in the vicinity of an arbitrary
value x=a is now considered. The basic idea is the same as before. Thus, if a
polynomial of infinite degree is used to approximate a function f(x) which its value
and all its derivatives' values are known at x=a, then the following polynomial will
obtained:

F(x) = f(a)+ (x—a)f'(a)+ X =) 2) f"(a) + (X ) fr(a)+ X a) FY0) +.....,

or simply f(x)=i%fk(a). ! " "

k=0
The above series (polynomial) is called the Taylor series expansion for the

function f about x=a. It is obvious that Maclaurin series is a special case of Taylor
series when the point of expansion is x=0 (i.e. a=0).

Another used formula of Taylor series expansion of a function f about X,
where its value and all its derivatives' values are known at the point x, is

2 4

f(x+h)=f(x)+hf (x)+h f”(x)+h f’”(x)+h f(X)+...... :

Order of error T x+h
The error in the value of f(x) which refers to the error resulted from omitting

n+1

terms beyond the term contains the n™ derivative is denoted as O(x — a)

If we take one term of Taylor series, then
f(x)=f(@)+0(x—a),

If we take two terms, then
f(x)=f(a)+(x—a)f'(@)+O(x—a)?,

and if we take n terms, then

(x—a)"*

(n-1)!

It is obvious that the error decreases as its order increases, i.e;

f(x)=f(@)+(x- a)f(a)+( Za) f'"(a)+....+ f"*(@)+0(x—a)".

o(x-a)"*'<Oo(x—a)".
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Error in truncated Taylor series
The difference R (x) (also called the error or remainder) between the exact
n

value of the function f(x) and the value obtained from the n™ Taylor series Tn (x) is
Rn(x) = f(X) —T (x), which is known as the n™ remainder, where

o ok
T (x)= 3 (X kl"") f'@ and R (Y= Y (X k.a)
k=0 k=n+1 )
Thus the value of f(x) can be written as:

f(x) :Tn(x) + Rn(x), which is called Taylor formula with remainder.

f¥(a).

The upper bound of the remainder in a truncated series can be estimated by:

R(x) <
r!

x=2a) f ;m‘ : (Lagrange's form)

where r is the power of (x —a) in the first truncated term and the maximum value of

the derivative f' occurs at some point c lies in the interval [x,a].

Notes:
© U
1- Let the power series is Z:Uk _Ifthe limit f(X) = lim |—%*1/=L exists, then
k=0 K=o Tk
I- The series converges when L <1. 7
Ii- The series diverges when L >1. 1

-X a X
Interval of convergence

ili- The test fails when L =1.

2- The number of terms of a given power series ZU o that are required to compute
k=0

X correct to a given accuracy ¢, cab be estimated from ‘Uk‘ <XE .

Example 1: Find the Taylor series expansion for the function f(x)=e* about x=0.

Then use it to find e®° to an error of order O(x)3. Estimate the error and
compare with the exact value.

Solution:
When the expansion is about x =0, then Taylor series reduces to Maclaurin series.
f(x)= f(0)+ xf'(0) + f "(0) + f "(0) + ..

f(x)=e* = f(x):f”(x):f (x):e — f(0)=f'(0)=f"(0)=f"(0)=e’ =1
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X2 X3 2 3
_ X _ - - X — P -

D f(X)=e"=1+x.Q)+ 2!.(1)+3!.(1)+ ......... ore” =1+x+ 2!+3!+ .........
Tocompute e?° = e*=e®® = x=05

2 2

% 214054+ 0 0(05)° = " ~1+05+ (0.5

2!
x=a) “
rt

~1.625

The error can be estimated from R(x) <

ma

Since the first truncated term in Taylor series contains the 3" derivative (i.e. r= 3),

(0.5-0)° :

m
3| max

- R(x) <

f"(x) = f"(0.5) =e®® =1.648721 & f"(@)=f"(0)=e’=1

N3
f7 =1648721 = R(x)s@

ax

><1.648721‘ — R(x)<0.034348

The (exact) value is e®° =1.648721.  (From the scientific calculator)

The absolute error A =lexact - approy =[1.648721—1.625 = 0.023721 (< 0.034348)
00— 16487211625
1.648721 |

Jx

exact — approx

The percent relative error P = x1 x100=1.44%.

exact

Example 2: Find the Taylor series expansion of f(x)=e"“" about x=0.

Solution:
When the expansion is about x =0, then Taylor series reduces to Maclaurin series.
2 3

f(x) = f(0) + xf '(0) +% £(0) +% () EI—

f(x):e*/; = f(O):e*/6 =1

' \/; 1 12 e& 9\6 1 .
f'(x)=e>".=x = f'X)=—= = f'0)=—+=== Undefined
(x)=e"*. W=7 = TO=5=7 )
Since f’(0) does not exist (undefined) = .. f(x):e*/; cannot be expanded
Jx

about x=0, or the Taylor series expansion of f(x)=e"" about x=0 does not exist.
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Example 3: Find the interval of convergence of Maclaurin expansion for sin x. How

many terms are needed to compute sin(1/2) accurately to six decimals?
Solution:

2 3
Maclaurin series is f (x) = f (0) + xf '(0) + % £7(0) + % £"(0) +
f()=sinx = f(0)=sin0=0 '
f'(x)=cosx = f'(0)=cos0=1
f"(x)=-sinx = f"(0)=-sin0=0
f"(xX)=—cosx = f"(0)=—cos0=-1

. X2 x* . x* X
" f(x):smx:0+x(1)+E.(O)+§.(—1)+ ....... = smx:x—§+§— .......
Convergence test: Check [im |51,
k - o k
3 5 o0 2k +1
SINX=X— o+ ... = sinx= Y (-)k. 2
3 o C— o (2k +1)!
X2(k +1)+1 X2k+3
U 2(k +1) +1)! 2k +3)!
fim |12 = gy [GREDEDE_ (2K I
k — o K k —> oo X2k+1 k - o X2k+1
(2k +1)! (2k +1)!
i X232k +1)!\_ _ x2k+3 (2k+1)!‘
T T | M 2k +3)(2k + 2)(2k + 1)1 g2kt |
2 2 2
= lim X ‘: X ‘: L =0<1
|2k +3) (2K + 2)‘ (200 + 3)(200 + 2)‘ .
.. The series is convergent for all values of xeR.
.. The interval of convergence is (—oo,+0).
Estimation of terms No.: Use ‘Uk‘ < X.E
X2k+1
<XE. Here £=1x10"% &  sinx=sin(l/2) = x=1/2
(2k +1)!
2k +1
%< (1/2)(1x10"°)
(2k +1)!
By trial and error k =4. Thus, five terms are needed.
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Example 4: Check whether the Maclaurin expansion for % Is valid to compute
- X

471 or not.
Solution:
3

Maclaurin series is f(x)= f (0) + xf (O)+—f”(0)+ 3 ") +......
f(x)z—:(l—x)‘l = f0)=@1-0)"'=1
1-Xx

f'(X)=—11-x)" 2.(-)=@1-x)"? = f(0)=@1-0)"*=
f'"(x)=—20-x)".(-D=2(1-x)"° = "(0)=201-0) 3=
f"(x)=2.(-3)1-x)" *.(-)=6(1-x)"* = f"(0)=6(1-0)""=

1 x> x> 1 , s
LX) =—=1+xQ)+—.(2)+—.(6) +....... = ——=1+X+X"+X +......
1-x 2! 3 X

U
Convergence test: Check [im [—X*1|,
k > o k
1 1 <
e =l XX EX+ = —=Z:Xk
1-x 1-x
k=0
U k +1
. k +1 - -
lim U—+ = lim = lim [X =[x
K = o K k > o X )

. The series converges when |x| <1 = either x<1 or —x<1 = x>-1
.. The interval of convergence is (-1,1).

To compute 4! = PR S S S P S x=-3¢(-11)
1-x 4 1-X

. Thus, the series is not valid to compute 4~ * (since it will diverge).

Example 5: Given the following DE: y"=x-Y’, y(0)=1, y'(0)=1.
Using Taylor series, find the value of y(0.5). (&£=1x10"3)
Solution:

Taylor series is f(x) = f(a)+(x—a)f'(a)+()(_Z—Ia)2 f"(a)+....

3
Take a=0.Then, at x=05 = y(0.5) = y(0) + 0.5y’ (0)+05 y"(0)+ 05 YO+

1% iteration: Use 4-terms of Taylor series
y0)=1 & y(0)=1 & y'=x-y = y'(0)=0-y'(0) = y'(0)=0-1=-1
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& ym —1— yﬂ — ym(o) —1— yn(o) — ym(o) —1— (_1) =2

2 3
y(0.5) =1+ 0.5() + O'Tf (-1) + O'T‘rl’ (2) =1.416666

2" iteration: Use 5-terms of Taylor series
yW=0-y" = YW=y = yP0=-y"0) = y?0)=-2)=-2

2 3 4
y(0.5) =1+0.5(1) +O'T5'(—1) +QT?(2) +O'TSI(—2) =1.411458

The calculations must be repeated and continued until A<g¢.

i No. of terms Yi A= ‘yi 1 yi‘
1 4 1.416666

2 5 1.411458 5.2x10°°

3 6 1.411979 52x10 ‘<g

y(0.5) ~1.411
Note: From the analytical solution y = % x> —x—2e*+3.

Thus, the exact value is y(0.5) = % (0.5)° —0.5—2e*° +3=1.411938.

Example 6: After five seconds, the following information of a moving body is
measured: position = 25 m, velocity = 10 m/s, and acceleration = 2 m/s°.
Using the principal of Taylor series, estimate the position after another
five seconds.

Solution:

Taylor seriesis f(t)=f(a)+(t—-a)f'(a) + (t _2?)2 f'@+....... :

If the position is f (t), then the velocity is f'(t) .and the acceleration is f"(t).

Expanding the function f(t) aboutt=5s (i.e. a=5) yields:

f(t)= f(5)+(t—5)f’(5)+(t _2?)2 f"(5)+....= 25+ (t—5)(10) + ( ‘2:5)2 (2)+.....

(10—

5)2
o (2)=100 m.

Att=10s = f(10)=25+(10-5)(10) +
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Example 7: Using Taylor series, compute the value of tan47° to an accuracy of
three decimal places.

Solution:

Taylor series is f (x) = f(a)+(x—a)f’(a)+(x_2|a)2 F"(a)+......

Let f(x)=tanx and a=45°=45x—_ =" radian
180 4

f (x) =tan x = f(a)=f(45°)=tan(45") =1
f'(x) =sec? x =1/cos? x — f'(45°) =1/cos?(45°) =1/(1//2)? =2
f"(x) =—2cos ® x.(—sin x) = 2sin x/cos® x
—  {"(45°) = 2sin(45°)/cos®(45°) = 2.(1/\/2) I(L/2)* = 4
f"(x) = 2(sin x(—3cos™ * x.(—sin X))+ cosx.cos™ ® x) = 6sin? x/cos’ x+ 2/ cos® x
f"(45°) =65in?(45°)/ cos* (45°) + 2/ cos? (45°) = 6(L/~/2)? I(L//2)* + 2(1//2)% =16
(=27 (=)

f(x)=1+(x—%)(2)+ 2!4 (4) + 3!4 (A6) +......

T T\» 8 TT\3
tanx=14+2(X—)+2(X—=)" +—(X——)"+.......
(x=7)+2(x =)+ 2 (x=2)

To compute tan47° = Use x=47° =47x T arw radian
180 180

1* iteration: Use two terms of Taylor series

tan 47° =1+ 2(27 _ 7y 21069813
180 4

2" iteration: Use three terms of Taylor series

4ir _z 2(‘17—”—%)2:1.072250

tan47° =1+ 2(——= - =) +
180 4 180

i | No. of terms tan 46° Al

1 2 1.069813 -

2 3 1.072250 2.4 x107°

3 4 1.072364 1.14 x10 %< &

tan47° ~1.072364
-30 -



Numerical Analysis / Civil Eng. / 3™ Class Prepared by: Dr. Ahmed Sagban Saadoon

5- Numerical Differentiation

(Finite Difference Calculus)

Introduction
Numerical differentiation is the process of finding the numerical value of

a derivative of a given function at a given point. In numerical analysis, numerical
differentiation describes algorithms for estimating the derivative of a mathematical
function using values of the function and perhaps other knowledge about the

function.

Forward and backward differences
Consider a function f(x) which is analytical (can be expanded by Taylor

series) in the neighborhood of a point x as shown in the figure. We can find f(x+ h)

by expanding f(x) in a Taylor series about x:

2 3 fix) backward

' h " h " A N
f(x+h)=f(x)+hf'(x) +Ef (x) +§f (X)+....., fo”if_a_r_o_’_ _{fritra/
solving for f'(x) yields: i ,?(X)
, f(x+h)-f(x) h,, h? .., h h
f'(x) = ——f ——f — < N>
) h 2! () 3 () 5 ! L X
) f )'(-'h X X'-;"h
or 1 =T omy, e

This equation represents the first derivative of f(x) with respect to x which is

accurate to within an error of order h. employing the subscript notation:
f(x)= fj and f(x+h)= fJ_ . then

f —f Af
fj’=%+0(h) or f;:TJ+0(h),

Af

where Af; is the first forward difference of f at j, and T‘ Is the first forward

difference approximation to f' at j with an error order of h.
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Similarly, we can find f(x—h) by expanding f(x) in a Taylor series about Xx:

h2 " h3 m
flx=h)=F(=hF(x)+ - () = £+

solving for f'(x) yields:

f)—f(x=h) h_, = h*_,
—f"(X)——F"(X)—.....,
h +2! () 3 ()
f -1 \% 8
or simply f{z'T’_lJrO(h) or f-'=TJ+O(h)’

f'(x) =

]

\%#
where V£, is the first backward difference of f at j, and T’ is the first backward

difference approximation to f' at j with an error order of h.

How to find higher order derivatives

To find f"(x), using Taylor series expansion of f(x+h) and f(x+2h)

about x gives:

f(x+h)=f(x)+hf (x)+h 1‘”(x)+h ")+, (1)
f (X +2h) = f(x) + 2hf (x)+42 f"(x) + 8h — ")+ ()

Multiplying Eq.1 by 2 and subtracting Eq.1 from Eq.2, then solving for f"(x) yields:
f(x+2h)—-2f(x+h)+ f(x) Y
h2

f"(x)= (X)—.....,

fo—2f +f A2
or simply, /=% 2‘” Lyo(h) or f/'=
h

where A fj is the second forward difference of f at j.

Similarly, by using the Taylor series expansion of f(x—h) and f(x—2h)

about x, we can get:
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f —2f +f V2§
j

fr= L JZ240(h) or fl=—1+0(h),
h? h?

where V?f is the second backward difference of f at j.
]

Generally, any forward or backward difference may be obtained starting from
the first forward or backward difference by using the following recurrence formulae:

Af =AA""f) and V" =V(V"1f).
J J J J
For example,
A f =AAF )=A(F —Ff)=AF —Af =(f —f )—(f —f)
J J i+l J i+1 J j+2
=f -2f +f.
j+2 j+1 j
Thus, the derivatives of any order, with an error of order h, are given by:

d"f A'f d"f V"
-1 10(h), or - 1,0().
dx" h" dx" h"

Note: The 1% forward and backward difference approximations of O(h) are exact for

1% polynomials (straight lines), and the 2" forward and backward difference
approximations of O(h) are exact for 2" degree polynomials. Generally, the

n" difference approximations of O(h) for f"(x) are exact for polynomials of

n-degree.

How to find more accurate approximations
More accurate expressions for derivatives may be found by taking more terms

in the Taylor series expansion. For example, to find f’(x) with O(h)?:
h? h
f(x+h)= f(x)+hf’(x)+§f"(x)+§f’”(x)+ ..... :
f(x+2h)—2f(x+h)+ f(x)

hZ

but f"(x)= + O(h), substituting above:
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h2[ f(x+2h) = 2f (x+h)+ f(x) h?

()= (0 +hf () + = . +O(h) [+ 1709 +..

solving for f'(x) yields:
— f(x+2h)+4f(x+h)—3f(x)
2h

-f +4f -3f
2

or simply, fl=—>" 2hj+1 L +0(h)?.

Note: This expression is exact for polynomials of degree 2 and lower (since the error

f'(x) = +0(h)?,

involves only third and higher derivatives).

Central differences

Using Taylor series expansion of f(x+h) and f(x—h) about x gives:

h? h?

fxHh) = F0)+ G0+ 2 1700+ 2 1700 4 3)
h? h?

fx=)= ) =h'(0+ 2 1700 =2 F" 00+ (4)

Subtracting Eqg.4 from Eq.3 and solving for f'(x) yields:

_f(x+h)—f(x=h) h?
2h 3

f —f

or simply, fj’:%ﬂLo(h)z-

f'(x) F7(X) = oo |

Note: This expression is exact for polynomials of degree 2 and lower.
To obtain f"(x), one additional Taylor series expansion in each direction is

required. In general:

d"f V"f + A" f

I dxni2 12012 1 O(h)? n is even,
dx" 2h"
d"f  Vv"f +A"f

i_ j+(n-1)/2 J-(“—l)’ZJro(h)2 n is odd.
dx" 2h"
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Note: The following table gives the most used finite difference approximations:

FORWARD DIFFERENCES BACKWARD DIFFERENCES Error
First Derivative First Derivative
- hittia e it o(h)
i~ h i~ h
f,_—3f,-+4f,-+1—f,-+z f,_3fj—41:j_1+fj_2 O(h)2
i~ 2h i~ 2h
Second Derivative Second Derivative
f-2f +f. f-2f +f.
n_ ] j+1 j+2 r_ j-1 -2 O(h
fr= 0 f/= = (h)
fr_ 2fj—5fj+1+4fj+2—fj+3 fr_ 2fj—5fj_1+4fj_2—fj_3 O(h)z
j h2 j h2
Third Derivative Third Derivative
en_ 148003004 T en_ 78080 T O(h)
j h3 j h3
f-m:—5fj+18fj+1—24fj+2+14fj+3—3fj+4 - 5fj—18fj_1+24fj_2—14fj_3+3fj_4 O(h)z
J 2h3 i 2h3
Fourth Derivative Fourth Derivative
- fj—41“j+1+6fJ.+2—4fj+3+fj+4 - fj—4fj_1+61EJ._2—4fJ._3+fJ._4 och)
i h# i h*
v _ 3fj—14fj+1+26fj+2—24fj+3+11fj+4—2fj+5 v _ 3fj—14fj_l+26fl._2—24fj_3+11fj_4—2fj_5 O(h)2
j h? i h?
CENTRAL DIFFERENCES Error
First Derivative
—f. +f. 2
r_ j-1 j+1 O h
fi=—2n )
f. . -8f +8f —f.
' j-2 j-1 j+1 j+2 4
i 12h O(h)
Second Derivative
f..—2f +f. 5
n_ j-1 J i+l h
f == O(h)
—f _+16f. -30f.+16f. —f.
n_ j-2 j-1 j L T j+2 O(h 4
fJ 12h2 (h)
Third Derivative
e —fj_2+2 fj_1—2 fj+1+fj+2 O(h)z
] 2h3
f. .—8f. _+13f _13f. +8f. .—f.
m_ _J-3 j-2 j-1 j+1 j+2 j+3 4
= L o(h)
Fourth Derivative
(v _ f,,—4f, +6f—4f, +f. O(h)?
i h¢
(v _ —1EJ._3+12fJ._2—39fj_l+56fj—39fJ.+l+12fJ.+2—fj+3 O(h)4
. 6h4
j
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Example 1: Find f'(x) at x=1 for the function f(x)=e*. Compare with the exact

answer. (Use h=0.1)
Solution:

By central difference approximations with O(h)?,

—f_ +f_ ° —o— °
fj’: i-1 j+1 +O(h)2, Qg 1 ]:.l
2h j-1 J J+1

At x=1 = j=1, j+1=x+h=1+01=11, and j—1=x—h=1-0.1=0.9.

_ .09 | .11
L HON+TAD gy o285 700815,
2(0.1) 0.2

(D)

The (exact) value is e' =2.718282 (from the scientific calculator).

exact — approx.| <100 — 2.718282 — 2.722815|

Percent relative error P= x100=0.17%
exact | 2.718282 |

Notes:
* If we use forward difference approximations with O(h),

-f +f .
’ J ]+
fj=—t 1t eom),
B 1 Al
prays DTN gy €T ) 858842,
0.1 0.1

The (exact) value is e' =2.718282 (from the scientific calculator).
2.718282 — 2.858842| <100 = 5.17%
2.718282 |

* If we use backward difference approximations with O(h),

f —f

/] i j—1
==t o),

Percent relative error P=

f') ~ ~ 2.586787 .

f'(D) =
0.1 @ 0.1

Percent relative error P= |2'718282 _ 2'586787|
| 2718282 |

fO-f09 _ e' —e%?

x100=4.8%.
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Example 2: Given the function f(x)=(x+2)*, find f'(2) correct to three decimals.

Solution:

Use central difference approximations with O(h)?,

fro_ ot +0(h)2.
! 2h
[ —0— L
1% iteration: Take h, =0.2, jl.'f 12 2J+21

At x=2 = j=2 , j+l=x+h=2+02=22, and j—1=x-h =2-02=18.

LB+ f(22) ~(18+D)" +(22+1%

£'(2) ~ ~16.352674.
2(0.2) 0.4
d - . h 0.2 ° ° °
2" iteration: Take h,=-1t=-—"-=0.1, 1.9 2 2.1
2 2 -1 j+1

j+1=x+h,=2+0.1=21, and j—-1=x-h,=2-0.1=1.09.

@9+ f(21) -(@9+D" + (214>

f'(2) ~16.002864.
2(0.2) 0.2
The calculations must be continued until A<g.
NO.. of . hi f.' Ai _ fr_ f!
Iteration (i) : i i-1
1 0.2 16.352674
2 0.1 16.002864 0.34....
3 0.05 15.916291 0.08....
4 0.025 15.894702 0.02....
5 0.0125 15.889308 5.3x10 3
6 0.00625 15.887960 1.3%x10° 3
7 0.003125 15.887623 | 33x10 %<¢

f(2) ~15.887623.
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Example 3: Find f'(0) for the function f(x)=+/x +7x. (£=1x10"%)

Solution:
Use forward difference approximations with O(h),

-f +f .
fj=—"t—=+0(h). . ]
h 0 0.2
1" iteration: Take h, =0.2, j j+1

At x=0 = =0,
- f(0)+ f(0.2)

J+1=x+h =0+0.2=0.2.
~(J0+7(0)) + (/0.2 + 7(0.2))

f'(0) ~ 02 f'(0) ~ 03 ~9.236.
S h 02
2" iteration: Take h,=-1=—=0.1.
2 2
The calculations must be repeated as in the 1% iteration and continued until A<¢.
No. of h £/ A =|f—t
Iteration (i) ! i i-1
1 0.2 9.236068
2 0.1 10.162278 0.92621
3 0.05 11.472136 1.309858
4 0.025 13.324555 1.852419 (divergence)
f'(0) is undefined (does not exist).
Check: f’(x)=i+7 = f’(O):L+7:1+7. (undefined)
2+/x 240 0

Example 4: Find f'(0), f'(2), f'(4), and f"(0) with error of O(h)? for the

function of the following equally spaced data:

X

0

1

2

3 4

f(x)

30

33

28

12 -22

Solution:

* At x =0, forward differences must be used with O(h)?,

fl=

-3f +4f
j

j+1

—f
122 1 0(h)?,

J

2h
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-3f(0)+4f (1) - f(2) _—3(30) +4(33) - (28) _

- F(0)= 7.
© 2(1) 2
2f —5f 1+4f_ 2—f_ ; ,
"_ J ]+ ]+ ]+
f= = +0O(h)*,
. £7(0)= 2T (0)-5f@)+4f(2)- f(3) _ 2(30) —5(33) + 4(28) — (12) _ s
W? 1
* At x =2, use central differences with O(h)?,
—fj 1+1‘j . ,
f'= — * +0(h ,
j o (h)
2= f@)+ (3 :—(33)+(12) __105.
2(1) 2
* At x =4, backward differences must be used with O(h)?,
3f —4f 1+f_ , ,
fr=—> — 12 L 0(h)?,
. 2h ()
1:,(4):3f(4)—421;1()3)+ f(2) :3(—22)—42(12)+(28) T

Example 5: The following data represent a polynomial. Find its equation.

X

0

1

2

3

4

5

f(x)

1.0

0.5

8.0

35.5

95.0

198.5

Solution:

The forward differences can be calculated as shown in the table below:

X f (x) Af A* f A3 f A*f
0 1.0 -0.5 8 12 0
1 0.5 7.5 20 12

2 8.0 27.5 32 12

3 35.5 59.5 44

4 950 | 103.5

5 198.5
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Since the 3" difference (which is equivalent to the 3™ derivative) is constant, then the
polynomial is of 3™ degree. The forward difference representation of the 3"
3 3
derivative is: a-f = At +0O(h).
dx* h?
However, for a 3" degree polynomial, this expression is exact (i.e. O(h)=0).

3 3 2

ar At 12 ., o 9 oAl
dx* h® 18 dx?

df

; =6x°+Ax+B = f(x):2x3+§x2+BX+C.
X

We have 3 unknown constants, so we need 3 points. Substituting the three points
(0,1), (1,0.5), and (2,8) into the above equation gives respectively:

2(0)3+§(0)2+B(O)+C:1 = C=1
2(1)3+§(1)2+B(1)+1:0.5 = A+2B=-5 ... 1)

2(2)3+§(2)2+B(2)+1=8 = 2A+2B=-9 ... (ID)

Solving Egs. | and Il simultaneously gives:
A=-4 and B=-1/2

f(x):2x3+_74x2 +_71x+1 =  f(x)=2x>-2x* —x/2+1.

Example 6: The deflections at selected locations in a beam, of El =4x10° N.m? and
L=4 m, are:

Location(m) (0| 05| 1 | 15| 2 | 25| 3 |35 4

Deflection (mm) | 0 | 12.7 | 23.1 | 30.8 | 33.329.9 226|118 O

Determine, as accurate as possible, the slope and shear force at both ends
and the bending moment at midspan.
Solution:
Let x represents the location and y represents the deflection, then,
The slope 6 :ﬂ’ shear force V :—El.d—gy, and bending moment M :—El.ﬂ.
dx dx® dx?
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* At x=0 m, forward differences must be used and we choose it with O(h)?,

-3t +4f  —f
4 J ]+ ]+ . ° . . . . ° . .
The slope 0] == 2h ’ 0 05 1 15 2 25 3 35 4
L =30 +4y(05) - y() _-3(0)+4027) (23D _ ., 1o
0 2h 2(0.5)(1000)
-5f +18f -—-24f +14f -3f
The shear force V. =—EI.f"=-El. ) j+1 j+2 i+3 i+4
J 2h3
V ——El —5y(0) +18y(0.5) —24y(1) +14y(1.5) - 3y(2)
o oh3 ’
V —-4x10° " 5(0) +18(12.7) — 24(23.1) +14(30.8) — 3(33.3) _ _33000N.
° 2(0.5)*(1000)

* At X =4 m, backward difference must be used and we choose it with O(h)?,

3f —4f  +f
Theslope  =f/=—1 1"+ 1°%2
j 2h
Lo = 3y(4) —4y(3.5) + y(3) _ 3(0) —4(11.8) + (22.6)  246x10" 2,
4 2h 2(0.5)(1000)
5f -18f +24f -14f +3f
The shear force V. =—ELf"=-El. 1 1= 1-2 J=3 J-4
J 2h3
V —_E] 5y(4) —18y(3.5) + 24y(3) —14y(2.5) + 3y(2)
A = . 2h3 ’
V — 2100 5(0) ~18(11.8) + 24(22.6) ~14(20.9) +3(333) _ o000
‘ 2(0.5)*(1000)

* At x =2 m (midspan), using central difference and we choose it with O(h)*,

- f 2+16f_ 1—30f_+16f_ 1—f_ ,
The bending momenth:—EI.fj"z—EI. 1= 1 - J i+ i+

12h?
M —_E| y(@) +16y(1.5) —30y(2) +16y(2.5) — y(3)
? 12h?
M = 4108 " (23.1) +16(30.8) — 30(33.3) +16(29.9) — (22.6) _ 98000N.m.

12(0.5)?(1000)
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6- Numerical Integration

Introduction
The primary purpose of numerical integration (also called quadrature) is the

evaluation of integrals which are either impossible or else very difficult to evaluate
analytically. Numerical integration is also essential in the evaluation of integrals of
functions available only at discrete points. Such functions often result from the
numerical solution of differential equations or from experimental data taken at
discrete intervals.

An integral of a given function represents the area enclosed by this function
and the x-axis. So, evaluating this area is equivalent to evaluate the integral of this
function. In the following, some of numerical techniques, which are used to evaluate
an integral, are presented. fix)

/

1- Trapezoidal rule
Consider the integral:

b : E
| =] f(x)dx, | X
a

If f(x) is replaced by a straight line (1% order polynomial) connecting two points,

then the area under this function can be computed from:

| = 2.(f61 + f,). [Trapezoidal rule for one segment (panel)]
If we divide the interval [a,b] into n equal subintervals (segments) then:
f(x)

b-a f,
h:AX:—, f
n fo ‘:1

h h h
I :E'(fo + f1)+5.(f1 + )+ + E'(f”_l +f.),

1
——
a : : ' o b
Xo X1 X2 Xz e Xn

n-1
or | :g.(f0 +2> f,+f,),  (trapezoidal rule for n segments)
=

where, f,=f,=f(a) and f, =1, =f(b).
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Notes:

1- The trapezoidal rule gives an answer with an error of order O(h)?.

2- The trapezoidal rule gives an answer which is exact for 1% degree polynomial
and approximate for other polynomials of higher degree.
3- Reducing h will, in general, provide more accurate answers.
f(x)
A

A

2- Simpson's rule

2.1- Simpson's 1/3 rule

If f(x) is replaced by a 2" order polynomial

(parabola) connecting three points, then the

area under this function can be computed from: : i X

Xo xll X5
| = 2.(fO +4f,+ f,).(Simpson's 1/3 rule for two segments)

If we divide the interval [a,b] into n equal subintervals (n is even) then:

I :2.(f0 +4f + f2)+g.(f2 +4f,+ f)+.. + g.(fn_2 +4f ,+ 1),

n-1 n-2
or | =g.(f0 +4 > f,+2 > f; +f,). [Simpson's 1/3 rule for n (even) segments]
i=1,3,5,.. i=2,4,6,..

Notes:

1- Simpson's 1/3 rule gives answers with an error of order O(h)*.

2- Simpson's 1/3 gives answers which are exact for polynomials of 2™ degree or

lower and approximate for other polynomials of higher degree.
f(x)
A

A

f5

2.2- Simpson's 3/8 rule

If f(x) is replaced by a 3" order polynomial

(cubic equation) connecting four points, then §<_h_>§<_h _)(_h_>
the area under this function can be computed a b > X
from: X X X X

| = %.(f0 +3f, +3f, + f;). (Simpson's 3/8 rule for three segments)

If we divide the interval [a,b] into n equal subintervals (segments) then:
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I =%.(f0 +3f, +3f, + f3)+%.(f3 +3f, +3f;, + f6)+..+%.(fn_3 +3f, ,+3f ,+ 1)
n—4
or | :3—8h.[f0 +3(f,+ f,+ f,+ fg+..)+2 D> f,+f,]1.  (3/8rule for n segments)
i=3,6,9,..

Notes:

1- Simpson's 3/8 rule gives answers with an error of order O(h)*.

2- Simpson's 3/8 rule gives answers which are exact for polynomials of 3™ degree
or lower and approximate for other polynomials of higher degree.

T
Example 1: Evaluate | = jsin xdx using six segments. Compare with the exact
0

answer. . f f fa f, fs o

Solution: 0 w6 216 3n/6 4n/6 Su/6 T

_b—a_ﬂ—O_z

Since n=6 — h = Ax .
n 6 6

n-1
By using the trapezoidal rule (which is of error of O(h)?) = 1 :g.(fO +2> f, +f,),
i=1

I :%m.{fo+2(fl+ f,+f+f,+f)+f}

=%[Sin0 + 2{sin(z/6) + sin(27/6) + sin(37/6) + sin(4z/6) + sin(5x/6)} + sin(x)]
~1.954097 .
The exact value is | =[-cosx]" =(-cosz) — (-c0s0) ={~(-D)}-{-D)}=2.

2 —1.954097|

_|exact —approx.|x100:‘ ‘x100=2.3%.
2

Percent relative error P—‘

exact ‘

Notes:

* |f we use the Simpson's 1/3 rule (which is of error of O(h)*) then,

h n-1 n—-2
| :5_(f0 +4 42D f +f,),

i=1,3,5,.. i=2,4,.

I :%/6.{](0 +4(f, +f,+ f)+2(f,+ f,)+ f.},
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= ﬁ[sin 0+ 4{sin(z/6) + sin(3z/6) + sin(57/6)} + 2{sin(27/6) + sin(47/ 6)} + sin(x)]

~ 2.000863.

exact — approx.| <100 — 2 —2.000863|

Percent relative error P= ‘ 5 ‘ x100 =0.04%.

exact

* |f we use the Simpson's 3/8 rule (which is of error of O(h)*) then,

3h n-4
I ZE'[fO +3(f,+ f+ f,+fs+..)+2 D f +f,.],

i=3,6,9,..

I =@.{f0 +3(f, + f,+f, +f)+2(f,)+ .},

- %[3"‘ 0+ 3{sin(z/6) + sin(27/ 6) + sin(4z/ 6) + sin(5/ 6)} + 2sin(37/6) + sin(x)]

~ 2.000005.

exact — approx| <100 - 2 —2.000005|

Percent relative error P= ‘ x100=0.0003%.

exact ‘

1.2
Example 2: Given the function f (x) =(x+1)*, find j f (x)dx correct to three

1
decimal places.

Solution:
By using the trapezoidal rule,
fa f,
1% iteration; Taken=1 = h:b_a=1'2_1=0.2, T 5
n 1 '

| =g.(fa + fb)=2.[f(1)+ f(1.2)]=0—£2.[(1+1)1 +(1.2+1)1?1=0.457577.

_ _ fo fl f2
2 iteration: Taken=2 = ho2-2_12-1 =0.1, . . .
n 2 1 11 12

| :2.(f0 +2f, +f,) :2.[f @) +2f@Q1)+ f(1.2)]:02'1.[(1+1)1 +21.1+D)M + (1.2 +1)1?]=0.454962

The calculations must be continued until A<g¢.
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No. of h | S
Iteration (i) i i i
1 0.2 0.457577
2 0.1 0.454962 2.6 x10° 3
3 0.05 0.454306 | 65 %10 *<¢
1.2
| £ (x)dx ~0.454306.
1
9.9

Example 3: Evaluate j f (x)dx using the following data:
0

X 0 1.1 2.2 3.3 4.4 55 | 66 | 7.7 | 88 | 99

f(x) 0 0.6 0.8 0.6 01 | -021]-01] 01 | 03 | 04

Solution:
f.o f1 f, f3 fs f5 f6 f7 f8 f

0 11 22 33 44 55 66 7.7 88 9.9

Here we have n=9 and h=1.1.

Solution I: By using the trapezoidal rule = | =E.(f0 + 22 f. +f.),
i=1
h
| = E{ +2(f,+f,+f,+f,+ .+, +f, + 1)+ f}
1.1

=10+2{0.6+08+0.6+0.1+(-02) + (-0.0) + 0.1+ 0.3} +0.4]= 2,64,

Solution 11: Since n =9 (odd), so we cannot use the Simpson's 1/3 rule directly.
Instead, we can apply it for the first 8 segments and the trapezoidal rule
for the last segment:

I =g.{f0 +4(f, + fo+ fo+ )+ 2(F,+f, + f,)+ f8}+g.(f8 + fy),

= 1'31[0 +4{0.6 +0.6 + (-0.2) + 0.1} + 2{0.8 + 0.1+ (-0.1)}+ 0.3] + 1'21[0.3 +0.4] = 2.695-

Solution I11: We can apply the Simpson's 1/3 rule for the first 6 segments and the 3/8
rule for the last 3 segments, then:

I :2.{f0 +4(f, + f,+ f)+2(f, + )+ f 3+ %.{f6 +3(f, + f5) + fo},

3(L.1)

= 1'31[0 +4{0.6+ 0.6+ (—0.2)}+ 2(0.8+0.1) + (-0.1)] + [-0.1+3(0.1+0.3) + 0.4] = 2.70875.

- 46 -




Numerical Analysis / Civil Eng. / 3™ Class Prepared by: Dr. Ahmed Sagban Saadoon

Solution 1V: Since n =9 = (3% 3), so we can use the Simpson's 3/8 rule directly:

I :%.{f0 +3(f, + f,)+ f,}+ 3—8h.{f3 +3(f, + )+ f 3+ %.{Q +3(f, + f5) + fy},
3h
or | :E.{f0 +3(f,+ f,+f,+f,+f, +f)+2(f, + f)+ f,},
3(1.1)
= T[O +3{0.6+0.8+0.1+(-0.2) + 0.1+ 0.3} + 2{0.6 + (-0.1) } + 0.4] = 2.68125.
Example 4: A rectangular swimming pool is (7.5 m) wide and (12.5 m) long. The

depth of water (h) of distance (x) from one end of the pool is measured
and found to be as follows:

Distance,x,(m) | 0 |125| 25 | 3.75 5 7.5 10 | 125

Depth, h, (m) | 1.5 | 2.05 | 2.275 | 2.475 | 2.625 | 2.875 | 3.075 | 3.25

Determine, as accurate as possible, the volume of water in the pool.

RN S S

Solution: 0 12525 3755 75 10 12.5

Volume of water = Lateral area of water x wide = [Qfsh.dx) x 7.5,
0
Here we have 4 segments of h; = 1.25 m and 3 segments of h, = 2.5 m.
By using the Simpson's 1/3 rule for the first 4 segments

and the 3/8 rule for the last 3 segments we get:

h h 3h
I :51.(f0 +4f + f2)+§1.(f2 +4f, + f4)+?2.{f4 +3(f; + f;)+ 1.},

= 132)5 {L.5+4(2.05) + 2.275} + 1'?2)5.{2.275 + 4(2.475) + 2.625) + 3(2'5)

~35.63 m-.

{2.625 + 3(2.875 + 3.075) + 3.25}

~.Volume of water ~ 35.63 x 7.5 ~ 267.225 m°.
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3 2x°
Example 5: Evaluate I =| [ (x*+ y)dydx. (Use 4 segments in each direction)
2 X

Solution:
2x°
Let f(x,y)=x*+y = g(x)= jf(x,y)dy (the inner integral)

X

3_2 0o O 02 03 04
1 =[g(x)dx. h =2—2-0.25 . o . -~ o
; x 4 2 225 25 275 3
By using the Simpson's 1/3 rule, _h (f,+4 Zf +2 Zf +f.),
3 i=135,.  i=0,46..
h
:_X-{go +4(0; +93) + 20, + 9,4},
O 25

=3 [9(2) + H{9(2.25) + g(2.75)}+ 29(2.5) + g(3)].

2(2) f fl fg f3 f4

Tofind g(2): g(2)= [f(2.y)dy= jf(z y)dy. -« o o o+ o
) ) 2 55 9 12.5 16

h h :16—2:35
.'.g(2)=—y.[fo+4(f1+f3)+2f2+f4] y© 4 '
:ﬁ [f(2.2)+4{f (25.5) + f(212.5)}+ 2 (2.9) + f (216)]
f(2,2):22+2:6, f(25.5)=22 +55=95, £(2,9) =22 +9-13,

f(212.5)=2% +12.5=16.5, and f(216) =2% +16 =20,
g(2) = 3—; [6+4(9.5+16.5) + 2(13) + 20] =182.

Similarly,
g(2.25)=360.9009, g(2.5)=664.8438, g(2.75)=1154.995,and g(3)=1912.5,

(Note: h, is different for each of these inner integrals)

RS % [L82 + 4(360.9009 +1154.995) + 2(664.8438) +1912.5] ~ 790.6478.

3 2X
3 2x 3 2
The exact answeris: 1= [ (x*+ y)dydx= j[xzy + y?] dx,
2 X 2 X

3 NG 2% 2x" x* x|
[l 2xs v ax® oxd X x| 2 20X —790.5357.
. 2 6 7 4 2@,
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Romberg integration
This powerful and efficient numerical integration technique is based on the use

of the trapezoidal rule combined with Richardson extrapolation. Richardson
extrapolation is carried out according to:

| =1 .(4k—1| —|),
k 4k—1_1 m |

where | and II are the more and less accurate integrals, respectively.

m

If k=2, then I2 = %.(4I o I|) which gives approximations with O(h)*.

If k=3, then I3 115 (16I — I|) which gives approximations with O(h)°®.

If k=4, then I4 613 (64I - I|) which gives approximations with O(h)®.

If k=05, then l = 225 (256I — I|) which gives approximations with O(h)*°

08
Example 1: Evaluate j e~ * dx using Romberg integration with an absolute

0
convergence criterion of £=10"°.

Solution:

_ _ fa f
1% iteration: Taken=1 = h= b-a_08-0_ 0.8, . .

n 1 0 0.8

| :2.(fa + f )—— [f(0)+ f (0. 8)]—— [e @ 4e 90610917

— — fo fl f
o™ iteration: Taken=2 = h=0"2_08-0_ 0.4, . . .
- n 2 0 04 0.8

| = g (fo+2f,+1,) = g[f (0) +2f (0.4) +  (0.8)] = o—é‘l[e—“’)2 +20°04" 4 ¢-09°120,646316

fo fl fz f3 f4
b-a 08-0 0y 04 o6 o

3"“iteration: Taken=4 = h= = '4 =0.2, 02 04 06 08
n

| :g.(f0+22 f+ fn):g.[f(0)+2{f(0.2)+ f(0.4) + f (0.6)}+  (0.8)]

= 0_22 [ + 2{e ¥ 4 4o} e ®']=0.654851.
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The calculations must be continued until A<g.

| n 3 |2=%.(4|m—|l) I3=%.(16Im—ll) |4:é.(64|m—|l)
1 1 |0.610917
2 2 [0.646316 |  0.658116
3 | 40654851 | 0.657696 0.657668
4 | 8]0.656966 |  0.657671 0.657669 0.657669
A 0.04.... 4.4 x10™* 1x10"°<e¢
0.8

o e ¥ dx~0657669.
0
Example 2: (Final 2014) A rod is subjected to an axial tensile load and the stress-
strain data, up to the point of rupture, is tabulated below. The area under

the stress-strain curve, up to the point of rupture, is called the modulus

of toughness. Compute this modulus to O(h)®.

Strain, ¢ (x10°3) | O 5 10 | 15 | 20 | 25 | 30 | 35 | 40

Stress, o, (N/mm?) | 0 | 5 | 10 | 16 | 21 | 25 | 28 | 30 | 31
Solution:

Since the modulus of toughness represents the area under the stress-strain curve,

3

40 x 10~
.. the modulus of toughness = ja.ds

0

Since the answer is required to O(h)®, then we must use Romberg integration .

~b-a 40x107°-0

1% iteration: For n=1 = h . . =40x1072,
3 Oa Obh
ENCRS :%.[0%1]:0.62. 0 40%10°
2" iteration: Taken=2 = h= b ; a_ 4OX12_3 —0_ 20x10°,
& o o
. .

L ]
0 20x10° 40x103
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-3
I :g.(o-o + 20, +0,) =%.[0+ 2(21) +31]=0.73.

The calculations must be continued until the required order of error is achieved.

i n l |2:%.(4|m—|l) |3:%.(16|m—|l) I4:é.(64lm—ll)

1 1 0.62

2 2 0.73 0.766667

3 4 0.745 0.75 0.748889

4 8 | 0.7525 0.755 0.755333 0.755435
Order of error o(h)* O(h)® O(h)®

. The modulus of toughness ~0.755435 N/mmZ.
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7- Numerical Solution of
Ordinary Differential Equations

Introduction
An n™ order differential equation requires n conditions to obtain a unique

solution. If all conditions are specified at the same value of the independent variable,
then the problem is called an initial value problem, such as

y'+2y=Inx, y(0)=1and y'(0)=0.
If the conditions are specified at different values of the independent variable, then it
is a boundary value problem, such as

Ely"=-M, y(0)=0 and y(L)=0.
I- Solution of initial value problems

I-a- Solution of 1* order ODEs
Different numerical methods are used to solve 1% ordinary differential equations.

Consider the following 1% order ordinary differential equation y'= f(x,y):

1- Euler's method

y flx)
H j+1 B y \l -~
From the figure y’ :%, Y, Vjua
]
j+1 o i f , — h — oy
= TGy, j j+1
or  Y.=Y;+hf(xy;). (New value = old value + step size x slope)

Note: Euler's method gives approximations with an error of 1% order O(h).
2- Second order Runge-Kutta method
Yia =Yt h'kZ’

h h
where  k, = f(x;,Y;) and kZ:f(xj+§,yj+Ekl).
Note: The 2" order Runge-Kutta method gives approximations with an error of 2™

order O(h)?.
_5) .
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3- Fourth order Runge-Kutta method

h
Yin =Y, +€(k1 + 2k, + 2k, +k,),

h h
where k= f(Xx,y;), kZ:f(xj+E,yj+§k1),

h h
ks = T (X, +§’yj +§k2), and  k,=f(x; +h,y; +hk;).
Note: The 4™ order Runge-Kutta method gives approximations with an error of 4"

order O(h)*.

Example 1: Find y(@) if % :%(x -y), y(0)=1. (Useh=1)
X
Solution: Yo Vi
1 [ 4 @
The slope f(x,y)=y'=7(x~) 0 pp 1

With the given step size h=1, we need one step to move from the start point x=0
(where condition is given) to the end point x =1 (where y is required).
Solution 1: By Euler'smethod = vy, , =y, +h.f(x,,y,).

;=0 and vy, =y(x;)=Yy(0)=1,

y, =1+ h.f(01) =1+ (1)[%(0-1)]: 05.
* From the analytical solution:

y=x-2+3"%? = y1)=1-2+3e"?=0.819592. (Exact answer)

exact — approx.| <100 - 0.819592 — 0.5| 100 ~39% .
exact | 0.819592 |

Solution I1: By the 2" order Runge-Kutta method = Yia=Y; +hk,,

* Percent relative error P=§

where k = f(x;,y;) and k, = f(x; +g,yj +gk1).
X; =0 and Yi :y(xj): y(0) =1,

K, = f(0,1)=%(0—1)=—0.5,
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K, = (0 +%),(1+%>< (-0.5))) = f(0.5,0.75) :%(0.5— 0.75) = ~0.125,
-y, =1+ (1)(-0.125) = 0.875.

* Percent relative error P= %O'8132325_9%875§ x100~6.8%.

Solution 111: By the 4™ order Runge-Kutta method,

h
Yin =Y, +€(k1 + 2k, + 2k, +k,),
h h
where k= f(x;,y;), kZ:f(xj+§,yj+Ek1),

h h
k3:f(xj+§,yj+5k2),and k,=f(x; +hy; +hk;).
X; =0 and vy, =Yy(x;)=Yy(0)=1,

K, = f(0,1):%(0—1):—0.5,

K, = f((0+%),(1+%>< (~0.5))) = f (0.5,0.75) :%(0.5—0.75) — 0125,

k,=f((0+ %),(1+ % x (~0.125))) =  (0.5,0.9375) = %(0.5 —0.9375) =-0.21875,

K, = f((0+1),(1+1x (-0.21875))) = f (1,0.78125) :%(1— 0.78125) = 0.109375,

oy, =1+ %(—0.5 + 2(~0.125) + 2(~0.21875) + 0.109375) = 0.820313.

* Percent relative error P=|0'819592 — 0820313
| 0.819592 |

%100~ 0.09%.

Example 2: Use Euler's method to find y at x =2, given that
dy —e*+*dx =0, y@)=0. (Useh=0.2)

Solution: i Yz Via Yis  Yis Y2
d 1 1.2 1.4 1.6 1.8 2
Y _exr0y o Theslopeis f(x y)=e*" Y.

dx
With the given step size h=0.2, we need 5 steps to move from the start point x=1
(where condition is given) to the end point x =2 (where y is required).
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Using Euler's method = vy, =y, +h.f(x,,y;).
Step 1: x;=1and y;=y(x;)=y@)=0,
Y., =Y, + h.f(1,0) =0+ 0.2 x e =0.543656.
Step 2: x;=12 and vy, =Yy,;,=0.543656,
Y., =Y, +hf(1.2,0.543656) = 0.543656 + 0.2 x e"**©%4%%0 =1 244779,

The calculations must be continued for 5 steps.

Sl\tlzp (:jf) % Y, FOGy) =" | Vi =y, +hA(x,y))
1 1 0 2.718282 0.543656
2 12 0.543656 3.505614 1.044779
3 14 1.044779 4502745 2.163328
4 16 2.163328 6.149266 3.393181
5 18 3.393181 8.493644 5.091910

y(2) ~5.091910.

I-b- Solution of a set of 1% order ODEs
To solve a set of ordinary differential equations we can use the previous

methods (either Euler's or Runge-Kutta method).

Example: For the following set of ordinary differential equations, ifat x=0, y=4
and z =6, then by one step of the 2" order Runge-Kutta method, find
yand zat x=0.5.

d—y:x—0.5y+z, %zx—y+22.
dx dx
Solution:
Let fl(x, y,z2)=y' =x-0.5y+z (which is used to find y),
and f (x,y,2)=2'=x~y+2z (whichis used to find 2). 0 o 0.5

From the start point x=0 to the end point x=0.5, by one step, we need a step size
of h=0.5.
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By using the 2" order Runge-Kutta method,
yj+1 y] +h. (k )1 and Zj+1:Zj +h.(k2)2 Where,

h h h
(kl)l = fl(Xj’yj7zj) and (k2)1 = fl(xj +§lyj +E(k1)1azj +E(k1)z)-

h h h
k), = f,(x;,y;,2;) and (k2)2:fz(xj+§,yj+5(k1)1,zj+§(k1)2).

Xx; =0, y;=Y¥(x;)=y(0)=4, and z,=2(x;)=2(0)=6.
(k), = f,(0,4,6)=0-0.5(4) +6=4,
(k,), = 1,(0,4,6)=0—4+2(6) =8,

(k,), = f,((0+ —) (4+ 0—25 x 4), (6+0—25><8))—f(02558) 0.25-0.5(5) +8=5.75,

(k,), = f,((0+ )(4 % x 4),(6+ %xs))_f(ozsw) 0.25-5+2(8) =11.25,

S Yos =4+ (0.5)(5.75) =6.875, and
Z,, =6+ (0.5)(11.25) =11.625.

I-c- Solution of second order ODEs

To solve a 2" order ordinary differential equations we can use either the
previous methods (but first we must transform the problem into a set of two 1% order
ODEs.) or we use suitable finite differences approximations.

Example 1: Using h=0.1, find y(0.1) to O(h)? if
2
aY_y e, vy =1, Y =o0.
dt? dt
By using the 2" order Runge-Kutta method which is of O(h)?.
We must first transform the problem into a set of two 1 order ODEs.

2
Let ﬂ:z = %=M:y+et.
dt dt dt?

Put fl(z) =y'=z (which is used to find y),

and f (ty)=2'=y+ e’ (which is used to find z).
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yj+l yj +h (k )1 and Z]+1:ZJ +h-(k2)2 Where,
h
k) =1(@,y,.z) and k), = Lt +2.y,+3 (k )2+ (k))

h
k), =f,(t,.y,,z;)) and (k,), = f,(t, +E’yj Jrz(kl)l,zj +§(kl)2).

Since h=0.1, then we need one step to move from the start point t=0 to the end
point t=0.1.

]

d
=0, y;=yt;)=y(0)=1 and zj=d—¥(tj)=o.

(kl)l = f1 (01110) = 01 )io y.O.l
0 _ 0.1
k), =T, (0,1,0) =1+e%=2, h=0.1
0.1

(k,), = f.(0+ )(1 7 x0),(0+x2))= £,(0.0510.) =0.1,

(), = f,((0+ —) L+ 7 % 0), (0+071x2))—f(005101) 1+6%% = 2,051271,

" Yo, =1+(0.1)(0.1) =1.01, and
z,, =0+ (0.1)(2.051271) =0.205127. (Not required, representing the slope)

Example 2: For the shown cantilever, find numerically the deflection at the free end.

(Use h=1m) P
Solution: :
<L =83m——
E|y” =—M. El constant
y
Fromleft, M =—P(L-x) = EIly"=P(L-X),
P P

Or —5(3—X), y(0)=0, y'(0)=0. \

X~ S x
By using the 2" order Runge-Kutta method which is of O(h)?. 'y

We must first transform the problem into a set of two 1% order ODEs.

Let

P
=7 '=y"=—(3-X).
y = y EI( )

Put fl(z) =y'=z (which is used to find y),
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and fz(x) =7 :5(3— X) (which is used to find z).

Yin=Y; +h(k,), and  z,,=2,+h(k,), where,

h h h
(k). = f.(x;,y;,2;)  and  (k,), = fi(X; +E,yj +§(k1)1’zj +§(k1)2).

h h h
k), = fZ(Xj1yj’Zj) and (ky),=f (X +5 5 +E(k1)1rzj +E(k1)2)-

Since h=1 m, then we need three steps to move from the start point x =0 to the end
point x=3 m.

Step 1: x;=0, y;=0, and z;=Y'(x;)=0. Y3 Y2 Y1 Yo

(k,), = £,(0,0,0) =0, v

(k)z_f(OOO)——(3 0)= 3F|)
(k) = (0+2),0+5x0, 0+ x 2 =G0 ) =2,
(k.), = fz(%,o,%)=—< )=

_0+ ()(%)_E (deflection at x = 1 m)
=0+ ) = (slope at x = 1 m)

Step2 X<l y =, and 7=

(), = LA 23; 25IIEDI):25I§I’
k), = £, %%)——( -9-2,
()= (@ D o4 x 2N = (G ) =
(k.), = fz(g,. )= @)=
"y, 2EI ()(E)__ (deflection at x =2 m)
= ) =T (slope at x =2 m)
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5P 4P
Step 3: =2, L=— d L=
ep X y, £l an Z; £
5P 4P
(kl)lzfl( __)__
5P 4P
(kl)zzfz( __)__( - )—_
4P 1 P
k,), = f,((2 —————,.—_—
()= (@4 D+ EI)) Crom) =
5
k), =fC,..—)=—B-2)=——ro
(k,), 2(2 2EI) ( )
5P 19P . _
A'A ()(E)_E’ (deflection at x =3 m)
ST Ay VAL L (slope at x = 3 m)
7 E 2El” 2El° P
19P

.. The deflection at the freeend is y, = SEl

I1- Solution of boundary value problems

To solve this type of ordinary differential equations, finite differences
approximations are used.

Example 1: Find y(2) and y(3): (Use h=1)

2
x2u+xd—y—y:0, y() =6, y(4)=9.
dx?  dx

Solution:
By using central finite differences approximations:

For the given ODE, using central finite differences approximations of O(h)* we get,

y =2y +Yy. -y Ty
X? j-1 ] j+1 X j-1 j+1 _yjzo’
j h2 j 2h

X; y Y Y3 oy
X?(yjfl _2yj + yj+1)+7j(_yj71 + yj+1)_h2yj =0, 01—02—03—04
. ] ) 1 2 3 4
X X.
(¢ ==Y, = (@3 + Ry, + (¢ + =Dy, =0. (Two unknowns)
J J J
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At x; =2, (Note: from the given conditions y, =6 and y, =9)
(22 —1>;2)y1 —(2x2% +1%)y, +(2° +%)y3 =0,
3(6) -9y, +5y, =0 = -9y, +5y,=-18. ... (1)
At x; =3,
1x3

1x3
(32 _T)yz _(2X32 +12)y3 +(32 +T)y4 :O’

7.5y, —19y, +10.5(9) =0 = 7.5y, -19y,=-945. ... (2)

In matrix form: = )
7.5 -19||v; -94.5

Use Cramer's rule:

-18 5 ‘
~945 -19| —18(-19)—5(-94. .
y, - _-18(-19)-5(-945) 8145 _ .01y
9 5 ~9(-19)-5(7.5) 1335
75 -19
‘—9 —18‘
75 —945 —9(-94.5)—(-18)(7. .
. _—9(-94.5)~ (-18)(75) _ 9855 __ 1orrn
-9 5 1335 1335
75 -19

Note: The analytical solution is y = 4 +2X = Yy(2)=6 and y(3)=7.333333.
X

Example 2: Find, numerically to O(h)?, the deflection at midspan. (Use h=1m)

ion: 1000kN/
Solution: v v % m_
dy__ dfy _ M, Waw
EIX = |\/|X = =T A~ L=4m B
dx dx y E=70GPa
0.3m
0.3m
M ) :%L.x—w.x.g, |:|O.3m |:|0.7m
Section at A Section at B
3 W
M = 2000x107x4 1 000x108x > y ¥ ¥
" 2 >
L2l X
— 2x10°X—5x10°° - w2
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< L R
0.4x 3 0.4x 3 —=
3 = i 0.3 oh; 07
b'(hx) b.(0.3+ i )> 0.3(0.3+ A ) {P—
12 12 12 h03 0703, 1y g3, O

X L
=0.025(0.3+0.1x)°

cd?y 2x10°x —5x10° x? d?y X% —4x

: — - —2-2857x107* 2> —""
dx?  70x10°x0.025(0.3+0.1x)* dx? (0.3+0.1x)°

Boundary conditions:  y(0)=0 and y(L)=0.

For the obtained ODE, using central finite differences of O(h)? we get,

o f 0 =2f +f
fj=-1=2 . 1*1 substituting into the ODE vyields:
h
_ 2 _
B ZyiijJ'+1:2.857><1o—4 5 , ——
h? (O.3+O.1xj)3 0 1 2 3 4
X 2—4x.
OF Y, 4—2Yj+Y, =2857x10"*h* — L
(0.3+O.1xj)3
At x; =1, (Note: from the boundary conditions y, =0 and y, =0)
2
Yo —2Y;, +Y, =2.857x10"*(1)? 140 = -2y, +Y,=-0.0134 ....(1)
(0.3+0.1(1))*
a2 2°-4(2)
Y, —2Y, + Y, =2.857x107%(1) = Y, —2Y,+Y,=—0.00914 ... (2)
(0.3+0.1(2))°
2
Y, —2Y;+Y, =2.857x10"*(1)? 3 -40) = Yy,-2y,=-0.004 ....(3)
(0.3+0.1(3))°
-2 1 0y, —0.0134
In matrix form: | 1 -2 1 {y,=|-0.00914|.
0 1 -2]y; —-0.004
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-2 -00134 O
1 -0.00014 1 2‘—0.00914 1‘ ‘—0.0134 0‘

+
0 -0004 -2 0.004 -2 0.004 -2 0.07136

_ - = =0.01784m
Y2 -2 1 0 e ) —4
1 -2 1 1 2"
1 -2

.. The deflection at midspan is y, =17.8mm.

Example 3: Estimate, numerically, the deflection at midspan. (Use h=L/4)

q
) ! ! | 7
Solution: = PES e
L

4 4
EIMZW — E|d y:q ¥ El constant
dX4 dx4
d'y g , ,
or — =, y(O)IO, Y(O):O, y(L):O’ and y(L):O
dX4 El

Method I: (By using mixed finite difference approximations)

For the obtained ODE, using central finite differences of O(h)? we get,
f —4f 1+6f_ —4f  + f

flveJ=2 J° J 1+1 2. substituting into the ODE yields:
h
yj—2 _4yj—1+6yj _4yj+1+ yj+2 :i’
4 El

Yo Y1 Yo Y3 Ya

q h* e e

0 L4 L2
or yj—2 _4yj—1+6yj _4yj+1+ yj+2 :ﬁ. 3L/4 L
At x;=L/2, (Note: from the conditions y, =0 and y, =0)

q(L/4)
El

yO —4)’1 +6y2 4y3 + y4

. qL*
S —4y1+6y2—4y3:256EI e, (1)
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For the condition y'(0) =0, using forward differences of O(h)?, we get,

~3f +4f - f
f'= 1 21h+1 1*2 substituting into this condition yields:
J
-3y +4y -y
- 0 2h 1 2 :O = 4y1—y2 :0 ...... (2)

For the condition y’(L) =0, using backward differences of O(h)?, we get,

3f —4f  + 1
fr=—o 12;11 J=% substituting into this condition yields:
J
3y, -4y, +y
3 72_ — y,—4y,=0 ... (3)
2h
-4 6 —4](y,] |qL*/256El
In matrix form: | 4 -1 0 [y,;= 0
0 1 -4}y, 0
R S
256El
4 0 0 .
o o0 -4 AT L g qL*
Y, = _ 256El1 10 -4 _16El _ qL4
2= — = - = = :
4 6 -4 _%1 OMH4X%6 4%0 64  1024El
4 -1 0 1 -4 1 -4
0 1 -4
gL’
-. The deflection at midspan is y, = :
1024EI

Method Il: (To get more accurate result by using central finite differences)

For the obtained ODE, using central finite differences of O(h)? we get,
f —-4f +6f —4f +f
j—-1 ] j+1

flve 122 ; 1*2 substituting into the ODE vyields:
h
yj—2_4yj71+6yj _4yj+1+yj+2 :i
4 El

Y1 Yo Y1 Y2 Y3 Ya Vs

q h4 *----0—¢—¢—0—0----0
i

L4 0 L/4 L/2 3L/4 L 5L/4
or yj—2_4yj—1+6yj_4yj+l+yj+2:F'
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For the condition y’(0) =0, using central differences of O(h)?, we get,

f’:_fJ 1+fj+1 Yt

j 2h = T:O — —y71+y1 O = yl yl

+
Similarly, for y'(L) =0 we get %:O = —Y3+Ys=0 = y.=Y,.

X;=L/4, (Note: from the boundary conditions y, =0 and y, =0)
L/4 L4
Yy, —4y,+6y, -4y, +y; = a £ )’ = 7y1—4y2+y3:2;|6EI (D
At x;=L12, Yo —4Y, +6Y, —4y; +y, = q(LE/|4)
. -4y, +6y, -4y, = L : ... (2
tT2 T8 os6E

At X; =3L/4, y, -4y, +6y, -4y, + Y. = q(LE/I4)

: gL’
Yi=4Y, T 1Ys 256E] 3)

7 -4 17(y,] |qL*/256El
In matrix form: |4 6 —4[y,!=|qL"/256EI |.

1 -4 7 ||y, |qL*/256El

4 s[4 -4 7 1 |7 1
L a” | _ 0 - 96qL*
256 256EI| |1 7| 1 7| -4 -4

_ 256E1 _ gL’
-4 6 -4 17

67 96  256El "
1 7

+HD)(- 4)‘ . _4‘

: : : : gL’
. The deflection at midspan is y, =

256E1
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8- Curve Fitting

L east-squares criterion (linear regression)
Let (x,Y,), (X,,Y,), ....., (X,,Y,) asetof observations to be modeled, g(x) is

the approximating model, and e is the local error (residual) between the observations
and the model, that is e, =g, —Y,. In the least squares method, to get a good

approximating model, the total error (which is the sum of the squares of the local

n
errors around the regression line) E =>"e’ must be minimized.
i=1

Let g(x)=a, +a,x (1% order polynomial, i.e. astraight line), v, ¢ =gy, g(y

E:Z:,(gi _yi)2 - E:é(ao +aX; _yi)Z’

The total error E is minimized if E=0 and ﬁ=0.

oa, oa,

E:Zzn“(aoJralxi—yi) = zi(ao+a1xi—yi):0,
oa, o i1
Zn:ao+zn:a1xi—zn:yi:0. But Zn:aozn.ao,
i=1 i=1 i=1 i=1

n.a, +_§lxia1:_§lyi. .............. (1)

Similarly % = Zi(ao +a X — yi)Xi = Zzn:(aoxi + a1Xi2 = X yi) =0,
i-1 i—1

i=1

ixiao+ixi2@—§;xiyi=0, = ixiao+an:xfalzznllxiyi e (2)
In matrix form:
2% @) Zly
2% Zn:xf {al}_ an:xiyi |
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Generally, if g(x) =a, +a,x+a,X* +....... +a X" (k™ order polynomial), we will have

n n n N T n T
n x o OIX e DX >y,
. i:l iil ri1=1 0 ni=1
PIRED I D I R in"“ a, PR
i=1 i=1 i=1 i=1 i=1
52 53 SR Lok [T w2 :
in in in in inyi
i=1 i=1 i=1 i=1 i=1
lexi zl:xi ;Xi lexi ;xiyi
L i= i= i= i= i L i= i

Statistical definitions
y is the mean of y.

E,, is the total sum of the squares around the mean of y, thatis E_= Zn:(yi - V)%,

i=1

r’ is the determination coefficient which is given by r® = EmE_ E .

m

r is the correlation coefficient which is given by r = Jr.

For a perfect fit (E=0) = r=r?=1, signifying that the approximating
model g(x) explains 100% of the variability of the data (observations).

Example 1: Given the following data:

X 0 1 2 3 4 5
f(x) | 21 | 7.7 | 13.6 | 27.2 | 409 | 61.6
Using the least squares criterion:

1- Fita 1* order polynomial (straight line) to this data.
2- Fita 2" order polynomial (quadratic equation) to this data.

Solution:
1- Let the straight line is g(x) =a, + a,X, then we have

n

noo2X {ao} anyi

i=1

n n !

=1
n
Sx o a) [ $xy,
i=1

i=1 i=1

n=6, Y X =0+1+2+3+4+5=15, > x>=0%+1*+2*+3%+4%+5% =55,

i=1 i=1
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n
>y =21+7.7+13.6+27.2+40.9+61.6=153.1,

i=1

ixi y, =0(2.1) +1(7.7) + 2(13.6) + 3(27.2) + 4(40.9) + 5(61.6) = 588.1.

[6 15][a,| [153.1
115 55||a | |588.1]

Use Cramer's rule:

{153.1 15}
. - 5881 55| 153.1(55)-15(588.0) —401_ ,g1g040
6 15 6(55) —15(15) 105
15 55
{6 153.1}
15 588.1 1) -153. :
. _6(588.1) ~153.1(15) _1232.1_ ) 434506
6 15 6(55) —15(15) 105
15 55

. g(X) =—3.819048 + 11.734286x.

2- Let the 2" order polynomlal is q(x) =b, +b,x+Db,x?, then we have
n in Zn:xf b, Z Y,
ixi ixiz ixls bl = in Yi |

i=1 i=1 i=1 i=1
n

Zn: Xi2 i Xi3 Zn: Xi4 b2 Z Xi2 Y

= i=1 i=1 | izl |

M:

X =0"+1+2°+3+4°+5° =225, > x'=0"+1'+2*+3"+4*+5' =979,
i=1

i=1
Zx y, =0%(2.1) +1%(7.7) + 2°(13.6) + 3°(27.2) + 4%(40.9) + 5°(61.6) = 2501.3.
i=1

6 15 55 (b, 153.1

|15 55 225(ib, ;=| 588.1 |.
55 225 979]||b, 2501.3

Use Cramer's rule:
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1531 15 55

588.1 55 225 55 225 15 55
1 4 +(~1)(588. ) +2501.3
2501.3 225 979 225 979 979 55 225
0 = - =2.532143
6 15 55 55 225 L@ ) 515 55
15 55 225 225 979 225 979 55 225
55 225 979
6 153.1 55
15 588.1 225 15 225 6 5
-1 ]4 +588# +(~1)(2501 3)
55 2501.3 979 55 979 55 979 15 225
= = =2.2075
6 15 55 655 1 ) 15 55
15 55 225 225 979 225 979 55 225
55 225 979
6 15 1531
15 55 588.1 15 55 6 15 6 15
1 ]4 +(-D)(E88.Y) |+ 25013
55 225 2501.3 55 225 15 55
b, = = =1.905357
6 15 55 55 225 15 55
15 55 225 %225 979" I )225 979 5555 225
55 225 979
- g(X) =2.532143 + 2.2075x +1.905357x>.
Statistical comparison
~ For g(x) For q(x)
X Yi E, =(y, - %)’ ) )
Ei:(g(xi)_yi) Ei:(q(xi)_yi)
0 2.1 548.340278 35.03512923 0.186747572
1 7.7 317.433611 0.046327396 1.113025
2 13.6 142.006944 36.59674063 0.938129782
3 27.2 2.83361111 17.50426612 0.804867356
4 40.9 236.646944 4.919949865 0.898429101
5 61.6 1302.00694 45.53034867 0.15715833
> 153.1 2549.3 139.6 4.1
sy y:% B _p | ,2_25493-1396 , 2549.3-41
y === re=— 25493 25493
" | =25:016067 En —~0.9452 —0.9984

Since r?, for q(x), is closer to one, thus the quadratic equation q(x) is better than
the linear equation g(x) in representing the given data.
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Example 2: (Final 2014) The volume of water pumped by a pump is measured as a
function of time as tabulated below:
Time, t, sec 0 1 5 8
Volume,V,m* | 21 | 7.7 | 13.6 | 27.2

Fit the equation V =at + bt*® (where a and b are constants) to the above
data using the least squares method.
Solution:

Since the required equation V =at + bt® is a 3" order polynomial, thus, to make use
of the general least squares matrix, we compare it with the general form of a 3 order

polynomial g(t)=a, +a;t +a,t* +a.;t®. It is obvious that the first and third constants

do not exist in the required equation, thus we cancel the first and third row and
column of the general least squares (4 x 4) matrix,

g
NP - Lo [la

n Zt‘ AL >V,

i=1 i=1 i=1 i=1 — i=1
STz S STt NV (. Nty
iLzld ] %_ld T ﬁ‘ T IL=1J ] o = 1
\ . n A n N 5 n 6 n
Jtl Ztl Zdt' Ztl a3 Zt|3vl
L i=] i=1 i=1 i=1 _ L i=l _
to get,
Ztiz Zti4 a Ztlvl
E =] { }: i1 ’
>ttt [P) >y,
i=1 i=l i=1
SHP=07 112 457 +82 =90, St'=4722,  3t°=277770,
i=1 i—1 i=1

YtV, =232.2, and YtV =130818.
i=1

i=1
[ 90 4722 (a] [ 2933
14722 277770 ||b| |15634.1|

Solving the above matrix, we get: a=2.829636~2.83 and b=0.00818~0.008.
-. The required equation is V =2.83t +0.008t>.
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Example 3: If the curve y=a+bx+ ¢ IS to be used to represent the points (1,4.5),
X

(2,4.75), and (4,7.125), find the values of a, b, and ¢ by using linear

least squares regression.
Solution:
Since the given curve is not a polynomial, we cannot use the general least squares
matrix, and we must use the general least squares derivation.

Let the approximating equation (model) g(x)=a +bx + ¢
X

The local error is e, =g, -y, and the total error is Ezzn“ei2 which must be
i=1
minimized by letting ﬁ_o ﬁ—o d—:O
oa ob oc

E=(0,-%)° = E=X(@+bx+ %),

=1 i

oE oE
—=2) (a+bx +—— —=0 = 2) (a+bx +—— 0,
a Z( X . = Zl( X Yi) =
Za+zn:bx +Zn:£—iy, =0, but ia:n.a,
i= i= |_1XI i=1 i=1
na+2bx +Zn:C iy, .............. (1)
|=1XI i=1
oE n c oE n
—=2>(a+bx. +—=—-y)x, —=0 25 (ax. +bx? +c—x.y.)=0,
3~ 2@+ X Vi, o5 =0 = 22 (ax +bx i)
Zn:xia+zn:xi2b+zn:c—ixiyi:0, but Zn:c:n.c,
i=1 i=1 i=1 i=1 i=1
Zn:xia+ixi2b+n.c:ixiyi .............. (2)
i=1 i=1 i=1
oE n c 1 o©E
—=2) (a+bx, +—-y)—, —=0 = 2 —a+b+—c—— 0,
oc .21:( LOX y')xi oc g(x %)=
Z—a+2b+2—c Zy but Zn:b:n.b,
1 Yi
" Z—a+nb+2—c Z .............. (3)
i=1 X : i=1 X
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In matrix form:

n n 1 ] n
n X —
izﬂ: | 'Zﬂ: X a ; i
Zn:xi Zn:xf n bt= Zn:xiyi ,
i=1 i=l i=1
n 1 n 1 C n )
_ n _ AL
_;xi ;xiz_ _;xi |

i=1
no 1
E—:

i=1 X

1,101
4

n=3, >x =1+2+4=7, > x'=1°+2%+4?=21,
i=1
1
=

=

+%+ =1.75, Z

NI

12 22
3y, =45+4.75+7.125=16.375,  >.X.y, =1(4.5) + 2(4.75) + 4(7.125) = 42.5,
i=1

i=1

ny. 45 475 7.125
L= +

= =8.65625.
i=1 X 1 2
3 7 175 |[a 16.375
7 21 3 bt=| 425
175 3 1.3125||c 8.65625
Solving the above matrix, we get: a=05, b=15, and c=25.

Non-polynomial models

Linear least-squares regression may be used to fit a non-polynomial model by
transforming it to a polynomial model, such as

* y=ce® = Ihy=ha+Bx = y =a+pBx (polynomial),
where y'=Iny and a=Ina.
* yv=aox’ = Ihy=ha+B8Ihx = y =a+p" (polynomial),

where X =Inx, y =Iny, and a=Iha.

xoyoax 1 prx 1 1 B y =a+bx" (polynomial),
P+ X y aX Yy a «a X
where x*:l, y*:i, a:l, and bzﬁ.
X y a a
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Example: The stress-strain data obtained from a compression test of a concrete
cylinder is listed below. Perform a least-squares fit using the equation
o = Ae®® where A and B are constants.

Strain & (x107°) | 500 | 1000 | 1500 | 2000 | 2375

Stress o (MPa) 155 | 246 | 29.3 | 30.3 | 30.6

Solution:

Since the given model o = Ae®¢ is a non-polynomial, thus we must first transform it
to a polynomial form.

oc=Ae®”* = Iho=hA+Bs = y=a+Bx (polynomial),
where x=¢, y=Ino and a=InA.
X,(=¢) (x10°) | 500 | 1000 | 1500 | 2000 | 2375

y,(=Iho) 2.74084 | 3.202746 | 3.377588 | 3.411148 | 3.421
Now, use the least squares criterion,

nooXX {a} 2V
i1 _| 3
Zn: X Zn: Xi2 B D XY,
i1 i1 i1

5, >.x =(500+1000 +1500 + 2000 + 2375) x10° = 7375x10°°,

i=1

n

S x?=1314x10°, 3y, =16.153322, and > x.y, =0.024587.
i=1

i=1 i=1

. 5 7375x107° |[a ~|16.153322

| 7375%10°° 1.314x107° ||B] | 0.024587 |
Solving the above matrix, we get: a=2.734504 and B=336.380242.
But a=IhA = A=¢* = A=e*"*™" =15.402102.

~. The required equation is o ~15.4e336-38¢
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O- Interpolation and Extrapolation

Introduction
By interpolation a functional value is approximated between the data points.

While, by extrapolation a functional value is approximated beyond the data points.
The simplest form of interpolation is to connect two data points with a straight
line then using similar triangles,

f(x)- f f(x) - f(x,
(x)— (%) _ f(x)—f(x) "

X=X X=X 4 fix3)

F(x)=F(X,)+ (X - x)f(xx)_)‘:(x)
fix) 2 T

If x, =0, then

f(x):f(0)+xf(xl);f(x°),

Or f(x)=f(0)+%Afo. % X X

I- Interpolation with equally spaced data
1- Gregory-Newton forward interpolation formula

From Taylor series

3

f(x)= f(0)+ xf (0)+ f”(O) 3O+

A:; h f I!(O) _ h_ f ”'(O) ....... y

2
and "(0) = Ahfo

Since f'(0)=

—hE"(0) ...,

X(X_h)Azf X(x —h)(x — 2h)

TS 0 T Nf, +o (General formula)

f(x)= f(0)+%Afo+

If h=1,
X(Xx =1 (x—2)
3
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2- Lagrange interpolation polynomial
The Lagrange interpolation polynomial is simply a reformulation of the

Gregory-Newton polynomial that avoids the computation of divided differences. It
can be represented as

fn(x)=§Li (x).F (%),

where Li(x):ﬁ:_xj. (JT designates the " product of ")
=0 A A
j#i
Or
F(x) = (X=X)(X=X,)...(x=X,) F(x)+ (X=X )(X=X;)...(x=X,) F(x)+
(Xo_xl)(xo_XZ)"'(Xo_Xn) (Xl_xo)(xl_xz)"'(xl_xn)

(= X)X =%)eo 6= X00) ¢y
(Xn - XO)(Xn o Xl)"'(Xn o Xn—l)
Example 1: Given the following data:

X 0 1 2 3
f(x) | -7 -3 6 25
Find f(1.1) and f (3.5).

Solution:

Solution I: By Gregory-Newton interpolation formula,

Since h=1 = we can use the particular formula directly (rescaling is not required).
X, =0 = Shifting is not required.

x | F(X) | Af | A*f | AP
0 -7 4 5 5
1 -3 9 10

2 6 19

3 25

F(X) = £ (0) + XAF, +%& - X(X‘lgl(x‘ 2 NF o

To get the most accurate interpolation we choose the first row, in the above forward
differences table, as the base line (since it contains more entries).

f(X) =7 + X(4) + @(5) XX _125(" ~2)5).
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1101-0) ) 1101-DA1-2) o

f(L.1)=-7+1.1(4)+ —2.4075.

£(3.5) =7 +3.5(4) + W(s) 3565 ‘é)(3'5 ~2) (5-39.8125.

Solution I1: By Lagrange interpolation formula,

X 0 1 2 3
fx)| -7 ] -3 | 6 | 25
f (X) _ (X_ Xl)(X B Xz)---(x B Xn) (X B Xo)(X B XZ)"'(X B Xn) f (Xl) +

(X = X)X = %) (% = X,) X = %) (% = X,)-. (% — X,)
£ (x) = (x=D(x-2)(x-3) 7Y+ (x=0)(x-2)(x-23) (3)+ (x=0)(x=1(x-3) (6) +
(0-1(©0-2)(0-3) 1-0)1-2)1-3) (2-0)2-D(2-3)
L X=0)(x-1)(x-2) (25).
B-0B-1DB-2)
F(LL) = (1.1-1)@1.1-2)1.1-3) (7)+ 1.1-0)1.1-2)(1.1-3) (-3)+

f
(Xo)+(

(0-1)(0-2)(0-3) (1-0)(1-2)(L—3)
LA1-0@1-D01-3) o (L1-001-DA1-2) o, 00
(2-0)(2-1)(2-3) B-0B-1)(B-2)
(35~ B5-DE5-29B5-3)  (35-0@5-2)B5-3) 4
(0-1)(0-2)(0-3) 1-0@2-2)A-3)
L(B5-0@5-DB5-3) o (35-0B5-1B5-2) 90106
(2-0)2-1)(2-3) (3-0)(3-1)(3-2)

Example 2: Approximate the functional value at x = 4.31.
X 1 2 3 4 5
f(x) | 6 | 10 | 46 | 138 | 430

Solution:

By Gregory-Newton interpolation formula,

Since h=1 = Rescaling is not required. (we can use the particular formula directly)
X, #0 = Shifting is required.

X Xgiea | T(X) | Af NF | A | AT
1 0 6 4 32 24 120
2 10 36 56 144

3 2 46 92 200

4 3 138 | 292

5 4 430
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N X(X —1)I(x —-2) Nt

Numerical Analysis / Civil Eng. / 3™ Class

X(x —1) Nf
2l

f(x) = f(0) + XAf, +

F(X) =6+ x(4) + —X(XZ‘ Y (32)+ XX ‘1()30‘ =2) 24y + XX ‘1)(X2; 2(X=3) 190,

At x, =431 = x,,=431-1=3.31,

) _643314)+ 3.31(3.231—1) (32) + 3316331 —61)(3.31— 2 2+

N 3.31(3-31—1)(32-2’1— 2)3-31=3) 150y ~197.16857.

f(x

f (4.31) =197.16857.

Example 3: Given the following data. Find y(0.23).
X 02 | 04 | 06
Y 10.916|0.836| 0.74

0.8
0.624

1.0
0.4

Solution:
By Gregory-Newton interpolation formula,
Since h=1 = Either we use the general formula or we can use the particular
formula after rescaling the given points.
X, #0 = Shifting is required.

X Xrescaled Xshifted y Ay Az y A3 y A4 y
0.2 1 0 0.916 | -0.08 | -0.016 | - 0.004 | - 0.084
0.4 2 1 0.836|-0,096 | -0.02 |-0.088
0.6 3 2 0.74 | -0.116 | -0.108
0.8 4 3 0.624 | - 0.224
10| 5 4 | 04
y(x) = y(0) + xAy, + X(X—l_l)Az L+ X(x _1:))"()( =2) Ay, +.......
y(x) = 0.916 + x(~0.08) + )‘("2‘1)(—0.016) + ’(("‘123()“2)(—0.004) LXK _1)("2; (=3 084y
At X, =0.23 0B g5,
0.2
y(X...) = 0.916+0.15(0.08) +%(—0.016) 015015 ‘61)(0'15‘2) (-0.004) +
, 0.15(0.15 —1)(02.15— 2(015-3) o 084y 0.007216.

y(0.23) = 0.907216.
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I1- Interpolation with unequally spaced data
For unequally spaced data (h is different), the Lagrange interpolation
polynomial may be used.

Example 1: (Final 2014) The accompanying table gives the velocity, of a moving
body, at various times. Estimate the velocity att =7 s.
Time, t, s 1 2 3 8
Velocity,v, m/s 2 41 | 64 | 365

Solution:
Since h is different, we use Lagrange interpolation polynomial.
V(t) _ (t _tl)(t _tZ)(t _tn) V(to) + (t _to)(t _tz)(t _tn) V(tl) 4
(to _tl)(to _tz)---(to _tn) (tl _to)(tl _t2)"'(tl _tn)
t):(t—Z)(t—B)(t—B) 2)+ t-D(t-3)(t-9) (4.1)+ t-D(t—-2)(t-8) (6.4) +
1-2)A-3)1-8) (2-1)(2-3)(2-8) B-1DB-2)3-8)
- (t=D(t=2)(t=3) (36.5).
8-1)(B8-2)(8-3)
7)= (7-2)(7-3)(7-8) @)+ (7-1)(7-3)(7-8) (4.1)+
1-2)A-3)(1-8) 2-1D(2-3)(2-8)
GIDT=2)T28) gy | TDT=2NT23) (36 6)_ g5 s,
B3-1)(B3-2)(3-9) 8-1)(8-2)(8-3)

v(

v(

Example 2: (Final 2015) The ratio of the work done in a project, as a function of
time, is found as below. Estimate this ratio at t = 2 month.

Time, t, (month) 3 4 5

Work, W, (%) 5 14 37

Solution:
Since h=1 = We can use the particular Gregory-Newton interpolation formula
directly without rescaling.
t =0 = Shifting is required.
t | Toitea | W | AW | AW
3| 0 5|1 9 14
41 1 14 | 23
5/ 2 |37

W(t):W(O)+tAW0+t(t2—_|1)A2WO+ ....... = W()=5+t(9)+

t(t -
2!

Y 1a)

W(t)=5+9t+7t(t-1).
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At t,=2 = t,=2-3=-1,

W(t,,) =5+9(-1)+7[-1(-1-1)]=10% Not O.k. .
If a function cannot be well approximated by a polynomial, a useful device can be

adopted by plotting a (log — log) graph. This reduces a large variety of functions to
essentially straight lines or to smooth curves which are easy to interpolate.

Use a (log — log) graph,

t =Int 1.099 | 1.386 | 1.609
W =Inw |1.609|2.639|3.611

Now, since h is different, we use Lagrange interpolation polynomial.

W) = " -t —t2)...0 —th) W) + (" —t7o)(t —t72)...0 —th) W) +
(t" —t)(t o —t72)...6 00 —t™) (1 —t5)(t 1 —t)...¢ 7 —tTh)

W) = (t"—1.386)(t" —1.609) (1.609) + (t"—1.099)(t" —1.609)
(1.099 —1.386)(L.099 —1.609) (1.386—1.099)(L.386 —1.609)
(t"—1.099)(t" —1.386) (3611).

(1.609 —1.099)(L.609 —1.386)

(2.639) +

Att=2 = t =In2=0.693,

) (0693-1386)(0.693-1609) , oy (0693-1099)(0.693-1609) ) (o
(1.099 —1.386)(1.099 —1.609) (1.386—1.099)(1.386 —1.609)

. (0.693-1.099)(0.693-1.386) 3 11y ¢ sreces
(1.609—1.099)(1.609 —1.386)

W’ (t"

But W' =InW = W =gV =% _178.

5 W(2)=1.78%.
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10- Matrices and Determinants for Solving
Simultaneous Algebraic Equations

Introduction

The solution of set of algebraic equations is an important step in wide variety
of engineering problems, such as the structural analysis, network analysis, numerical
solution of differential equations, ....etc. There are various methods to solve a set of
algebraic equations, such as Cramer’s rule, Gauss elimination, Gauss-Jordan

elimination, and matrix inverse.

1. Cramer’s Rule

C
k

cl

CX=R = X,=

Example: Solve the following set of algebraic equations
2x+4y—-22-2=0,
X+z-3=0,
2X+y—-z-1=0.
Solution:
2X+4y—-27=2,
X+2=3,

2X+y—z=1.
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In matrix form:

2 4 -2](x] [2
10 1 Qhyl=|3]
2 1 -1|lz| |1

Using Cramer’s rule to solve the above matrix, gives

2 4 -2
30 1 0 1 3 1 30
2 + (D4 + (-2
X_11—1_1—1()()‘1 —1()1 1‘
2 4 -2 |0 1 1 1 10
2 + (D4 + (-2
1 0 1 1—1()()‘2—1()21‘
2 1 -1

_ 20(=1) 1] - 4[3(-1) ~UD]-2[30) -0D)] _8 _,

- 2[0(-2) -1()] - 4[1(-1) -1(2)] - 2[11) -0(2)] 8

Similarly,
2 2 -2
13 1| |3 1 1 1 1 3
1 % e, e ]
Y2 -2~ 8
10 1
2 1 -1
_ 203(-1) ~1(D] - 2[-1) - 1)1 - 2[4 - 3(2)] _8 _,
8 8
2 4 2
103 03 1 3
211 _2‘1 1+(_1)(4)‘2 |2
‘T4 -2~ 8
10 1
2 1 -1
_ 2[0(1) - 3] - 4[1D) - 3]+ U -0(2)] _16 _ .,

8
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2. Gauss Elimination

Example: Solve the following system of algebraic equations

2X+4y—-27=2,
X+2=3,
2X+y—z=1.

Solution:

In matrix form:
2 4 -2]|(x 2
1 0 1 RKye=|3].
2 1 -1}z 1

Use Gauss elimination method to solve the above matrix:

Step 1;
2 4 -2|[x 2
(D(RJ2)+R, » |0 =2 2 Ryr=| 2 |.
(-2)(Ry/2)+R; > |0 -3 1 ||z -1
Step 2;
2 4 -=2|[x 2
0 -2 2 Ryr=| 2 |.
(B)(RA/-2)+R3 > |0 0 -2]||z —4

Note: Rl, R2 and R3 mean the first, second and third row, respectively.
From R3 = -21=-4 = 1=4/2 = 1=2.

Use back substitution:

From R2 = -2y+2z=2 = y=1z-1 = y=2-1 = y=1.

From R1 = 2X+4y-2z=2 = x=1-2y+z = x=1-20)+2 = x=1.
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3. Gauss-Jordan Elimination

Example: Solve the following system

2X+4y—-27=2,
X+2=3,
2X+y—z=1.

Solution:

In matrix form:
2 4 -2]|[x 2
1 0 1 Kye=|3].
2 1 -1}z 1

Use Gauss-Jordan elimination method to solve the above matrix:
Step 1;

R/2 > [1 2 -1](x] [1
(DR+R, > [0 -2 2 [{yl=|2
(2R+Rs > |0 -3 1]\z] |-1

Step 2;
(-2)R;+Ry > |1 0 1 |fx 3
R/2 > |0 1 -1Ry,=/-1]
(B)R*+R; > |0 0 —-2)(z) |-4

Step 3;
(-1)Rs+R; - |1 0|fx 1
(DRs+R, > |0 1 Ofjyr=|1].
R/-2 > [0 0 1j[z) |2
X 1
ye=|1].
z 2
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4. Matrix Inverse
CX=R = clcx=CctR.
But, ClC=1 = X =ClR.

Example: Solve the following system

2X+4y—-27=2,
X+2=3,
2X+y—z=1.

Solution:

In matrix form:
2 4 -2]|(x 2
1 0 1 RKye=|3].
2 1 -1}z 1

Use matrix inverse method to solve the above matrix:

To find C%;
2 4 =211 0 O
1 0 10 1 O
2 1 -1)0 0 1

Ri/2 - r 2 -1(11/2 0 O

(-DRi+R; > -2 2 |-1/2 1 0.
(-2R+R; > |0 -3 1] -1 01
(-2R+R; > (1 0 1| O 1 0
RJ(-2) - |0 1 -1| 14 -1/2 0.
BR,+R; > |0 0 -2]-1/4 -3/2 1
((DRs+Ry » (1 0 0)-1/8 1/4 1/2
(DRs+R, = (0 1 0} 3/8 1/4 -1/2].
RJ(-2) - |0 0 1] 1/8 3/4 -1/2
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-1/8 1/4 1/2
cl=|3/8 1/4 -1/2|.
1/8 3/4 -1/2

x| [-1/8 1/4 1/2 72
X=C'R = yr=|3/8 1/4 -1/2|3]|.
z 1/8 3/4 -1/2|1

1 1 1 1 3
+=+

X=——x2+-—x3+—x1=—- -lzL
8 4 2 4 2

y:§x2+lx3—lx1:
8 4 2

4
1
-5
1
2

+

Z:1x2+§x3—£x1:
8 4 2

+

3 3
4 4
1.9
4 4

Note; we can find C™* by another procedure, as follows,

ct'= adJ‘OT"mC ., where, adjointC =[cofactorC]' .
24 -2 4 1 1 1 0
Cl=j1 0 1|=2 + (-1 (=2
c \1 1| ( x)\z 1| ( >\2 1\
2 1 -1
— 2[0(~1) —1(1)] - 4[(~1) —1(2)] - 2[1(1) - 0(2Q)] = —2 +12 — 2 =8.
o 1 1 1 1 0]
Tl 2 T
B B -1 3 1
4 -2 2 -2 2 4
cofactorC =| — + - =2 2 6
1 -1 2 -1 2 1 4 4 A
4 -2 2 -2 2 4 B B
n - n
o1 b1 Thoq
-1 2 4
adjointC =[cofactorC]' =| 3 2 —4].
1 6 -4
-1 2 4 -1/8 1/4 1/2

c—lzlx 3 2 —4|=|3/8 1/4 -1/2].
1 6 -4 1/8 3/4 -1/2
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