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1- Introduction 

 

 

 

Definition of differential equations 

A differential equation is an equation that contains one or more derivatives, 

such as 

         

xcos
dx

yd

dx

dy


2

2

 

,       04  zzDDz

 

,       0ln  xyy      and     52  xx   

 

Classification of differential equations 

A) By type: 

* Ordinary differential equation (ODE): in which all derivatives are with 

respect to a single independent variable, such as 

  xx
dx

dy
 ln ,            0 xdxdy ,              and          0

dx

dz

dx

dy
. 

 

* Partial differential equation (PDE): in which at least one derivative is with 

respect to two or more independent variables, such as 

x
y

u

x

u











2

2

            and             
y

u

x

u

x

w














. 

 

B) By order: 

The order of the differential equation is the order of the highest derivative 

appears in that equation, for example 

0sin
2









x

dx

dy
 is a first-order ordinary differential equation (1

st
 order ODE).     

0
3

3











y

u

x

u
     is a third-order partial differential equation (3

rd
 order PDE). 
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C) By degree: 

The degree of the differential equation is the power of the highest derivative 

appears in that equation, for example 

0sin
2









x

dx

dy
         is a 2

nd
 degree, 1

st
 order ODE.     

xeyyy  2           is a 1
st
 degree, 2

nd
 order ODE. 

    xyy 22 42         is a 2
nd

 degree, 3
rd

 order ODE. 

 

D) By linearity: 

A differential equation is said to be "linear DE" if and only if each term of the 

equation which contains a dependent variable and\or its derivative is of linear form. 

In another words a differential equation is said to be "linear DE" if: 

  

1- The dependent variable and all its derivatives appear in a linear form. 

2- There is no production of a dependent variable with one of its derivatives, or 

    one of its derivatives with another derivative. 

 

For example 

 

22 xyyy           is a linear 1
st
 degree, 3

rd
 order ODE. 

12  y
dx

dy
                  is a non-linear 1

st
 degree, 1

st
 order ODE.     

0sin
2

2

 y
dx

yd
            is a non-linear 1

st
 degree, 2

nd
 order ODE.     

xyy iv  2)(              is a non-linear 1
st
 degree, 4

th
 order ODE. 

y

u
u

x

u









.

3

3

                  is a non-linear 1
st
 degree, 3

rd
 order PDE. 

0.
2

2

4

4


dx

dy

dx

yd

dx

yd
       is a non-linear 1

st
 degree, 4

th
 order ODE.     
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Solution of differential equations 

 The solution of a DE is a relation between the variables which is free of 

derivatives and satisfies that DE identically. 

* General solution: The general solution of the n
th

 order DE is a relation between the 

variables involving n independent arbitrary constants which satisfy the DE. For 

example, for the DE   0
3

3


dx

yd
, Ay 

1
 is a solution to the above DE., Bxy 

2
 is also 

a solution, and 2

3
Cxy   is also a solution. 

                 2

321
CxBxAyyyy           is a general solution (G.S). 

* Particular solution: The particular solution of a DE is one obtained from the 

general solution of that DE by assigning specific values to the arbitrary constants. For 

example, for the DE   0
2

2


dx

yd
, BxAy   is a general solution (G.S) to the above 

DE. Then xy 32   is a particular solution (P.S) to the above DE. 

Note: If   x
dx

dy


  

    dx.xdy 

   
 (variables are separated), 

          then, to solve it    dx.xdy 
   

    C
x

y 
2

2

.  

          If   yx
dx

dy


  

    dx).yx(dy 

   
  (variables are not separated), 

          then we must find a proper way to solve it. 

  

Origin of differential equations 

* Geometric problems. For example 

If we want to find the family of curves which have a value equal to its slope 

then we must solve the DE      
dx

dy
y  .      

* Physical problems. For example 

2

2

.
dt

xd
mF      (Newton's 2

nd
 law)   and   MyEI .      (Flexural equation) 
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2- First-Order Ordinary Differential Equations 

 

 

 

 

 

 

Introduction 

A differential equation of the first order and first degree may be written in one 

of the following two forms 

1-    ),( yxf
dx

dy
                           (The slope form) 

2-    0),(),(  dyyxNdxyxM      (The exact form) 

For example, the following DE 

xy

yx

dx

dy

3

2




        may be rewritten as      0)3()2(  dyxydxyx , 

where,     
xy

yx
yxf

3

2
),(




 ,      yxyxM  2),( ,     and      )3(),( xyyxN  . 

 

1- Separable variables differential equations 

If we can separate the dependent variable and its differential from the 

independent variable and its differential in a DE, then this DE is called "separable 

variables DE". For example, if a given first-order DE can be reduced to 

),( yxf
dx

dy
                     )().( yhxg

dx

dy
                dxxgdy

yh
).(.

)(

1
 . 

Or     0),(),(  dyyxNdxyxM                0).().().().(
2211

 dyyhxgdxyhxg , 

           0.
)(

)(
.

)(

)(

1

2

2

1  dy
yh

yh
dx

xg

xg
, 

then such equation is called "separable variables DE" which can be solved by 

integrating both sides. 
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Example 1: Solve the following first-order differential equation    
y

x

dx

dy 
 . 

Solution : 

y

x

dx

dy 
         (separable variables DE)                     dxxdyy ..  , 

     xdxdyy.                                   
1

22

22
C

xy



 , 

or             
1

22 2Cxy                                   
1

22 2Cxy            

   Cxy  22 .             [
1

2CC  ]                (General solution G.S) 

Notes: 

* The previous DE may be given in different forms, like 

y

x
y


              or             

y

x
Dy


              or             0..  dxxdyy . 

* As a check, we try to find dy/dx by differentiating the general solution, 

Cxy  22               02.2  xdxdyy                
y

x

dx

dy 
 .         O.K  

Or          022  x
dx

dy
y

          
       

y

x

dx

dy 
 .          

 

Example 2: Solve       0.).1( 23  dxyxdyx . 

Solution: 

0.).1( 23  dxyxdyx    (separable variables DE)           0.
1 3

2




 dx
x

x

y

dy
, 

     


 0.
1 3

2

dx
x

x

y

dy
                               1

3)1ln(
3

1
ln Cxy  , 

or     1
3 3)1ln(ln3 Cxy                         2

33 )1ln(ln Cxy  ,       [ 1
2

3CC  ] 

         2
3

3

1
ln C

x

y



              2

3

3

1

C
e

x

y



          C

x

y


 3

3

1
      [ 2C

eC  ] 

   )1( 33 xCy  .                            (G.S) 
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Example 3: Solve       xxyy  ,              3)0( y . 

Solution: 

xxy
dx

dy
                  )1(  yx

dx

dy
        (separable variables DE) 

   xdx
y

dy


1
                     


xdx

y

dy

1
              

1

2

2
)1ln( C

x
y  , 

or     1

2
2/

1
Cx

ey


           1

2

.1 2/
C

x eey           2/
2

1 xCey  ,        [ 1

C

eC  ] 

   2/
2

1 xCey  .                            (G.S) 

Apply the given condition, at   0x ,   3y             2/0
2

13 Ce          2C . 

   2/
2

21 xey  .                             (P.S) 

 

Example 4: Solve       
12

2



yx

e
dx

dy
. 

Solution: 

Let      12  yxz                      dydxdz  2                       2
dx

dz

dx

dy
, 

   ze
dx

dz
 22                     ze

dx

dz
 ,      (separable variables DE) 

dx
e

dz

z
                                   dx

e

dz

z
                         

1
Cxe z   , 

or      
1

Cex z                   Cex
yx


 12

.          [
1

CC  ]              (G.S) 

 

Example 5: Solve       0)21()12( 33  dxyxxyydyxyx . 

Solution: 

Let      xyz           ydxxdydz           
x

ydxdz
dy


           

x

dx
x

z
dz

dy



 , 

 0)21()12( 3 



 dxzz
x

z

x

dx
x

z
dz

zx    0.).12(
4

 dx
x

z
dzz , (separable) 
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0.
12

4




x

dx
dz

z

z
      


0.

12

4 x

dx
dz

z

z
      













 0.

12

43 x

dx
dz

zz
, 

132
ln

3

11
Cx

zz
       Cx

xyxy
 ln

)(3

1

)(

1

32
.      [

1
CC  ]        (G.S) 

 

2- Homogeneous differential equations (reducible to separable DE) 

A function ),( yxf  is said to be homogeneous of degree n if; 

),(),( yxfttytxf n . 

For example, 

* If    2242),( yxyyxf  ,   then 

),()2()()()(2),( 42244224 yxftyxyttytxtytytxf  , 

  ),( yxf   is homogeneous of degree 4. 

 

* If    
y

x
e

x

y
yxf yx sin3),( /  ,   then 

),()sin3(sin3),( 0/0/ yxft
y

x
e

x

y
t

ty

tx
e

tx

ty
tytxf yxtytx  , 

  ),( yxf   is homogeneous of degree 0. 

The differential equation 0),(),(  dyyxNdxyxM  is called homogeneous if 

),( yxM  and ),( yxN  are homogeneous and of the same degree (i.e. all terms of the 

DE are of the same total degree in the variables x and y).  

For example, 

*  dyydxxyx 2)(  ,                       is homogeneous of degree 2. 

*  dyxydxxxy )()( 22  ,         is non-homogeneous. 

*  0)1ln(ln  xdydxxyy ,    is homogeneous of degree 1. 

*  0)1(ln  xdydxyy ,             is non-homogeneous. 

The homogeneous DE can be always reduced to separable variables DE by the 

substitution   uxy       or     uyx  . 
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Example 1: Solve   0)2(2 22  xydydxyx . 

Solution : 

The given DE is homogeneous of degree 2. 

Let    uxy                          xduudxdy  , 

 0))(())(2(2 22  xduudxuxxdxuxx  

 0)24( 322222  duuxdxxudxxux , 

    0)4( 3222  duuxdxxux          0)4( 2  uxdudxu ,       (Separable DE) 

0
4 2




 du
u

u

x

dx
                             

1
)

24ln(
2

1
ln Cux  ,          

or       
1

)
2 24ln(ln2 Cux                 

12

2

2
4

ln C
u

x



              1

2

2

2

4

C

e
u

x



, 

   C
u

x


 2

2

4
      [ 1

2C

eC  ]       )4( 22 uCx           ))(4( 22

x

y
Cx  ,     

     )
224 4( yxCx  .                             (G.S) 

Note: 

* The given DE can also be solved by letting   uyx  . 

 

Example 2: Solve   0cos2 
















 dyx

y

x
yydx . 

Solution : 

The given DE is homogeneous of degree 1. 

Let    uyx                          yduudydx  , 

 0cos)( 2 
















 dyuy

y

uy
yyduudyy      0cos22  uydyudyyduyyudy , 

    0cos22  udyyduy          0cos2  udyydu ,       (Separable DE) 

0
cos2


y

dy

u

du
                  0sec2 

y

dy
udu                    Cyu  lntan , 

              Cy
y

x









lntan .                     (G.S) 
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Reducible to homogeneous DE 

Consider the DE       0)()( 222111  dycybxadxcybxa . 

If   021  cc ,  then the given DE is homogeneous. 

If   01 c   or  02 c ,  the given DE is nonhomogeneous, then consider the lines: 

0111  cybxa        and     0222  cybxa . 

* If   


















2

1

2

1

b

b

a

a
, then the two lines intersect at a point such as ),( khp , and the given 

   DE can be reduced to a homogeneous DE by the two substitutions: 

  hxx  *            and          kyy  * .    

* If   
















 r
b

b

a

a

2

1

2

1 , then the two lines are parallel, and the given DE becomes 

0])[(])([ 222122  dycybxadxcybxar , 

   and the given DE can be reduced to a separable variables DE by the substitution: 

  ybxaz 22  . 

 

Example 1: Solve   0)56()34(  dyyxdxyx . 

Solution : 

1
1

1

2

1 
a

a
        and           

3

2

6

4

2

1 





b

b
. 

Since  
2

1

2

1

b

b

a

a
 , then the two lines intersect. To find the point of intersection, 

  034  yx ,          …………..                (1) 

  056  yx .          …………..                (2) 

Subtracting Eq.2 from Eq.1 gives  022 y      1y      1x .  

Thus the point of intersection ),( khp   is   )1,1( p . 

  Let      1**  xhxx                         *dxdx  , 

and          1**  ykyy                         *dydy  , 
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          0]5)1(6)1[(]3)1(4)1[( ******  dyyxdxyx , 

          0)6()4( ******  dyyxdxyx .         (Homogeneous DE) 

Let    ** uxy                          duxdxudy .. ***  , 

          0)..)]((6[)](4[ *******  duxdxuuxxdxuxx , 

            0)61()651( **2  duuxdxuu ,             (Separable DE) 

0
156

61

2*

*





 du

uu

u

x

dx
                              




 0

156

61

2*

*

du
uu

u

x

dx
.          

For           
)12()13()12)(13(

61

156

61

2 














u

B

u

A

uu

u

uu

u
, 

        )13()12(61  uBuAu , 

At     
3

1
u           01

3

1
2

3

1
61 


























 A           







 


3

1
1 A          3A . 

At     
2

1
u           


























 1

2

1
30

2

1
61 B           










2

1
2 B           4B . 

  














 0

)12(

4

)13(

3

*

*

du
uux

dx
          

1

* )12ln(2)13ln(ln Cuux  , 

   
1

2*

)13(

)12(
ln C

u

ux



















     1

)13(

)12( 2* C

e
u

ux





     C

x

x

y

x

y









































1
*

*

3

2

1
*

*

2
*

    [ 1

C

eC  ], 

           C

x

x

xy

x

xy

























*

**3

2

*

**2*

                        C
xy

xy






)3(

)2(
**

2**

, 

      C
xy

xy






)]1()1(3[

)]1()1(2[ 2

        )23()12( 2  xyCxy .        (G.S) 

 

Example 2: Solve   0)432()164(  dxyxdyyx . 

Solution : 
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2
2

4

2

1 
a

a
       and          2

3

6

2

1 
b

b
. 

Since  
2

1

2

1

b

b

a

a
 , then the two lines are parallel. 

0)432()]1)32(2[  dxyxdyyx , 

Let    yxz 32                  dydxdz 32                        )2(
3

1
dxdzdy  , 

           0)4()]2(
3

1
)[12(  dxzdxdzz , 

          0)2(7)12(  dxzdzz ,                 (Separable DE) 

            07
2

12





dxdz

z

z
                             




07

2

12
dxdz

z

z
.          

For           
2

3
2

2

3)2(2

2

12













zz

z

z

z
, 

      


 07]
2

3
2[ dxdz

z
                

1
7)2ln(32 Cxzz  , 

    
1

7)232ln(3)32(2 Cxyxyx     

    
1

36)232ln(3 Cxyyx   

    Cxyyx  2)232ln( .                 [
3

1
C

C  ]                        (G.S) 

 

3- Exact differential equations 

Theorem: The differential equation  0),(),(  dyyxNdxyxM   is exact if and only if 

x

N

y

M









. 

Proof: Let  Cyxf ),(   be any function, then the total differentiation (exact 

differential) of ),( yxf  is given by; 

0.. 








 dy

y

f
dx

x

f
df . 

Let  ),( yxM
x

f





  and  ),( yxN

y

f





, then 

0).,().,(  dyyxNdxyxM . 
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We have    
xy

f

y

M








 2

    and    
yx

f

x

N








 2

. 

But        
yx

f

xy

f








 22

                  
x

N

y

M









 . 

 

To solve an exact DE we use the following procedure; 

),( yxM
x

f





               )().,(),( ygdxyxMyxf   , 

Since  Cyxf ),(                 CygdxyxM  )().,( . 

To find   )(yg , 

  )().,( ygdxyxM
yy

f










 ,            but         ),( yxN

y

f





, 

  ),()().,( yxNygdxyxM
y





           




 dxyxM

y
yxNyg ).,(),()( , 

  












 dydxyxM

y
yxNyg ).,(),()( . 

 

Example 1: Solve   0)2()23( 232  dyyxxdxxyyx . 

Solution : 

xyyxyxM 23),( 2                     xx
y

M
23 2 




, 

yxxyxN 2),( 23                   xx
x

N
23 2 




. 

Since  
x

N

y

M









,   then the given DE is an exact DE. 

 

* Solution I; 

xyyx
x

f
yxM 23),( 2 




                  )(),( 23 ygyxyxyxf  , 

)(23 ygxx
y

f





,            but         ),( yxN

y

f





, 
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yxxyxNygxx 2),()( 2323          yyg 2)(          
2)( yyg  , 

223),( yyxyxyxf  ,               but         Cyxf ),( , 

           Cyyxyx  223 .                         (G.S) 

 

* Solution II; 

yxx
y

f
yxN 2),( 23 




                  )(),( 223 xqyyxyxyxf  , 

)(23 2 xqxyyx
x

f





,            but         ),( yxM

x

f





, 

xyyxyxMxqxyyx 23),()(23 22          0)(  xq         
1

)( Cxq  , 

1

223),( Cyyxyxyxf  ,               but         
2

),( Cyxf  , 

        21
223 CCyyxyx       Cyyxyx  223 .      [ 12 CCC  ]      (G.S) 

 

* Solution III; 

xyyx
x

f
yxM 23),( 2 




                  )(),( 23 ygyxyxyxf  , 

yxx
y

f
yxN 2),( 23 




                )(),( 223 xqyyxyxyxf  , 

Comparing the above two expressions of ),( yxf  yields, 

2)( yyg            and             0)( xq , 

223),( yyxyxyxf  ,               but         Cyxf ),( , 

          Cyyxyx  223 .                      (G.S) 

 

Example 2: Solve   0)sincos()cos( 2  dxxyxyxydyexyx y
. 

Solution : 

xyxyxyyxM sincos),(            )(cos]cos)sin([ xxyxyxxyyx
y

M





, 
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                          xyxxyyx cos2sin2  , 

yexyxyxN  cos),( 2
                  0)2(cos)sin(2 




xxyyxyx

x

N
, 

                          xyxxyyx cos2sin2  . 

Since  
x

N

y

M









,   then the given DE is an exact DE. 

yexyx
y

f
N 




 cos2

                 )(sin xgexyxf y  , 

)(0sin)(cos xgxyyxyx
x

f





,            but         M

x

f





, 

xyxyxyMxgxyxyxy sincos)(sincos          0)(  xg         
1

)( Cxg  , 

1
sin Cexyxf y  ,               but         

2
Cf  , 

        21sin CCexyx y       Cexyx y sin .      [ 12 CCC  ]      (G.S) 

 

Reducible to exact differential equations 

The differential equation  0),(),(  dyyxNdxyxM   which is not exact (i.e. 

x

N

y

M









) can be reduced to exact DE by multiplying it by a suitable function 

),( yx  which is called integrating factor (I.F), 

0 NdyMdx  . 

The above new DE is exact if   )()( N
x

M
y










, 

x
N

x

N

y
M

y

M

























 .            …………..   (1) 

The integrating factor ),( yx  may be a function of x only, function of y only , or a 

function of both x and y. 

 

There are two methods to find the integrating factor: 
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I) By equations 

i-   If  

















x

N

y

M

N

1
  is a function of x only ( ),( yx  is a function of x only), 

       0




y


  and   

dx

d

x







, then Eq.(1) becomes 

      
dx

d
N

x

N

y

M 
 








             

dx

d
N

x

N

y

M 
 

















, 

              dx
x

N

y

M

N

d



















1




                

















 dx

x

N

y

M

N

1
ln   

             
 
























dx

x

N

y

M

N
e

1

 . 

 

Example 1: Solve   02)3( 2  xydydxyx . 

Solution : 

23),( yxyxM                     y
y

M
6




, 

xyyxN 2),(                             y
x

N
2




. 

Since  
x

N

y

M









,   then the given DE is not exact. 

Check,            
x

yy
xyx

N

y

M

N

2
26

2

11


















         (function of x only) 

 























dx

x

N

y

M

N
e

1

              2lnln2

2

2

xeee xx
dx

x 


 . 

Multiplying the given DE by the above integrating factor (I.F) gives 

0)2()3( 222  dyxyxdxyxx           02)3( 3223  ydyxdxyxx . 

Check,       223 3),( yxxyxM                     yx
y

M 26



, 

        yxyxN 32),(                                 yx
x

N 26



. 
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Since  
x

N

y

M









,   then the given DE is reduced to exact one. 

223 3 yxx
x

f
M 




                  )(

4

23
4

ygyx
x

f  , 

)(2 3 ygyx
y

f





,            but         N

y

f





, 

yxNygyx 33 2)(2                 0)(  yg              
1

)( Cyg  , 

1

23
4

4
Cyx

x
f  ,               but         

2
Cf  , 

          21
23

4

4
CCyx

x
             3

23
4

4
Cyx

x
 ,         [ 123 CCC  ]  

or        Cyxx  2344 .           [ 34CC  ]                          (G.S) 

 

 

Example 2: Solve   ydydxxxy cos)2(sin 2  . 

Solution : 

ydydxxxy cos)2(sin 2                      0cos)2(sin 2  ydydxxxy .      

xxyyxM 2sin),( 2                     y
y

M
cos




, 

yyxN cos),(                                     0




x

N
. 

Since  
x

N

y

M









,   then the given DE is not exact. 

Check,             10cos
cos

11





















y

yx

N

y

M

N
        (function of x only) 

 























dx

x

N

y

M

N
e

1

              x
dx

ee 


  )1(

 . 

Multiplying the given DE by the above integrating factor (I.F) gives 

0cos)2(sin 2   ydyedxxxye xx . 
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ye
y

f
N x cos




                  )(sin xgyef x   , 

)(sin xgye
x

f x 


  ,            but         M
x

f





, 

)2(sin)(sin 2 xxyeMxgye xx           
xx xeexxg   2)( 2 , 

xxxxx exeexeexxg   2222)( 2
  

xxx exeexxg   44)( 2 , 

xxxx exeexyef   44sin 2 ,               but         Cf  , 

          1
2 44sin Cexeexye xxxx   , 

or       xCeyxx  sin442 .             [ 1CC  ]                (G.S) 

 

Note; 

 

 

 

 

 

 

 

 

 

ii-   If  

















x

N

y

M

M

1
  is a function of y only ( ),( yx  is a function of y only), 

       0




x


  and   

dy

d

y







, then Eq.(1) becomes 

      
x

N

dy

d
M

y

M












                              

dy

d
M

x

N

y

M 
 

















, 

              dy
x

N

y

M

M

d



















1




                

















 dy

x

N

y

M

M

1
ln   

             
 

























dy

x

N

y

M

M
e

1

 .  

   u                     dv  

  
2x                       

xe   

 x2                     
xe   

  2                        
xe   

  0                       
xe  


 dxex x2

)(22)(2 xxx exeex    

xxx exeex   222
 

 

   u                     dv  

 x2                       
xe   

  2                     
xe   

  0                         
xe  


 dxxe x2 xx eex   2)(2  

xx exe   22  

 

+ 

+ 

+ 

- - 
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Example 1: Solve   0)1()2(  dyxyxdxxy . 

Solution : 

xyyxM 2),(                       1




y

M
, 

xxxyyxN  2),(              12 



xy

x

N
. 

Since  
x

N

y

M









,   then the given DE is not exact. 

Check, 
)1(

)2()12(11

2 


























xyx

xy

xxxy

xy

x

N

y

M

N
    (is not function of x only) 

Check, 1
2

)2(

2

)12(11





























xy

xy

xy

xy

x

N

y

M

M
    (function of y only) 

 
























dy

x

N

y

M

M
e

1

              y
dy

ee    )1(

 . 

Multiplying the given DE by the above integrating factor (I.F) gives 

0)1()2(  dyxyxedxxye yy
. 

yy xeye
x

f
M 2




                           )(2 ygexxyef yy  , 

)(2 ygexxexye
y

f yyy 



,            but         N

y

f





, 

 
yyyyyy xeexxyeNygexxexye  22 )(      0)(  yg     

1
)( Cyg  , 

1

2 Cexxyef yy  ,               but         
2

Cf  , 

          21
2 CCexxye yy              

yCexxy  2
.       [ 12 CCC  ]      (G.S) 

 

Example 2: Solve   0).cossin2(.cos 3  dyyyxdxy . 

Solution : 

yM cos                                    y
y

M
sin




, 
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yyxN 3cossin2                 y
x

N
sin2




. 

Since  
x

N

y

M









,   then the given DE is not exact. 

Check,
yyx

y

yyx

yy

x

N

y

M

N 33 cossin2

sin3

cossin2

sin2sin1



























(is not function of x only) 

Check,    
y

y

y

yy

x

N

y

M

M cos

sin3

cos

sin2sin1 





















,           (function of y only) 

 
























dy

x

N

y

M

M
e

1

            
y

yee y
dy

y

y

3

3cosln3cos

sin3

cos

1
cos  




 . 

Multiplying the given DE by the above integrating factor (I.F) gives 

0).cossin2(
cos

1
).(cos

cos

1 3

33
 dyyyx

y
dxy

y
 0).1

cos

sin2
(.

cos

1

32
 dy

y

yx
dx

y
 

yx

f
M

2cos

1





                           )(

cos2
yg

y

x
f  , 

)(
cos

sin2
)()sin.(cos2

3

3 yg
y

yx
ygyx

y

f




  ,            but         N
y

f





, 

1
cos

sin2
)(

cos

sin2

33


y

yx
Nyg

y

yx
              1)(  yg            yyg )( , 

y
y

x
f 

2cos
,              but         Cf  , 

          Cy
y

x


2cos
,               or           yCyx 2cos)(  .                  (G.S) 

 

iii- If  ),( yx  is a function of x and y, then a partial DE should be used. 

 

II) By inspection 

 Inspection may be used when the integrating factor is simple such that it can be 

expected. This occurs when the DE can be rewritten as one of the following forms: 
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Differential expression Integrating factor Exact differential 

dxydyx ..   1  )(. xydydxdyx   

dxydyx ..   
xy

1
 )(ln xyd

xy

ydxxdy


  

dxydyx ..   
22

1

yx
 )

1
(

22 xy
d

yx

ydxxdy


  

dxydyx ..   
2

1

x
 )(

2 x

y
d

x

ydxxdy


  

dxydyx ..   
2

1

y
 )(

2 y

x
d

y

ydxxdy


  

dxydyx ..   
xy

1
 )(ln)(ln

y

x
d

x

y
d

xy

ydxxdy


  

dxydyx ..   
22

2

yx 
 )(ln)(ln

22
22 yx

yx
d

yx

yx
d

yx

ydxxdy













  

dxydyx ..   
22

1

yx 
 )(tan)(tan 11

22 y

x
d

x

y
d

yx

ydxxdy  


  

dxydyx ..   
22

1

yxx 
 )(sinh 1

22 x

y
d

yxx

ydxxdy 


  

dxydyx ..   
22

1

yxy 
 )(sinh 1

22 y

x
d

yxy

ydxxdy 


  

dyydxx ..   2  )(22 22 yxdydyxdx   

dyydxx ..   
22

2

yx 
 )][ln(

22 22

22
yxd

yx

ydyxdx




  

dyydxx ..   
22

1

yx 
 )( 22

22
yxd

yx

ydyxdx




  

dyydxx ..   
22

1

yx 
 )( 22

22
yxd

yx

ydyxdx




  

 

Example 1: Solve        0).(. 3  dxyxdyx . 

Solution : 

0).(. 3  dxyxdyx                            03  dxxydxxdy , 

      0
2




xdx
x

ydxxdy
                 0








xdx

x

y
d , 

        
1

2

2
C

x

x

y
          or        Cxxy  32 .       [ 12CC  ]            (G.S) 
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Example 2: Solve   0).(. 22  dyyxydxx . 

Solution : 

0).(. 22  dyyxydxx                    022  dyyxydyxdx , 

         0
22






dy

yx

ydyxdx
                    022 








 dyyxd  

        Cyyx  22 .                      (G.S) 

 

Example 3: Solve      0).(. 22  dyxyxdxy . 

Solution : 

0).(. 22  dyxyxdxy                            0)( 22  dyyxydxxdy , 

     0)( 22  dyyxydxxdy               0
22





dy

yx

ydxxdy
, 

         0tan 1 






  dy
x

y
d                         Cy

x

y
1tan , 

or     yC
x

y
1tan            )tan( yC

x

y
            

)tan( yC

y
x


 .        (G.S) 

 

Example 4: Solve      0.).( 2  dyxdxyxy . 

Solution : 

0.).( 2  dyxdxyxy                            02  ydxxdydxxy , 

        0
22





yx

ydxxdy

x

dx
                    0

1











xy
d

x

dx
, 

         C
xy

x 
1

ln .                      (G.S) 

 

Example 5: Solve      0)32(2 2  dyxyxdxy . 

Solution : 

0)32(2 2  dyxyxdxy                        0232 2  xdyxydydxy ,     (   xy ) 
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    0232 2223  ydyxdyyxdxxy        02)( 232  ydyxyxd ,     (   
32

1

yx
) 

      0
2)(

232

32

 dy
yyx

yxd
                    C

y
yx 

2
)ln( 32

, 

or       Cyyxy  2)ln( 32 .                      (G.S) 

 

4- Linear differential equations 

The general form of the first order linear differential equation is 

)().( xQyxP
dx

dy
 . 

(Note that if 0)( xP  or 0)( xQ , then the above DE is a separable variables DE). 

 If the above linear DE is not exact DE, so it can be reduced to exact one by 

multiplying it with a suitable integrating factor which can be found as follows, 

  )().( xQyxP
dx

dy
        dxxQydxxPdy )().(         0)]()([  dydxxQyxP , 

)()(),( xQyxPyxM                     )(xP
y

M





, 

1),( yxN                                             0




x

N
. 

)(
1

0)(1
xP

xP

x

N

y

M

N





















    (function of x only) 

 























dx

x

N

y

M

N
e

1

              
dxxP

e
)(

 . 

Multiplying the given DE by the above integrating factor (I.F) gives 

0)]()([
)()(

  dyedxxQyxPe
dxxPdxxP

, 

      0).()(.
)()()(

  dxexQdyeydxxPe
dxxPdxxPdxxP

, 

    dxexQyed
dxxP

dxxP 




 

)(
)( ).(.         CdxexQye

dxxP
dxxP

 
 )(

)(

).(. . 

Or simply          CQdxy   ..  . 
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Example 1: Solve        dxyxyxdyxx )33()( 52  . 

Solution : 

dxyxyxdyxx )33()( 52                     )1(3)1( 5  xyx
dx

dy
xx , 

      
x

y

x

x

dx

dy 3

1

4




          
1

3 4




x

x
y

xdx

dy
,     (Linear DE with respect to y) 

where,         
x

xP
3

)(


            and          
1

)(
4




x

x
xQ . 


dxxP

e
)(

             
3

3lnln3

3

13

x
xeee xx

dx
x  




 . 

         CQdxy   ..                        Cdx
x

x

x
y

x



 

1
.

1
.

1 4

33
,  

          Cdx
x

x

x

y



 

13
               Cdx

xx

y





  ]

1

1
1[

3
, 

     Cxx
x

y
 )1ln(

3
     or    ])1ln([3 Cxxxy  .                   (G.S) 

 

Example 2: Solve       0tan)(sin2  xdydxyx . 

Solution : 

0tan)(sin2  xdydxyx                    yx
dx

dy
x  2sintan , 


x

y

x

x

dx

dy

tantan

sin 2

     
x

x
y

xdx

dy

tan

sin

tan

1 2

 ,  (Linear DE with respect to y) 

where,         
x

x

x
xP

sin

cos

tan

1
)(             and          xx

x

x
xQ cossin

tan

sin
)(

2

 . 


dxxP

e
)(

             xee x
dx

x

x

sinsinlnsin

cos




 . 

         CQdxy   ..                        
1

)cos.(sinsin.sin Cdxxxxyx   ,  
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1

2 cossinsin Cxdxxxy                  
1

3

3

sin
sin C

x
xy  , 

or          Cxxy  3sinsin3 .           [
1

3CC  ]                    (G.S) 

 

Example 3: Solve        0)2(  ydxdyyx . 

Solution : 

0)2(  ydxdyyx               0
2





yx

y

dx

dy
.   (Nonlinear with respect to y) 

But       0
2





y

yx

dy

dx
            2

1
 x

ydy

dx
,     (Linear DE with respect to x) 

where,         
y

yP
1

)(             and          2)( yQ . 


dyyP

e
)(

                   yee y
dy

y 
 ln

1

 . 

         CQdyx   ..                        Cdyyxy   )2.(. ,  

          Cyxy  2 .                   (G.S) 

 

Reducible to linear differential equations 

Sometimes a nonlinear DE can be reduced to a linear DE. One set of equations 

for which this can always be achieved is the class of "Bernoulli Equation". These are 

of the form, 

nyxQyxP
dx

dy
).().(  . 

When  0n   or  1n , the above DE is linear. 

Consider the case when  1,0n ; division by  ny   yields 

)().( 1 xQyxP
dx

dy
y nn   . 

Let  nyz  1             
dx

dy
yn

dx

dz n )1(                 
dx

dz

ndx

dy
y n .

1

1


 , 

  )().(.
1

1
xQzxP

dx

dz

n



,      
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Or        )()1().()1( xQnzxPn
dx

dz
 .            (Linear DE with respect to z) 

So, Bernoulli's equation can be reduced to a linear DE by the transformation, 

nyz  1 . 

 

Example 1: Solve        0)3( 23  dxyxyxdy . 

Solution : 

0)3( 23  dxyxyxdy                    0
3 23





x

yxy

dx

dy
, 

               
22.

3
yxy

xdx

dy
 .             (Bernoulli's equation)  

Division by 2y  gives 

      212 .
3

xy
xdx

dy
y   . 

Let       1 yz             
dx

dy
y

dx

dz 2                 
dx

dz

dx

dy
y  2 , 

     
2.

3
xz

xdx

dz
 , 

                 
2.

3
xz

xdx

dz
 ,     (Linear DE with respect to z) 

where,         
x

xP
3

)(


            and          2)( xxQ  . 


dxxP

e
)(

             
3

3lnln3

3

13

x
xeee xx

dx
x  




 . 

         CQdxz   ..                        Cdxx
x

z
x

  ).(
1

.
1 2

33
,  

          Cdx
xx

z
 

1

3
               Cx

x

z
 ln

3
, 

       )ln(3 xCxz  .          But     
y

yz
11  

, 

       )ln(
1 3 xCx
y

            or         
)ln(

1

3 xCx
y


           (G.S) 
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Example 2: Solve        0)tancos(sin 322  dyyxyydxx . 

Solution : 

0)tancos(sin 322  dyyxyydxx     0
tancossin 32

2





yxyy

x

dx

dy
  (Nonlinear) 

But  0
tancossin

2

32





x

yxyy

dy

dx
    

22 ).cos(sin).(tan  xyyxy
dy

dx
 (Bernoulli) 

Division by 2x  gives      yyxy
dy

dx
x 232 cossin).(tan  . 

Let       3xz              
dy

dx
x

dy

dz 23                 
dy

dz

dy

dx
x .

3

12  , 

  yyzy
dy

dz 2cossin).(tan.
3

1
     yyzy

dy

dz 2cossin3).tan3(  ,   (Linear w.r.t z) 

where,         yyP tan3)(             and          yyyQ 2cossin3)(  . 


dyyP

e
)(

             yeee y
dy

y

y
dyy

3cosln3cos

sin
3.tan3

cos




 . 

         CQdyz   ..                        Cdyyyyzy   )cossin3.(cos.cos 233 ,  

          Cdyyyzy   .cos.sin3.cos 53            C
y

zy 
6

cos
.3.cos

6
3 , 

but          3xz                           C
y

yx 
2

cos
cos

6
33

, 

 or         yyCx 333 cos
2

1
sec  .                 (G.S) 

 

5- Second order DE reduced to first order DE 

A) When the dependent variable does not appear in the DE; 

If the dependent variable (say y ) does not appear in a second order DE, then 

this equation can be reduced to a first order DE by letting 

dx

dy
xfz  )(                      )()(

dx

dy

dx

d
z

dx

d
                        

2

2

dx

yd

dx

dz
 . 
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Example: Solve        xyy 42  .         (or   x
dx

dy

dx

yd
42

2

2

 ) 

Solution : 

Since the dependent variable ( y ) does not appear in the given second order DE, then 

this equation can be reduced to a first order DE by letting 

dx

dy
xfz  )(                            

2

2

dx

yd

dx

dz
 . 

  x
dx

dy

dx

yd
42

2

2

     is reduced to 

       xz
dx

dz
42  ,     (Linear 1

st
 order DE w.r.t z) 

where,         2)( xP            and          xxQ 4)(  . 


dxxP

e
)(

             x
dx

ee 2
2

  . 

         CQdxz   ..                        
1

22 )4.(. Cdxxeze xx   ,  

          
1

22 4 Cdxxeze xx               
1

222 ]
4

1

2

1
[4 Cexeze xxx   , 

          
1

222 2 Cexeze xxx               
xeCxz 2

1
12  , 

but   
dx

dy
z                  xeCx

dx

dy 2

1
12  ,       (Separable DE) 

       
2

2

1

2

2

1
CeCxxy x




  .               (G.S) 

 

B) When the independent variable does not appear in the DE; 

If the independent variable (say x ) does not appear in a second order DE, then 

this equation can be reduced to a first order DE by letting 

dx

dy
yfz  )(                      )()(

dx

dy

dx

d
z

dx

d
                        

2

2

.
dx

yd

dx

dy

dy

dz
 , 

but   
dx

dy
z                          

2

2

.
dx

yd

dy

dz
z  . 
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Example: Solve        3)()(4 42  yyyy . 

Solution : 

Since the independent variable ( x ) does not appear in the given second order 

DE, then this equation can be reduced to a first order DE by letting 

dx

dy
yfz  )(                      )()(

dx

dy

dx

d
z

dx

d
                        

2

2

.
dx

yd

dx

dy

dy

dz
 , 

but   
dx

dy
z                          

2

2

.
dx

yd

dy

dz
z  . 

  3)()(4 42  yyyy     is reduced to 

            3).(4 42  z
dy

dz
zyz .          (Separable DE) 

     
y

dy

z

dzz


 3

4

4

3

                 Cyz  ln)3ln( 4
              C

y

z



)

3
ln(

4

, 

 

         
1

4 3
C

y

z



      [where  CeC 

1
]                 3

1

4  yCz , 

         
4/1

1
)3(  yCz .                     But  

dx

dy
z  , 

       4/1

1
)3(  yC

dx

dy
,     (Separable DE) 

       dx
yC

dy


 4/1

1
)3(

            dxdyyC   4/1

1
)3( , 

              
2

4/3

1

1

)3(
3

4
CxyC

C
 , 

or           )(
4

3
)3(

2

14/3

1
Cx

C
yC  .        (G.S) 
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3- Applications on First-Order ODE 

 

 

 

 

 

 

Introduction 

The mathematical formulation of physical problems involving continuously changing 

quantities, often leads to differential equations of the first-order. 

 

1- Orthogonal Trajectories 

In many engineering problems, a family (set) of curves is given and it is 

required to find another family whose curves intersect each of the given curves at 

right angle. 

Consider the function  Cyxf ),(   where C is a constant. By changing the 

value of the constant C, a family (set) of curves are obtained for ),( yxf , where each 

curve has one value of the constant. It is required to find another set of curves which 

are orthogonal to the first set. This is done by eliminating the constant C from 

Cyxf ),(  by differentiation, and then replacing 
dx

dy
 of these curves by ]/1[

dx

dy
  to 

get the required orthogonal set. 

 

 

 

 

 

 

 

 

1),( Cyxf  
y 

x 

2
),( Cyxf  

3
),( Cyxf  



Engineering Analysis / Civil Eng. / 3
rd

 Class                                                      Prepared by: Dr. Ahmed Sagban Saadoon              

- 30 - 

 

Example 1: Find the orthogonal trajectories of  2Cxy  . 

Solution: 

Step 1; Find the slope of the given set, 

Method I, 

2Cxy            C
x

y


2
.        By differentiation   0

)2.(.

4

2




x

xdxydyx
, 

     022  xydxdyx            
x

y

dx

dy 2

1









.        (The slope of the given set) 

Method II, 

2Cxy  .     By differentiation       Cxdxdy 2               Cx
dx

dy
2

1









. 

From the given set    
2x

y
C             x

x

y

dx

dy























2
1

2          
x

y

dx

dy 2

1









. 

 

Step 2; Find the slope of the required set, 

Since the required and given sets are orthogonal, then  
12

/1 

















dx

dy

dx

dy
.   

  

















x

y

dx

dy 2
/1

2

                        
y

x

dx

dy

2
2











. 

 

Step 3; Find the required set, 

To find the required set we must solve the above differential equation, 

y

x

dx

dy

2


     (separable variables DE) 

       dxxydy .2  , 

       K
x

y 



2

2
2

    or     K
x

y 
2

2
2

. 

Notes, 

* K must be positive since it is the sum of 

   two squares. 

* 2Cxy     is a family of parabolas. 

* K
x

y 
2

2
2

   is a family of ellipses. 

1C 4/1 10/1 

1C 4/1 10/1 

2K 1 2/1 

y 

x 
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Example 2: Find the orthogonal trajectories of  Cxy  . 

Solution: 

Step 1; Find the slope of the given set, 

By differentiation   0 ydxxdy           
x

y

dx

dy 










1

. 

Step 2; Find the slope of the required set, 

12

/1 

















dx

dy

dx

dy
     







 










x

y

dx

dy
/1

2

          
y

x

dx

dy










2

.  

Step 3; Find the required set, 

y

x

dx

dy
       (separable variables DE)                     dxxydy . , 

   
1

22

22
K

xy
          or          Kxy  22 .             [

1
2KK  ] 

 

2- Suspended Cables 

Example 1: Derive the differential equation of the curve of a perfectly flexible cable, 

of uniform weight per unit length w , suspended between two points. 

Solution: 

Start from the lowest point C and consider 

a cable segment of length x from point C, 

       0yF       swT .sin           …….   (1) 

       0xF       HT cos           ….....   (2) 

Dividing Eq. (1) by (2), gives 

     
H

sw.
tan  .        But  

dx

dy
tan , 

         
H

sw

dx

dy .
 . 

Differentiating the last equation 

with respect to x, yields 

dx

ds

H

w

dx

yd
.

2

2

 . 

x 

T 

T.cos ɵ 

T.sin ɵ 

ɵ 

w 

w.s 

s 

y 

x H 
C 

C 
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But  22 )()( dydxds       or        2)(1
dx

dy

dx

ds
 , 

     2

2

2

)(1.
dx

dy

H

w

dx

yd
 .      (2

nd
 order reducible to 1

st
 order DE) 

Since y  does not appear in the above DE, then this equation can be reduced to a first 

order DE by letting 

dx

dy
xfz  )(                            

2

2

dx

yd

dx

dz
 . 

  21. z
H

w

dx

dz
     (Separable DE)         dx

H

w

z

dz
.

1 2



, 

           1
1 .sinh Cx

H

w
z 

                ).sinh( 1Cx
H

w
z  . 

But  
dx

dy
z                 ).sinh( 1Cx

H

w

dx

dy
 , 

     21).cosh( CCx
H

w

w

H
y  .                      (G.S) 

Appling the boundary conditions (B.C); 

    1-  At the lowest point;    0)0( y          )0sinh(0 1C                 01 C . 

    2-  At the lowest point;    0)0( y           2)0cosh(0 C
w

H
            

w

H
C 2 . 

     
w

H
x

H

w

w

H
y  )0.cosh(                )1(cosh 

H

wx

w

H
y .             (P.S) 

 

Example 2: A suspended cable is hung between two points, of the same level, and is 

subjected to a horizontal uniformly distributed load, attached to the cable by vertical 

hangars, as shown in the figure. What is the shape of the cable at equilibrium? and 

how does the tension vary along the cable? (Neglect self  weight of the cable). 

 

 

 

 

 

ds 
dy 

dx 

q 

L 

b 
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Solution: 

Start from the lowest point C (at midspan 

due to symmetry) and consider a cable 

segment of length x from point C, 

     0yF      xqT .sin    …….   (1) 

     0xF      HT cos   …….   (2) 

Dividing Eq. (1) by (2), gives 

  
H

xq.
tan  .          But  

dx

dy
tan , 

   
H

xq

dx

dy .
      C

H

qx
y 

2

2

.     (G.S) 

Boundary conditions (B.C); 

   1-  At the lowest point;   0)0( y        C
H

q


2

)0(
0

2

       0C        
H

qx
y

2

2

 . 

   2- At the right support;   bLy )2/(            
H

Lq
b

2

)2/( 2

            
b

qL
H

8

2

 . 

      
)8/(2 2

2

bqL

qx
y                   

2

24

L

bx
y  .                           (P.S) 

Consider the tension in the cable: 

At any point along the cable     
22

yx TTT           22 )sin.()cos.(  TTT  , 

           22 ).()( xqHT               222 .xqHT  . 

Thus, the tension is minimum when 0x  (i.e, at the lowest point where it is equal to 

H) and it increases towards the ends. 

Note; 

If we consider the self weight of the cable, then 

  0yF             swxqT ..sin          ……………….   (1) 

  0xF             HT cos                  ……………….   (2) 

Dividing Eq. (1) by (2), gives 

H

swxq ..
tan


 .              But  

dx

dy
tan                         

H

swxq

dx

dy .. 
 . 

Differentiating the last equation with respect to x, yields 

T 

T.cos ɵ 

T.sin ɵ 

ɵ 

q.x 

y 

x H 
C 

x 

q 
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dx

ds

H

w

H

q

dx

yd
.

2

2

 .       But  22 )()( dydxds       or        2)(1
dx

dy

dx

ds
 , 

2

2

2

)(1.
dx

dy

H

w

H

q

dx

yd
 . 

The above resulted DE is so difficult to be solved analytically. 

   

3- Flow through orifices 

 Consider a tank which contains any liquid and there is an orifice (hole) at its 

bottom through which the liquid drains under the influence of gravity. Thus, the 

depth of water is changed through time. In an interval of time dt , the water level will 

fall by the amount dy , and the change of volume of liquid inside the tank is equal to 

the volume of liquid drained outside the tank, i.e, 

 outin dVdV )()(                       dtQdyA ..  , 

where, 

A is the cross sectional area of the tank. 

Q is the discharge of liquid through the orifice vaCd .. . 

dC  is the coefficient of discharge. 

a is the area of the orifice (hole). 

v is the velocity of liquid leaving the orifice gy2 . 

( ve ) the negative sign indicates that as t increases, y decreases. 

 

Example 1: An inverted right circular conical tank, as shown in the figure, is initially 

filled with water. The water drains, due to gravity, through a small hole of radius r  at 

the bottom. Find the height of water as a function of time and the time required for 

the tank to drain completely. 

 

 

 

 

 

 

dy 

y 

h 

R 
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Solution: 

outin dVdV )()(              dtQdyA ..  , 

        dtvaCdyA d ....  , 

        dtgyrCdyx d .2... 22   , 

         dtgyrCdyx d .2. 22  . 

But  
h

Ry
x             dtygrCdy

h

yR
d ..2. 2

2

22

 .          (Separable variables DE) 

  dt
R

ghrC
dy

y

y d .
2

.
2

222

 , 

      dt
R

ghrC
dyy d .

2
.

2

22
2/3  , 

      Ct
R

ghrC
y d  .

2

5

2

2

22
2/5

.          (G.S) 

Appling the initial condition (I.C); 

Initially, at  0t , the tank is filled with water,  hy  , 

     hy )0(                     Ch  0
5

2 2/5                      2/5

5

2
hC  . 

 
2/5

2

22
2/5

5

2
.

2

5

2
ht

R

ghrC
y d     or    

2/5

2

22
2/5 .

2

25
ht

R

ghrC
y d  .    (P.S) 

The tank will be empty when  0y , 

   
2/5

2

22

.
2

25
0 ht

R

ghrCd                  
ghrC

hR
t

d 25

2

22

2/52

 , 

or      
g

h

r

R

C
t

d 2
..

5

2
2









 . 

 

Example 2: A water tank, rectangular in cross section, has the dimensions m1220  

at the top and m106  at the bottom and is m3  in height. It is filled with water and 

has a circular orifice of cm5  diameter at its bottom. Assuming 6.0dC  for the 

orifice, find the equation of the height of water in the tank with time, then compute 

the time required for empting the tank. 

h 

R 

x 
dy 

y 

dy 

y 

h 

R 

x x 

h

R

y

x
      

h

Ry
x  
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Solution: 

outin dVdV )()(              dtQdyA ..  , 

        dtvaCdyA d ....  , 

               dtgyrCdyzx d .2.... 2 , 

dtydyyy .81.92)
100

5.2
(6.0)10

3

10
)(62( 2   , 

           dtydyy
y

.10218.5)32
3

(20 3
2

 , 

                    (Separable variables DE) 

     dtdy
yy

y

y

y 4
2

1061.2)
32

3
(  , 

              dtdyyyy 42/12/12/3 1061.2)32
3

1
(   , 

  Ctyyy   .1061.26
3

4

15

2 42/12/32/5 .        (G.S) 

 

Appling the initial condition (I.C); 

Initially, at  0t , the tank is filled with water,  my 3 , 

  3)0( y         C 0363
3

4
3

15

2 2/12/32/5 , 

     4.19C . 

  4.19.1061.26
3

4

15

2 42/12/32/5   tyyy .      (P.S) 

 

The tank will be empty when  0y , 

     4.19.1061.20 4   t , 

     sec5.74329t  

 hr65.20  

 

 

 

 

dy 

y 

3 m 

12 m 

10 m 

20 m 

6 m 

z 

x 

dy 

y 

3 m 

12 m 

6 m 

x 

3

6126 




y

x
 

62  yx 

3

102010 




y

z

10
3

10
 yz 

dy 

y 

3 m 

20 m 

10 m 

z 
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Useful expressions, 

 

LxA . . 

h

yh

b

x 
 , 

  ).( yh
h

b
x  . 

 

 

 
2xA  . 

222 )( RRyx  , 

  
22 2 yRyx  . 

 

 

 

 

LxA .2 . 
222 Ryx  , 

  
22 yRx  . 

 

4- Motion of bodies 

Example: A body, of mass m, falls from rest. If the drag (resisting) force of air is 

assumed to be proportional to the instantaneous velocity of the body, find the 

equation of motion of this body. 

Solution: 

Since the drag force D  is proportional to the instantaneous 

velocity v , 

   vD        vRD . .        (R is the proportion constant) 

    amFy .            amDw .            amvRgm ...  , 

        
2

2

...
dt

yd
m

dt

dy
Rgm         g

dt

dy

m

R

dt

yd
 .

2

2

.  (reducible to 1
st
 order DE)  

Since y  does not appear in the above DE, then this equation can be reduced to a first 

order DE by letting            
dt

dy
tfv  )(                            

2

2

dt

yd

dt

dv
 . 

dy 

y 

h 

b 

L 

x 

dy 

y 

x x 

R 

y-R 
R 

dy 

y 

x x 
R 

R-y 

dy 
y 

x x 

R L 

m 

w 

D 

m.a 

y 
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  gv
m

R

dt

dv
 .      (Linear DE)         

dttP

e
)(

          mRt
dt

m

R

ee /


 . 

           CdttQv ).(..                         
1

// ... Cdtgeve mRtmRt ,  

          
1

// Ce
R

mg
ve mRtmRt                 mRteC

R

mg
v /

1

 . 

But     
dt

dy
v                  mRteC

R

mg

dt

dy /

1

 , 

              2
/1 .. Ce

R

mC
t

R

mg
y mRt   .                         (G.S) 

Initial conditions (I.C); 

       1-  0)0()0(  yv           
0

1
0 eC

R

mg
            

R

mg
C




1
. 

       2-  0)0( y       2
01 .00 Ce

R

mC
       

R

mC
C 1

2        
2

2

2

R

gm
C


 . 

               
2

2
/...

R

gm
e

R

mg

R

m
t

R

mg
y mRt 




  , 

or               )1(. /

2

2
mRte

R

gm
t

R

mg
y  .                                  (P.S) 

 

5- General Applications 

Example: the population growth (P) at any time in a city is governed by the equation  

PPDB
dt

dP
).(  , where B and D are the birth and death rate, respectively. If 

1.0B , 7101 D (t is in year), and 5000oP  person, find P as a function of time. 

What is the limiting (maximum) value of population? At what time will be the 

population equal to one half of the limiting value? 

Solution: 

 PPDB
dt

dP
).(               2DPBP

dt

dP
 .       (Bernoulli's equation)  

Division by 
2P  gives      DBP

dt

dP
P   12. . 

Let       1 Pz             
dt

dP
P

dt

dz 2                 
dt

dz

dt

dP
P  2

, 
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     DzB
dt

dz
 .                DzB

dt

dz
 . ,     (Linear DE with respect to z) 

Bt
Bdt

ee   . 

         CQdtz   ..                        
1

.. CDdteze BtBt   ,  

          
1

.. Ce
B

D
ez BtBt                 

Bte

C

B

D
z 1 , 

but     
P

Pz
11  

            
Bte

C

B

D

P

11
         

Bt

Bt

Be

BCDe

P

11 
 , 

     
CDe

Be
P

Bt

Bt


     [ BCC

1
 ]        or       

BtCeD

B
P


 .          (G.S) 

 

Initial conditions (I.C); 

At    0t ,    5000P                   
)0(1.07101

1.0
5000

 


Ce
, 

     57 102101
5000

1.0 


 C . 

     
te

P
.1.057 102101

1.0

 
        or         

te
P

.1.02001

1000000


 .            (P.S) 

Max. population 
max

P  occurs after a long period of time (i.e when  t ), 

    
)(1.0max

2001

1000000





e

P                   1000000
02001

1000000

max



P . 

(Note;   0
11)(1.0









e
ee ) 

When     
max2

1
PP                 5000001000000

2

1
P Person, 

       
te .1.02001

1000000
500000


               

500000

1000000
2001 .1.0   te , 

          
200

12.1.0 
 te             )105ln(.1.0 3 t             3.5.1.0  t , 

          53t   year. 
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4- Second and Higher Order Linear Ordinary 

Differential Equations 

 

 

 

 

Introduction 

The general form of linear DE of order n may be written as: 

)(..........
11

1

1
xgya

dx

dy
a

dx

yd
a

dx

yd
a

on

n

nn

n

n







,      ( 0

n
a )     ………. (1) 

where; 

onn
aaa ,.....,,

1
 are called the coefficients for the DE and they are, in general, as 

functions of x, 

)(xg  is a function of x. 

* If the coefficients 
onn

aaa ,.....,,
1

are constants, then Eq.(1) is called linear DE with 

constant coefficients and if they are functions of x, then Eq.(1) is called linear DE 

with variable coefficients. 

* If 0)( xg , then Eq.(1) is called homogeneous linear DE, and if 0)( xg , then 

Eq.(1) is called non-homogeneous linear DE. 

 

Differential operator (D-operator) 

A second standard form of Eq.(1) is based on the following notations: 

Dy
dx

dy
 ,    yD

dx

yd 2

2

2

 ,     in general    yD
dx

yd n

n

n

 , 

where D is called the differential operator. 

Thus, Eq.(1) can now be written as: 

)(..........
1

1

1
xgyaDyayDayDa

o

n

n

n

n
 


, 

or      )()..........(
1

1

1
xgyaDaDaDa

o

n

n

n

n
 


. 
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Superposition principle 

Let  
n

yyy ,.....,,
21

  be solutions of a linear DE of order n, then the linear 

combination: 

kk
yCyCyCy  ........

2211
,            nk     

is also a solution, where  
k

CCC ,.....,,
21

 are arbitrary constants.        

 

Linear dependence and independence 
A set of n functions 

n
yyy ,.....,,

21
 is said to be linearly dependent if there exist 

n constants 
n

CCC ,.....,,
21

 (not all zero) such that: 

0........
2211


nn

yCyCyC ,       or       0

1




n

i
ii

yC . 

If no such constants can be found (i.e. do not exist), then the set of functions is said to 

be linearly independent. For example: 

* For the functions xey 2

1
3 , xey 2

2
2 , and xey 

3
,  

   if we put 2
1
C , 3

2
C , and 0

3
C , then 

    0))(0()2)(3()3(2 22

332211
  xxx eeeyCyCyC . 

    Thus, 
1

y , 
2

y , and 
3

y  are linearly dependent.   

* For the functions xey 
1

, xey 
2

, and xey 3

3
 ,  

       03

321332211
  xxx eCeCeCyCyCyC . 

    Thus, 
1

y , 
2

y , and 
3

y  are linearly independent. 

   

Wronskian determinants 

It is not always easy to check the linear dependence of a given set of functions 

by searching for the value of the constants 
i

C  which make 0

1




n

i
ii

yC . For this 

purpose, Wronskian determinant may be used as an alternative method. 

Let 
n

yyy ,.....,,
21

 are given functions to be checked for linear dependence, then 

the Wronskian determinant is defined as, 
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11

2

1

1

21

21

21

..

.....

.....

..

..

),.....,,(







n

n

nn

n

n

n

yyy

yyy

yyy

yyyw . 

If  0),.....,,(
21


n

yyyw , then  
n

yyy ,.....,,
21

 are linearly dependent. 

If  0),.....,,(
21


n

yyyw , then  
n

yyy ,.....,,
21

 are linearly independent. 

For example, the Wronskian determinant for the functions 2

1
2xy   and 3

2
3xy   is, 

4322

2

32

21

21

21
6)]4).(3[()]9).(2[(

94

32
),( xxxxx

xx

xx
yy

yy
yyw 







 . 

Since  0),(
21
yyw , then  

1
y  and 

2
y   are linearly independent. 

 

General solution of homogeneous linear DE 

The general solution (complete solution) of any homogeneous linear DE of n
th

 

order will be the linear combination of n linearly independent solutions 

),.....,,(
21 n

yyy  for which 0),.....,,(
21


n

yyyw . Each linearly independent solution 

contains one constant, therefore the general solution will be contain n constants. 

 

Solution of homogeneous linear DE with constant coefficients 

A second order homogeneous linear DE with constant coefficients can be 

written as: 

0...
2

2

 yc
dx

dy
b

dx

yd
a       or         0)..( 2  ycDbDa . 

Let the solution is   mxey                 mxmey                  mxemy 2 , 

Substituting in the DE gives: 

 0)().().( 2  mxmxmx ecmebema         0).( 2  cmbamemx , 

          but   0mxe         0.2  cmbam .  (Auxiliary or characteristic equation) 
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In practice it is obtained not by substituting mxey   into the given DE and then 

simplifying, but rather by equating to zero the operational coefficient of y and then 

letting the symbol D plays the role of m, i.e.  0.. 2  cDbDa . 

     
a

acbb
m

2

42

2,1


 . 

The roots 
i

m  may be: 

1- Real and unequal roots when )04( 2  acb , 

21
mm   

xm

ey 1

1
   and   

xm

ey 2

2
   

2211
yCyCy                 

xmxm

eCeCy 21

21
 . 

2- Real and equal roots when )04( 2  acb , 

a

b
mmm

221
  

mxeyy 
21

,  

mxmxmx CeeCeCy 
21

. 

This could not be total solution because the DE is of the 2
nd

 order and there must be 

two constants of integration. Thus, the solution mxCey   is considered as a part of the 

solution and the total solution will be assumed as, 

1
).( yxuy  ,   where   mxey 

1
. 

uyyuy  ..
11

, 

1111111
..2..... yuyuyuyuuyuyyuy   

Substituting in the DE gives 

0).()..()..2.(
111111
 yucyuyubyuyuyua , 

0)2()(
111111

 uayubyyaucyybya . 

But,  0
111
 cyybya ,      (since 

1
y  is a solution) 
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and  0)()
2

(22 22

11






x

a

b
x

a

b

ebe
a

b
abyya , 

 0
1

 uay .       But,    0a   and  0
1
y , 

 0u           
1

Cu             
21

CxCu  . 

mxeCxCyuy )(.
211

 .  

3- Complex roots when )04( 2  acb , 

iibac
aa

b
m  








 2

2,1
4

2

1

2
, 

xi
ey

)(

1

 
   and   

xi
ey

)(

2

 
 ,  


xixi

BeAey
)()(  

             )(
ixixx BeAeey

 
 . 

But,  ixxe
ix

)(sincos 



,          (Euler formula) 

}])(sin{cos})(sin{cos[ ixxBixxAey x   , 

    ]))(sin(cos)[( ixBAxBAey x   , 

    )sincos(
21

xCxCey x   . 

 

Example 1: Solve      023  yyy . 

Solution : 

Using D-operator gives  0232  yDyyD       or       0)23( 2  yDD , 

   0232  mm ,          (Auxiliary or characteristic equation) 

 0)2)(1(  mm               Either  01m          1
1
m , 

                                                 or     02 m          2
2
m , 

x
xm

eey  1

1
      and       

x
xm

eey 2

2

2   , 

2211
yCyCy                 xx eCeCy 2

21
 .                    (G.S) 
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Example 2: Solve      096
2

2

 y
dx

dy

dx

yd
. 

Solution : 

0962  yDyyD       or       0)96( 2  yDD , 

   0962  mm ,          (Auxiliary equation) 

 0)3)(3(  mm               3
21

mm            xeyy 3

21

 , 

    xx xeCeCy 3

2

3

1

         or         xexCCy 3

21
)(  .                  (G.S) 

 

Example 3: Solve      074  yyy . 

Solution : 

0)74( 2  yDD              0742  mm ,          (Auxiliary equation) 

2

124

)1(2

)7)(1(4)4()4( 2

2,1





m , 

       i
i

32
2

124



 ,                 2(    and  )3  

)sincos(
21

xCxCey x          )3sin3cos(
21

2 xCxCey x  .      (G.S) 

 

Example 4: Solve      018362  yyyy . 

Solution : 

0)18362( 23  yDDD                018362 23  mmm , 

 0)18()18(2 22  mmm               0)12)(18( 2  mm  , 

Either  012 m          
2

1

1
m , 

   or     0182 m          182 m         iim 231818
3,2

 , 

     )23sin23cos(
32

)0(2/

1
xCxCeeCy

xx  , 

or     xCxCeCy x 23sin23cos
32

2/

1
 .                      (G.S) 



Engineering Analysis / Civil Eng. / 3
rd

 Class                                                      Prepared by: Dr. Ahmed Sagban Saadoon              

- 46 - 

 

Example 5: Solve      05117  yyyy . 

Solution : 

0)5117( 23  yDDD                  05117 23  mmm . 

 By trial & error, if  1m , then 05)1(11)1(7)1( 23  , 

   1m   is a root       )1( m   is a factor. 

To find the other factor we use long division. 

     0)56)(1( 2  mmm , 

     0)5)(1)(1(  mmm  , 

   1
1

m ,  1
2

m ,  and  5
3

m , 

   xxx eCxeCeCy 5

321

  , 

or  xx eCexCCy 5

321
).(   .       (G.S) 

 

Example 6: Solve      08118
2

2

4

4

 y
dx

yd

dx

yd
. 

Solution : 

0)8118( 24  yDD                  08118 24  mm . 

0)9)(9( 22  mm          Either  092 m          im 39
2,1

 , 

                                                or     092 m          im 39
4,3

 , 

     )3sin3cos()3sin3cos(
43

)0(

21

)0(
xCxCxexCxCey

xx
 , 

or     xxCCxxCCy 3sin)(3cos)(
4231

 .                      (G.S) 

 

Example 7: Solve      04
4

4

 y
dx

yd
. 

Solution : 

0)4( 4  yD             044 m          44 m         im 242  . 

                  562  mm  

1m   5117 23  mmm  

             23 mm   

                    5116 2  mm  

                    mm 66 2    

                               55 m   

                               55 m  

                                    0 
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Either  im 22        im 2
2,1

       2

2,1
)1( im         )1(

2,1
im  , 

         or     im 22       im 2
4,3

      2

4,3
)1( im         )1(

4,3
im  . 

We can rearrange the roots as:   im 1
2,1

   and    im  1
4,3

, 

     )sincos()sincos(
4321

xCxCexCxCey xx   .                       (G.S) 

Note;  

2

22 












 i

aa
ai . 

 

Example 8: Solve      04
3

3

5

5


dt

zd

dt

zd
. 

Solution : 

0)4( 35  zDD            04 35  mm              0)4( 23 mm , 

either  03 m          0
3,2,1
m , 

         or     042 m          42 m           2
5,4

m , 

     
ttttt

eCeCetCteCeCz
)2(

5

)2(

4

)0(2

3

)0(

2

)0(

1


 , 

or     tt eCeCtCtCCz 2

5

2

4

2

321

 .                      (G.S) 

 

Solution of non-homogeneous linear DE with constant coefficients 

To find the general solution (complete solution) of a given non-homogeneous 

linear DE, the following steps are followed: 

1- We find a general solution for the corresponding homogeneous linear DE (i.e. 

we put 0)( xg ). This solution is called the homogeneous or complementary 

solution, usually denoted by cy , which will contain n constants (where n is the 

order of the given DE). 
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2- We find a particular solution for the given nonhomogeneous linear DE. This 

solution is called the particular solution, usually denoted by py , which will be 

free from constants. 

3- The complete solution will be: 

pc yyy  . 

There are different methods to find the particular solution. 

 

1- Undetermined coefficients method 

In this method we assume a trial solution containing unknown constants which 

are to be determined by substitution in the given DE. The trial solution to be assumed 

in each case depends on the special form of g(x).         

 

)(xg  Assumed trial solution 
p

y  

a  A  

nax  (n a positive integer) 
n

no xAxAxAA  ...2

21
 

mxae  (m either real or complex) mxAe  

xa cos    or    xa sin  xBxA  sincos   

xa cosh    or    xa sinh  xBxA  sinhcosh   

mxneax  
mxn

no exAxAA )...(
1

  

cosnax xa cos   or  sinnax xa sin  
xxAxAA n

no cos)...(
1

  

xxBxBB n
no sin)...(

1
  

cosmxae xa cos   or  sinmxae xa sin  
mxexBxA )sincos(    

cosmxneax xa cos   or  sinmxneax xa sin  
xxAxAA n

no cos)...[(
1

  
mxn

no exxBxBB ]sin)...(
1

  

 

Note, 

 If any term of the assumed trial solution does appear in the complementary solution 

(linearly dependent), we must multiply the trial solution by the smallest positive 

integer power of x which is large enough so that none of the terms, which are then 

present, appear in the complementary solution.         
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Example 1: Solve      225102 xyyy  . 

Solution : 

Step 1: Find the complementary solution cy , 

  0)102( 2  yDD                       01022  mm , 

  i
i

m 31
2

62

2

362

)1(2

)10)(1(422 2

2,1









 , 

     )3sin3cos(
21

xCxCey x

c
  .   

Step 2: Find the particular solution py , 

  Let  2

21
xAxAAy o

p
               xAAy

p
21

2                
2

2Ay
p
 , 

  Substituting py  and its derivatives in the given DE, yields 

   22

21212
25)(10)2(22 xxAxAAxAAA o  , 

  22
21212 25)10()104()1022( xxAxAAAAA o   

                22
2 2510 xxA             2510 2 A                 

2

5
2
A  , 

             0)104( 12  xAA        0104 12  AA        1
2

5

10

4

10

4
2

1


A
A , 

             01022
12

 oAAA         
10

3

10

)1(2
2

5
2

10

22
12 















AA

Ao . 

                2

2

5

10

3
xxy

p
 . 

Step 3: Find the complete solution y , 

              pc yyy           2

21 2

5

10

3
)3sin3cos( xxAxCxCey o

x   .    (G.S) 

 

Example 2: Solve      92cos532  xyyy . 

Solution : 

To find the complementary solution cy , 

  0)32( 2  yDD                   0322  mm , 

  0)3)(1(  mm               1
1

m       and      3
2
m , 
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                xx

c
eCeCy 3

21
  .    

To find the particular solution py , 

  Let  CxBxAy
p

 2sin2cos                xBxAy
p

2cos22sin2  , 

          xBxAy
p

2sin42cos4  , 

  Substituting, 

92cos5)2sin2cos(3)2cos22sin2(2)2sin42cos4(  xCxBxAxBxAxBxA

   92cos532sin)74(2cos)47(  xCxBAxBA , 

      xxBA 2cos52cos)47(         547  BA  ….. (1), 

    02sin)74(  xBA        02sin)74(  xBA 02sin)74(  xBA     ……(2)        
13

7
A  & 

13

4
B . 

             93  C              3C . 

               32sin
13

4
2cos

13

7
 xxy

p
 

To find the complete solution y , 

              pc yyy           32sin
13

4
2cos

13

73

21
  xxeCeCy xx .          (G.S) 

 

Example 3: Solve      xeyyy x sin2  . 

Solution : 

  0)12( 2  yDD                      0122  mm , 

  0)1)(1(  mm                    1
21

mm , 

                xx

c
xeCeCy  

21
         or          x

c
exCCy  )(

21
. 

  Let  
x

p
exBxAy )sincos(  , 

         
xx

p
exBxAexBxAy )cossin()sincos(  , 

              xeABxeBA xx sin)(cos)(  , 

         )sincos)(()cossin)(( xexeABxexeBAy xxxx

p
 , 

               xAexBe xx sin2cos2   

  Substituting, 



Engineering Analysis / Civil Eng. / 3
rd

 Class                                                      Prepared by: Dr. Ahmed Sagban Saadoon              

- 51 - 

 

xeexBxAxeABxeBAxAexBe xxxxxx sin)sincos(]sin)(cos)[(2)sin2cos2( 

   xexeBAxeAB xxx sinsin)34(cos)34(  , 

             0cos)34(  xeAB x           034  AB  ….(1), 

          xexeBA xx sinsin)34(       143  AB  ….(2)      
25

4
A  & 

25

3
B  

                x

p
exxy )sin

25

3
cos

25

4
(  . 

              pc yyy           xx exxexCCy )sin
25

3
cos

25

4
()(

21
  .          (G.S) 

 

Example 4: Solve      xxeyDDD 323 )2425(  . 

Solution : 

02425 23  mmm , 

By trial & error, if  2m , then 024)2(2)2(5)2( 23  , 

   2m   is a root       )2( m   is a factor. 

Use long division to find the other factor, 

     0)127)(2( 2  mmm , 

     0)4)(3)(2(  mmm  , 

    2
1

m ,  3
2
m ,  and  4

3
m , 

  xxx

c
eCeCeCy 4

3

3

2

2

1
  .   

Let     x
o

x
op

exAxAexAAy 32
1

3
1 )(.)(  x , 

x
o

x
o

p
exAAexAxAy 3

1

32

1
)2()(3  , 

     x
oo exAxAAA 32

11
]3)23([  , 

x
o

x
oo

p
exAAAexAxAAAy 3

11

32

11
]623[]3)23([3  , 

     x
oo exAxAAAA 32

111
]9)129()26[(  , 

x
o

x
oo

p
exAAAexAxAAAAy 3

11

32

111
)18129(]9)129()26[(3  , 

     x
oo exAxAAAA 32

111
]27)5427()1827[(   

Substituting, 

                  1272  mm  

2m   2425 23  mmm  

              23 2mm   

                   2427 2  mm  

                   mm 147 2    

                               2412 m   

                               2412 m  

                                    0 
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x
oo

x
oo exAxAAAAexAxAAAA 32

111

32

111
]9)129()26[(5]27)5427()1827[( 

   
xx

o
x

oo xeexAxAexAxAAA 332

1

32

11
)(24]3)23([2  , 

   xx
o xeexAAA 33

11 ])10()85[(  , 

              xx xexeA 33
110          110 1  A              

10

1
1

A , 

                 085
1
 AAo            

25

4

10

1

5

8

5

8
1 









A
Ao  

             x

p
exxy 32 )

10

1

25

4
(  . 

           pc yyy           xxxx exxeCeCeCy 324

3

3

2

2

1
)

10

1

25

4
(   , 

or       xxxx eCexxexxCeCy 4

3

3232

2

2

1
)

16

1

10

1
)

10

1

25

4
(   .          (G.S) 

 

Example 5: Solve      xxxyy cossin  . 

Solution : 

0)1( 2  yD                012 m                12 m               im 
2,1

, 

   xCxCxCxCey
x

c
sincos)sincos(

2121

)0(
 . 

Let   xDxDxxBBxxAAy oop sincos].sin)[(].cos)[( 2111  xx , 

    xxBxxAxxBxxA oo sincossincos 2

1

2

1
 , 

xxBxxBxxAxxAxBxxBxAxxAy oooop sin2coscos2sinsincoscossin
1

2

11

2

1
  

xxAxxBxxBAxxBAxBxA oooo sincossin)2(cos)2(sincos 2

1

2

111
 , 

xxBAxBAxxBAxBxAy ooooop cos)2(cos)2(sin)2(cossin
111

  

                                xxAxxAxxBxxBxBAo sin2coscos2sinsin)2(
1

2

11

2

11
 , 

xxBxxAxxBAxxBAxBAxBA oooo sincossin)4(cos)4(sin)22(cos)22( 2

1

2

11111


Substituting,  

xxBxxAxxBAxxBAxBAxBA oooo sincossin)4(cos)4(sin)22(cos)22( 2

1

2

11111


                           xxxxxBxxAxxBxxA oo cossinsincossincos 2

1

2

1
 , 

xxxxxAxxBxBAxBA oo cossinsin4cos4sin)22(cos)22(
1111

 , 

                0cos4
1

xxB               0
1
B , 
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              0sin)22(
1

 xBAo              1BAo           0oA , 

              xxxxA sinsin4
1

             14
1
 A             

4

1
1

A , 

         xxBA o coscos)22(
1

      122
1

 oBA         
 

4

3

2

4/121

2

21
1 







A
Bo , 

              xxxxy p cos
4

1
sin

4

3 2 . 

              pc yyy           xxxxxCxCy cos
4

1
sin

4

3
sincos 2

21
 .         (G.S) 

 

2- Variation of parameters method 

In this method, the particular solution is assumed by replacing the arbitrary 

constants 
n

CCC ,.....,,
21

, in the complementary solution, by functions of x, say 

n
uuu ,.....,,

21
 to be determined later, that is 

nnp
yuyuyuy  ........

2211
, 

where n is the order of the non-homogeneous linear DE to be solved. Then, the 

assumed particular solution is substituted into the DE, and imposing conditions on 

the resulting equation leads to the following equations: 

0........
2211


nn

yuyuyu , 

0........
2211


nn

yuyuyu ‟ 

................................................  

)(........ 11

22

1

11
xgyuyuyu n

nn

nn   , 

or in matrix form: 




















































































)(

.

.

0

0

.

.

..

.....

.....

..

..

2

1

11

2

1

1

21

21

xgu

u

u

yyy

yyy

yyy

n

n

n

nn

n

n

. 

The individual derivatives 
n

uuu  ,.....,,
21

 are found by solving the above matrix, then 

,by integration, the  required functions 
n

uuu ,.....,,
21

 are determined. 
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Example 1: Solve      xeyy  . 

Solution : 

0)1( 2  yD                     012 m                     1
2,1

m , 

   xx

c
eCeCy 

21
.               ( xey 

1
  and  xey 

2
 ) 

Let    
xx

p
eueuy 

21
. 







































 )(

0

2

1

21

21

xgu

u

yy

yy
                






































 



xxx

xx

eu

u

ee

ee 0

2

1 . 

Using Cramer‟s rule to solve the above matrix, gives 

xx

xx

xx

x

ee

ee

ee

e

u














0

1
               

2

1

2

1

11

1

))(())((

))(())(0(
1





















xxxx

xxx

eeee

eee
u ,  

   xdxu
2

1

2

1
1

  . 

Similarly,  

xx

xx

xx

x

ee

ee

ee

e

u









0

2
               

x
xxxx

e
eeee

u 2
2

2
2

1

22

))(0())((








 ,  

   
xx edxeu 22

2
4

1

2

1
  . 

   
xxxxx

p
exeeeexy

4

1

2

1
)

4

1
()

2

1
( 2  

. 

          pc yyy  , 

         
xxxx exeeCeCy

4

1

2

1

21
 

, 

or      
xxxx eCexCeCexCy  

221
)

2

1
()

2

1

4

1
( .        ]

4

1
[

1
CC      (G.S) 
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Example 2: Solve      xyD sec)1( 2  . 

Solution : 

012 m          12 m            im 
2,1

,         0(    and  )1  

   xCxCy
c

sincos
21

 .                  ( xy cos
1
   and  xy sin

2
  ) 

Let    xuxuy
p

sincos
21

 . 







































 )(

0

2

1

21

21

xgu

u

yy

yy
                



































 xu

u

xx

xx

sec

0

cossin

sincos

2

1 . 

Using Cramer‟s rule to solve the above matrix, gives 

xx

xx

xx

x

u

cossin

sincos

cossec

sin0

1



   

x

xx

x

xx

x
x

xxxx

xxx
u

cos

sin

1

cos

sin

sincos

)
cos

1
)((sin

)sin)((sin))(cos(cos

))(sec(sin))(cos0(

22
1














   

    xdx
x

x
u cosln

cos

sin
1

   

Similarly,  

xx

xx

xx

x

u

cossin

sincos

secsin

0cos

2




  

1
1

)
cos

1
)((cos

1

)sin)(0())(sec(cos
2




 x
x

xxx
u  

   xdxu   )1(
2

 

   xxxxxxxxy
p

sincoslncossin)(cos)cos(ln  . 

          pc yyy   

          xxxxxCxCy sincoslncossincos
21

  

Or      xxCxxCy sin)(cos)cosln(
21
 .                         (G.S) 
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Solution of some linear DE with variable coefficients 

There are some important linear DE with variable coefficients which can be 

always reduced, by a suitable substitution, to linear DE with constant coefficients. 

 

1- Euler-Cauchy equation 

The general form of Euler-Cauchy equation is 

 )(..........
11

1
1

1
xgya

dx

dy
xa

dx

yd
xa

dx

yd
xa

on

n
n

nn

n
n

n








, 

where  
onn

aaa ,......,,
1

 are constants. 

For example, the DE  ( xyyxyxyx cos43 23  )  is an Euler-Cauchy equation. 

Euler-Cauchy equations can be always reduced to linear DE with constant 

coefficients by the suitable substitution:  xz ln   or   zex  . 

 

Example 1: Solve      xy
dx

yd
x  2

2

2
2 . 

Solution : 

Let   xz ln       (i.e. zex  )             
xdx

dz 1
  

dz

dy

xdx

dz

dz

dy

dx

dy
.

1
.      

)(
1

)
1

().(
1

2

2

222

2

2

2

dz

dy

dz

yd

xxdz

dy

dx

dz

dz

yd

xdx

yd



  

Substituting, 

    zey
dz

dy

dz

yd

x
x  2](

1
[

2

2

2

2 , 

     zey
dz

dy

dz

yd
 2

2

2

.  (Non-homogeneous linear DE with constant coefficients) 

 0)2( 2  yDD                022 mm , 

0)2)(1(  mm               1
1

m       and      2
2
m , 
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              zz

c
eCeCy 2

21
  .    

Let     z

p
Aey                 

p

z

p
yAey  . 

Substituting,    zzzz eAeAeAe  2          zz eAe  2         
2

1
A , 

             z

p
ey

2

1
 . 

           pc yyy           zzz eeCeCy
2

12

21
  .           

But     xz ln          
xxx eeCeCy lnln2

2

ln

1 2

1
 

, 

                    xxCxCy
2

12

2

1

1
 

.                                        (G.S) 

 

Example 2: Solve      
x

y
x

y
6

.
3

 . 

Solution: 

The given DE is linear DE with variable coefficients. Multiplying it by  3x  gives 

 223 63 xyxyx  .                 (Euler-Cauchy equation)  

Let   xz ln       (i.e. zex  )             
xdx

dz 1
 , 

dz

dy

xdx

dz

dz

dy

dx

dy
.

1
.   

)(
1

)
1

().(
1

2

2

222

2

2

2

dz

dy

dz

yd

xxdz

dy

dx

dz

dz

yd

xdx

yd



  

)
2

)(()..(
1

32

2

2

2

3

3

23

3

xdz

dy

dz

yd

dx

dz

dz

yd

dx

dz

dz

yd

xdx

yd 
  

       )23(
1

2

2

3

3

3 dz

dy

dz

yd

dz

yd

x
  

Substituting, 

 2

2

2

2

2

2

2

3

3

3

3 )(6)](
1

[3)]23(
1

[ ze
dz

dy

dz

yd

x
x

dz

dy

dz

yd

dz

yd

x
x   
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  ze
dz

dy

dz

yd 2

3

3

6 .  (Non-homogeneous linear DE with constant coefficients) 

 0)( 3  yDD      03 mm      0)1( 2 mm     0
1
m  and  1

3,2
m  

              zz

c
eCeCCy 

321
.    

Let     z

p
Aey 2                z

p
Aey 22               z

p
Aey 24             z

p
Aey 28  

Substituting,      zzz eAeAe 222 628                     zz eAe 22 66                    1A  

             
z

p
ey 2 . 

           pc yyy           zzz eeCeCCy 2

321
  .           

But     xz ln          xxx eeCeCCy ln2ln

3

ln

21
   

                    21

321
xxCxCCy   .                                        (G.S) 

 

2- Legender equation 

The general form of Legender equation is, 

)()(..........)()(
11

1
1

1
xgya

dx

dy
BAxa

dx

yd
BAxa

dx

yd
BAxa

on

n
n

nn

n
n

n








, 

where  
onn

aaa ,......,,
1

 are constants. 

For example, the DE  ( xyyxyx ln4)12(2)12( 3  )  is a Legender equation. 

Legender equations can be always reduced to linear DE with constant coefficients by 

the suitable substitution:  )ln( BAxz    or   zeBAx  . 

 

Example 1: Solve      06)2(2)2( 2  yyxyx . 

Solution : 

Let   )2ln(  xz       (i.e. zex  2 )             
2

1




xdx

dz
 

dz

dy

xdx

dz

dz

dy

dx

dy
.

2

1
.
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)(
)2(

1
)

)2(

1
().(

2

1

2

2

222

2

2

2

dz

dy

dz

yd

xxdz

dy

dx

dz

dz

yd

xdx

yd













 

Substituting, 

 06].
2

1
)[2(2)](

)2(

1
[)2(

2

2

2

2 





 y
dz

dy

x
x

dz

dy

dz

yd

x
x  

    06
2

2

 y
dz

dy

dz

yd
.   (Homogeneous linear DE with constant coefficients) 

 0)6( 2  yDD                062  mm , 

0)2)(3(  mm               3
1

m       and      2
2
m  

              
zz eCeCy 2

2

3

1
 

.    

But     )2ln(  xz          
)2ln(2

2

)2ln(3

1




xx
eCeCy  

                    2

2

3

1
)2()2(   xCxCy .                                        (G.S) 
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5- Applications on Second and Higher Order Linear 

ODE 

1. Deflection of beams 

Differential equations of deflected shapes: 

xM
dx

yd
EI 

2

2

. , 

 
dx

dM
V         xV

dx

yd
EI 

3

3

. , 

 
dx

dV
w         xw

dx

yd
EI 

4

4

. , 

where; 

y is the deflection, xM , xV , and xw  are the 

bending moment (B.M), shear force (S.F), 

and uniformly distributed load (U.D.L) at a 

section at distance x, respectively, and EI is 

the rigidity of the cross section of the beam. 

The following boundary conditions are stated according 

to the supporting type,  

* Hinge or pin or roller, 

   No deflection                 0)0( y . 

   No bending moment      0)0( y . 

 

* Fixed or clamped, 

   No deflection                 0)0( y . 

   No rotation                    0)0( y . 

 

* Free end, 

   No bending moment      0)0( y . 

   No shear force               0)0( y . 

x 

y 

x 

y 

w P 
M 

 

_ 

B.M 

+ 

S.F 

+ 
_ 

U.D.L 

+ 

x 

y 

x 

y 

x 

y 

x 

y 
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Example 1: A cantilever beam of length L is subjected to a concentrated load P at the 

free end. Derive and solve the differential equation of the deflection curve of the 

beam and also find the maximum deflection. (Neglect self weight) 

Solution: 

xM
dx

yd
EI 

2

2

. . 

)( xLPM x  , 

  )]([.
2

2

xLP
dx

yd
EI  , 

or      )(
2

2

xL
EI

P

dx

yd
 . 

Method I, 

Since the right side terms are functions of x only, we 

can solve the DE by integrating both sides directly, 

1

2

)
2

( C
x

Lx
EI

P

dx

dy
 , 

21

32

)
62

( CxC
xLx

EI

P
y  .             (G.S) 

Method II, 

We can solve the DE as a non-homogeneous linear DE, 

02 yD               02 m              0
2,1
m , 

21
CxCy

c
 . 

Let    
2

1
)( xxAAy o

p
               

3

1

2 xAxAy o
p

 , 

2

1
32 xAxAy o

p
              xAAy o

p
1

62  , 

Substituting, 

 )(62
1

xL
EI

P
xAAo               

EI

Px

EI

PL
xAAo 

1
62 , 

MA 

x 

y 

P 

L - x x 

VA 

P 

L 
A 

To determine xM : 

Either from left; 

AAx MxVM  . . 

0 yF , 

0 AVP       PVA  . 

0)(  AM , 

0.  LPM
A

  PLM
A
 . 

PLxPM x  .  

          )( xLP  . 

Or from right; 

   )( xLPM x  . 
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EI

PL
Ao 2                 

EI

PL
Ao

2
  , 

                  
EI

P
A 

1
6              

EI

P
A

6
1

 , 

             )
62

(
62

32
32 xLx

EI

P
x

EI

P
x

EI

PL
y

p
 . 

pc yyy                  )
62

(
32

21

xLx

EI

P
CxCy  .                          (G.S) 

Boundary conditions, 

1- 0)0( y               000
2
 C             0

2
C . 

2- 0)0( y ,       )
2

(
2

1

x
Lx

EI

P
Cy            00

1
C            0

1
C . 

   )
62

(
32 xLx

EI

P
y          or        )3(

6

2

xL
EI

Px
y  .                             (P.S) 

Maximum deflection of cantilever beams occurs at the free end, that is at Lx  , 

EI

PL
LL

EI

LP
y

3
)3(

6

)( 32

max
 . 

 

Example 2: Find the deflection curve and the reactions for the beam shown below. 

                     (Neglect self weight) 

Solution: 

   
xw

dx

yd
EI 

4

4

. .     Here   wwx    

     w
dx

yd
EI 

4

4

.

        

or      
EI

w

dx

yd


4

4

. 

 

Integrating both sides directly gives, 

    
13

3

C
EI

wx

dx

yd
                            

21

2

2

2

2
CxC

EI

wx

dx

yd
 , 

32

2

1
3

26
CxC

xC

EI

wx

dx

dy
      

43

2

2

3

1
4

2624
CxC

xCxC

EI

wx
y  .  (G.S) 

L A B 

w 

w MB 

x 

y 

x 

VA VB 

(Statically indeterminate) 
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Boundary conditions, 

1- 0)0( y                      
4

00 C                  0
4
C . 

2- 0)0( y                    
2

00 C                  0
2
C . 

3- 0)( Ly                      LC
LC

EI

wL

3

3

1
4

624
0  .     …….. (1) 

4- 0)(  Ly                     
3

2

1
3

26
0 C

LC

EI

wL
 .         …….. (2) 

Solving Eqs. (1) & (2) simultaneously yields, 

EI

wL
C

8

3

1
         and        

EI

wL
C

48

3

3
 . 

    
EI

xwL

EI

wLx

EI

wx
y

481624

334

 .                             (P.S) 

8

3
)

8

3
()0()(

wL

EI

wL
EIyEIyEIV

AA
 .              (     ) 

8

5
)

8

3
()()(

wL

EI

wL

EI

wL
EILyEIyEIV

BB
 .     (     ) 

8
)

8

3

2
()()(

222 wL

EI

wL

EI

wL
EILyEIyEIM

BB
 .  (     ) 

Note, 

We can solve the above 4
th

 order DE as a non-homogeneous linear DE, as follows 

04 yD               04 m              0
4,3,2,1
m , 

3

4

2

321
xCxCxCCy

c
 . 

Let    )( 4xAy o
p
               

4xAy o
p
 , 

34 xAy o
p
              

212 xAy o
p
          xAy o

p
24         o

iv

p
Ay 24 , 

Substituting, 

 
EI

w
Ao 24              

EI

w
Ao

24
             

EI

wx
y

p 24

4

 . 

pc yyy              
EI

wx
xCxCxCCy

24

4
3

4

2

321
 .               (G.S) 
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2. Buckling of columns 

Example 1: Determine the critical buckling 

                   load of a hinged-hinged column. 

Solution: 

     Consider a column of length L, as shown 

in Fig.(a) or Fig.(b), hinged at both ends, and 

subjected to a compressive axial force P. 

     xM
dx

yd
EI 

2

2

. .          But    yPM x . , 

      yP
dx

yd
EI ..

2

2

             0
2

2

 y
EI

P

dx

yd
. 

Let   
EI

P
2                     02

2

2

 y
dx

yd
 , 

or   0)( 22  yD               022  m , 

            22 m          im 
2,1

, 

         xCxCy  sincos
21

 .             (G.S) 

Boundary conditions, 

   1. 0)0( y               00
1
C             0

1
C . 

            xCy sin
2

 . 

   2. 0)( Ly               LC sin0
2

 . 

          If   0
2
C              0y .     

                    (i.e. the column remains straight) 

  0
2
C        0sin L             nL ,.......,2,,0 , 

   nL                  
L

n
  .         ( ,.....3,2,1n ) 

But   
EI

P
2                  

2

22

L

n

EI

P 
                   

2

22

L

EIn
P


 . 

For   1n          
2

2

L

EL
Pcr


 ,       (Euler load or critical load) 

                    and   
L

x
Cy


sin

2
 .       (

2
C remains indeterminate, that is 

2
)

2
( C
L

y  ) 

To determine xM : 

Either from down (left); 

xHyVM AAx ..  . 

0 xF , 

0 PVA       PVA  . 

0 yF , 

0
AB

HH       BA
HH  . 

0)(  BM , 

0. LH
A

 0
A

H , 

                   0
B

H . 

yPM x . . 

Or from up (right); 

).(. xLHyPM
Bx      

       yP. . 

 

x 

y 

x 

y 

P 

L 

HB 

HA 

VA 

A 

P 

L 

B 

Fig.(a) 

A 

P 

L 

B 

Fig.(b) 
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Critical buckling load: is the smallest value of axial load that can cause buckling. 

* If  crPP  , then the case is “stable equilibrium”. In this case, no buckling would 

occur. If lateral deflection is produced, by a horizontal force, then this deflection 

vanishes when the horizontal force is removed.     

* If  crPP  , then the case is “neutral equilibrium”. In this case, small and limited 

buckling may occur. If lateral deflection is produced, by a horizontal force, then this 

deflection remains constant even when the horizontal force is removed.      

* If  crPP  , then the case is “unstable equilibrium”. In this case, large not-controlled 

buckling may occur. If lateral deflection is produced, by a horizontal force, then this 

deflection will be increased, and if not controlled, the column will collapse.     

 

Example 2: Determine the critical buckling load 

                    of a fixed-free column. 

Solution: 

     Let the buckling at the free end is (d). 

xM
dx

yd
EI 

2

2

. .          But    )( ydPM x  , 

      )]([.
2

2

ydP
dx

yd
EI        d

EI

P
y

EI

P

dx

yd


2

2

. 

Let   
EI

P
2                     dy

dx

yd 22

2

2

  , 

1n  

2

2

L

EL
Pcr


  

2n  

2

24

L

EL
Pcr


  

3n  

2

29

L

EL
Pcr


  

x 

y 

x 

y 

P 

HA 

VA 

A 

P 

L 

MA 

d 
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or   dyD 222 )(                022  m , 

            22 m          im 
2,1

, 

         xCxCy
c

 sincos
21

 .              

Let      Ay
p
                0

pp
yy . 

Substituting, 

 dA 220            dA          dy
p
 . 

pc yyy  , 

dxCxCy   sincos
21

.           (G.S) 

Boundary conditions, 

   1. 0)0( y               dC 
1

0             dC 
1

. 

          dxCxdy   sincos
2

. 

   2. 0)0( y ,     xCxCy  cossin
21

           
2

00 C         0
2
C . 

          dxdy  cos           or             )cos1( xdy  . 

   3. dLy )(                     )cos1( Ldd                   Lcos11  , 

            0cos L            
2

)12(
,.......,

2

3
,

2







n
L , 

  
2

)12( 





n
L                     

L

n

2

)12( 



 .         ( ,.....3,2,1n ) 

But   
EI

P
2                  

2

22

4

)12(

L

n

EI

P 
                   

2

22

4

)12(

L

ELn
Pcr


 . 

For   1n       
2

2

4L

EL
Pcr


 .    (i.e. 

4

1
 times the critical load for hinged-hinged case) 

                     

3. Deflection of beam-columns 

Example 1: A simply supported beam-column of length L is subjected to a 

concentrated load Q at midspan and an axial compressive force P as shown in the 

figure below. Derive and solve the differential equation of the deflection curve. Then 

find the max. deflection and max. bending moment. 

(Neglect self weight) 

 

To determine xM : 

Either from up (right); 

)( ydPM x  . 

Or from down (left); 

... AAAx MxHyVM   

0 xF , 

0 PVA       PVA  . 

0 yF , 

0
A

H       0
A

H . 

0)(  AM , 

0 PdM
A

   PdM
A
 . 

PdPyM x   

          )( ydP  . 

 

L 

A B 

Q 

P 
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Solution: 

xM
dx

yd
EI 

2

2

. . 

But    Pyx
Q

M x 
2

, 

 ]
2

[.
2

2

Pyx
Q

dx

yd
EI  , 

      x
EI

Q
y

EI

P

dx

yd

22

2

 . 

Let   
EI

P
2            x

EI

Q
y

dx

yd

2

2

2

2

  , 

or    x
EI

Q
yD

2
)( 22          022  m , 

               22 m          im 
2,1

, 

            xCxCy
c

 sincos
21

 .              

Let xAAy o
p

1
            

1
Ay

p
            0

p
y . 

Substituting, 

 x
EI

Q
xAAo

2
)(0

1

2   , 

   02 oA         0oA , 

      
EI

Q
A

2
1

2               
P

Q

EI

Q
A

22 2
1




, 

  x
P

Q
y

p 2
 . 

pc yyy        x
P

Q
xCxCy

2
sincos

21
  .       )2/0( Lx        (G.S) 

Boundary conditions, 

   1. 0)0( y                   00
1
C              0

1
C . 

  2. 0)2/(  Ly ,        
P

Q
xCxCy

2
cossin

21
  , 

To determine xM : 

From left; 

yHxVM AAx ..  . 

         )2/0( Lx   

0 xF , 

0 PH
A

      PH
A
 . 

0)(  BM , 

0.
2

.  LV
L

Q A     
2

Q
VA  . 

Pyx
Q

M x 
2

. 

Q 

P x 

y 

x VA VB 

y 

HA 
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P

Q
LC

2
2/cos00

2
                    

2/cos22 LP

Q
C


 . 

       x
P

Q
x

LP

Q
y

2
sin

2/cos2
 


     or       








 x

L

x

P

Q
y

2/cos

sin

2 


.       (P.S) 

From symmetry, max. deflection occurs at midspan (i.e. at 2/Lx  ), 

 
















 1

2/

2/tan

422/cos

2/sin

2max L

L

P

QLL

L

L

P

Q
y








. 

Since  Pyx
Q

M x 
2

  , thus max. B.M occurs at midspan (i.e. at 2/Lx  ), 

 








2

2/tan
1

2/

2/tan

442
.

2 max
max

LQ

L

L

P

QL
P

QL
Py

LQ
M 
















 . 

 

Example 2: Find the deflection equation. 

Solution: 

xM
dx

yd
EI 

2

2

. . 

Let the deflection at the free end is (d). 

2)(
2

)( xL
w

ydPM x  , 

 ])(
2

)([. 2

2

2

xL
w

ydP
dx

yd
EI  , 

    2

2

2

)(
2

xL
EI

w

EI

Pd
y

EI

P

dx

yd
 . 

Let  
EI

P
2      222

2

2

)(
2

xL
EI

w
dy

dx

yd
  , 

or          
2222 )(

2
)( xL

EI

w
dyD   , 

      022  m             22 m          im 
2,1

, 

         xCxCy
c

 sincos
21

 .              

Let    
2

21
xAxAAy o

p
        xAAy

p
21

2         2
2Ay

p
 . 

Substituting, 

To determine xM : 

From right; 

2)(
2

)( xL
w

ydPM x  . 

w 

L 
A 

P 

MA 

x 

y 
P 

L - x 

x 
VA 

y 
d 

HA 
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 )2(
2

)(2 2222

21

2

2
xLxL

EI

w
dxAxAAA o   , 

  
EI

w
A

2
2

2               
P

w

EI

w
A

22 2
2




,  

     
EI

wL
A 

1

2              
P

wL

EI

wL
A 

2
1


, 

        
EI

wL
dAA o

2
2

2
22

2
     

2

2

2

2 2

2 

A

EI

wL
dAo     

P

w

P

wL
dAo

2

2

2 
 . 

   
P

wx

P

wLx

P

w

P

wL
dy

p 22

2

2

2




 

           
P

w
xL

P

w
d

P

w
xLxL

P

w
d

2

2

2

22 )(
2

)2(
2 

 . 

pc yyy        
P

w
xL

P

w
dxCxCy

2

2

21
)(

2
sincos


  .        (G.S) 

Boundary conditions, 

   1. 0)0( y               
P

w

P

wL
dC

2

2

1 2
00


       

P

w

P

wL
dC

2

2

1 2 
 . 

   2. 0)0( y ,      )(cossin
21

xL
P

w
xCxCy   , 

                                   
P

wL
C 

2
00                

P

wL
C




2
. 

     
P

w
xL

P

w
dx

P

wL
x

P

w

P

wL
dy

2

2

2

2

)(
2

sincos
2 






























 .     (P.S) 

To find the max. deflection (i.e. deflection at the free end): 

   dLy )(         
P

w
dL

P

wL
L

P

w

P

wL
dd

22

2

0sincos
2 






























 , 

      L
P

wL
L

P

w
L

P

wL
Ld 





 sin1coscos

2
cos

2

2







































 , 

     
P

wL
L

P

wL
L

P

w
d

2
tansec1

2

2
























 





, 

    












2

1tan

)(

sec1
2

2

L

L

L

L

P

wL
d








. 
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Example 3: For the shown beam-column, derive and solve the differential equation 

of the deflection curve. (Neglect self weight) 

Solution: 

xM
dx

yd
EI 

2

2

. . 

But    
L

qx
Py

qLx
M x

66

3

 , 

 ]
66

[.
3

2

2

L

qx
Py

qLx

dx

yd
EI  , 

      
EI

qLx

LEI

qx
y

EI

P

dx

yd

66

3

2

2

 . 

Let   
EI

P
2            

EI

qLx

LEI

qx
y

dx

yd

66

3
2

2

2

  , 

or    
EI

qLx

LEI

qx
yD

66
)(

3
22          022  m , 

               22 m          
2,1

m , 

            xx

c
eCeCy

 


21
.              

Let    
3

3

2

21
xAxAxAAy o

p
 , 

     
2

321
32 xAxAAy

p
    xAAy

p
32

62  . 

Substituting, 

 
EI

qLx

LEI

qx
xAxAxAAxAA o

66
)(62

3
3

3

2

21

2

32
  , 

  
LEI

q
A

6
3

2                
LP

q

EIL

q
A

66 2
3




,  

     0
2

2  A              0
2
A , 

     
EI

qL
AA

6
6

1

2

3
               

PL

q

P

qLA

EI

qL
A

22

3

2
1

6

6

6 
 , 

              02 2

2
 oAA               0

2

2

2 


A
Ao . 

To determine xM : 

From left; 

3
..

2

1 x
xqPyxVM

xAx  . 

0)(  BM , 

0.
32

1
 LV

L
qL A  

6

qL
VA  . 

x

q

L

q x       
L

xq
qx

.
 . 

3
..

.
.

2

1
.

6

x
x

L

xq
Pyx

qL
M x   

          
L

qx
Py

qLx

66

3

 . 

L 

q 

B 

P 

A 

P x 

y 

x VA VB 

y 

HB 

q 

qx 
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   3

2 66
x

LP

q
x

PL

q

P

qL
y

p


















. 

 pc yyy         3

221 66
x

LP

q
x

PL

q

P

qL
eCeCy

xx






















.        (G.S) 

Boundary conditions, 

   1. 0)0( y                   00
21
 CC              

12
CC  . 

  2. 0)( Ly          
P

qL

P

q

P

qL
eCeC

LL

66
0

2

2

2

21







, 

           
P

q
eeC

LL

2
1

)(






                  

)(21 LL
eeP

q
C

 


 . 

       3

222 66)()(
x

LP

q
x

PL

q

P

qL
e

eeP

q
e

eeP

q
y

x

LL

x

LL

























 








 

             3

22 66)(

)(
x

LP

q
x

PL

q

P

qL

eeP

eeq

LL

xx


























 



                












  


2
sinh

ee
 

             















L

x

L

xLx

L

x

P

q

66sinh

sinh 322

2








.                                 (P.S) 
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4. Simple Vibration 

Any system having mass and elasticity can vibrate when it is subjected to an 

exciting force. The study of a vibrated system requires determination of displacement 

of each point in that system. In continuous bodies, there is an infinite number of these 

points, thus the analysis is very complicated. So that, simplifications are used by 

considering only a limited number of these points, each point may have motion in 

one, two, or three directions and rotation about one, two, or three axes. Each 

component of these motions is known as the degree of freedom „DOF‟. So that, each 

point may have one to six DOF. The DOF of the whole system is the sum of the 

degrees of freedom for all considered points. 

* Free vibration: is the vibration that occurs in the absence of exciting forces. This 

                           vibration is usually caused by an initial displacement and/or initial 

                           velocity. 

* Forced vibration: is the vibration that occurs due to the effect of an exciting force. 

* Undamped vibration: When the motion is not subjected to a counter effect, such 

                          as friction or air resistance. In this case, the kinetic energy is constant 

                        and the amplitude of motion remains unchanged.  

  * Damped vibration: When the motion is subjected to a counter effect. In this case, 

                        the kinetic energy is dissipated during motion and the amplitude is 

                        reduced with time. Actually, all systems must have some damping. 

 

Free vibration 

Undamped free vibration 

Systems having single DOF can be represented by a spring-mass system as 

shown in the figure below. 

Case I: Static; 

   A mass m is attached to a spring of stiffness k. At equilibrium: 

0 yF               0 PW                  PW                    .kW . 

  



W

k                



mg

k .  

Case II: Dynamic; 

   If the mass oscillates due to an initial displacement or velocity, then at any time t: 
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amFy .               amPW .                  ymykW .)(  , 

        ymkykW .                  0.  kyym  , 

        0 y
m

k
y . 

Let   
m

k
2                     02  yy      or   0)( 22  yD  , 

                022 r              22 r          ir 
2,1

, 

         tBtAy  sincos  .                (Simple harmonic motion)              

Initial conditions, 

   At   0t ,        oyy        and        ovyv   . 

To find the amplitude of motion, 

Let    222 CBA  . 









 t

C

B
t

C

A
Cy  sincos , 

    )sincoscos(sin ttCy           )sin(   tCy ,  

or     )sincos( t
C

B
t

C

A
Cy   , 

             )sinsincos(cos ttCy           )cos(   tCy , 

CB /cos  , 

CA/sin  , 

)/(tan 1 BA , 

)/(tan 1 AB . 

C 
A 

B 

 

 

y m 

m 

yo 

Equilibrium position 

W 

m 

 kP 

 

W 

m 

)( ykP  

Case II: Dynamic 

k 

Case I: Static 
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where,  

C  is the amplitude of motion.    (m)  

  and    are the phase angles (shifting angles)  )2/(   .    (rad)  

   is the circular or angular frequency       
m

k
 .    (rad/s)  

f  is the natural frequency       




2
f .    (cycle/s=hertz)   

T  is the period of motion (i.e. the time required to complete one circle of motion) 

        
f

T
12





.    (s)   

 

 

 

 

 

 

 

 

 

 

Example: A mass of 4 kg is attached to a spring of 1.6 kN/m stiffness. The mass is 

pulled down with a velocity of 0.6 m/s and released at 4 cm below the equilibrium 

position. Find the equation of motion, angular frequency, natural frequency, period of 

motion, and amplitude of motion (maximum displacement). Then, find the minimum 

time at which the mass passes through the equilibrium position. 

Solution: 

The case is undamped free vibration, 

    0.  kyym                 0 y
m

k
y . 

Let    
m

k
2        400

4

106.1 3
2 


        srad /20 .   (Angular frequency) 

     0400  yy        or       0)400( 2  yD , 




 

y 

yo 




 

ovtan 

 

C C 

t 

 /2T 

T 
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                04002 r              4002 r          ir 20
2,1

 , 

    tBtAy 20sin20cos  .                   (G.S)              

Initial conditions, 

   1. my 04.0)0(                   004.0  A                 04.0A . 

   2. smyv /6.0)0()0(   ,   tBtAy 20cos2020sin20  , 

          B2006.0                03.0B . 

    tty 20sin03.020cos04.0  .                                   (P.S) 

183.3
2

20

2





f  Hz.                 (Natural frequency) 

314.0
12


f
T




s.                      (Period of motion) 

05.003.004.0 2222  BAC  m.                    (Amplitude of motion) 

The mass passes through the equilibrium position when  0y , 

9273.0)03.0/04.0(tan)/(tan 11   BA  rad, 

)9273.020sin(05.0)sin(  ttCy  .  

At     0y              )9273.020sin(05.00  t              0)9273.020sin( t , 

           either    09273.020 t            046.0t ,  (neglected) 

           or          9273.020t            1107.0t  s. 

         

Damped free vibration 

In all vibrating system there is some energy dissipation (damping). So that, the 

amplitude of motion decreases with time until vanishes. Viscous damping is assumed 

to be proportional with velocity, 

    Viscous damping vD        cvD             ycD  , 

where c is the damping constant or the damping coefficient (N.s/m).  

In the dynamic case; 

amFy .               amDPW .                ymycykW  .)(  , 

        ymyckykW  . . 

But, from static case     kW               ymycky  . , 
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  0.  kyycym         or        0)( 2  ykcDmD , 

  02  kcrmr              
m

kmcc
r

2

42

2,1


 . 

Case 1;   When    042  kmc               crckmc 2 ,           (Critical damping) 

     
m

c
rr

221


                 mctmct BteAey 2/2/   .       (No oscillations) 

Case 2;   When    042  kmc        kmc 2     (i.e. crcc  ),    (Over damping) 

     
21

rr                  
trtr

BeAey 21  .                                 (No oscillations) 

Case 3;   When    042  kmc          kmc 2     (i.e. crcc  ),      (Under damping) 

          i
m

ckm

m

c

m

ickmc
r

2

22

2,1
4

4

22

4 



 , 

    )sincos(2/ tBtAey
DD

mct    ,                   (Oscillations occur) 

         or    )sin(2/    tCey
D

mct ,           

         or    )cos(2/    tCey
D

mct ,           

y m 

m 

yo 

Equilibrium position 

W 

m 

 kP 

 

k 

Dash-pot 

W 

m 

)( ykP  ycD  
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where,    
2

22

2

2

2

2

)2(
1

4
1

44

4

km

c

km

c

m

k

m

c

m

k

m

ckm
D




   

                   
2

2

2

1
)(

1  

crc

c
, 

where,    

cr
c

c
   is the damping ratio. 

* In almost all cases, the state is under damping. 

* For structures, crcc )2.002.0(  . 

  

 

 

 

 

 

 

 

Example: A 10 kg mass is attached to a 1.5 m long spring. At equilibrium, the spring 

measures 2.481 m. If the mass is pushed up and released from rest at 0.2 m above the 

equilibrium position, find the displacement as a function of time, critical damping 

constant, natural frequency, and period of motion. (Assume the damping coefficient 

20c  N.s/m). 

Solution: 

The case is damped free vibration, 

  0.  kyycym  , 

100
)5.1481.2(

81.910













mgW
k  N/m, 

  01002010  yyy         or        0)1002010( 2  yDD , 

  01002010 2  rr              ir 31
)10(2

)100)(10(42020 2

2,1



 , 

    )3sin3cos( tBtAey t  
.           (Under damping)                       (G.S) 

 

y 

t 

Under damping 

Over damping 

Critical damping 
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Initial conditions, 

   1. my 2.0)0(                   02.0  A                 2.0A . 

   2. 0)0()0(  yv  ,   )3sin3cos()3cos33sin3( tBtAetBtAey tt   , 

          )0(300  AB               3/2.03/  AB . 

 )3sin
3

2.0
3cos2.0( ttey t      or    )3sin3cos3(

15

1
ttey t   .        (P.S) 

  25.631010022  kmccr  N.s/m.                      (Critical damping)   

477.0
2

3

2





Df  Hz.                 (Natural frequency) 

09.2
12


f
T

D



s.                        (Period of motion) 

 

 

Forced vibration 

Undamped forced vibration 

In the dynamic case; 

amFy .               amPWF .                ymykWF .)(  , 

        ymkykWF . . 

But, from static case     kW               ymkyF .         Fkyym . . 

    

 

 

 

 

 

 

 

 

 

 

 

y m 

m 

yo 

Equilibrium position 

W 

m 

 kP 

 

k 

F 

W 

m 

)( ykP  

F 
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Damped forced vibration 

In the dynamic case; 

amFy .          amDPWF .         ymycykWF  .)(  , 

        ymyckykWF  . . 

But, from static case     kW           ymyckyF  .         Fkyycym  . . 

    

 

 

 

 

 

 

 

 

 

 

 

 

Example 1: A 5 kg mass is connected to a spring of 8.5 kN/m stiffness and subjected 

to an exciting dynamic force of t30cos50  kN. Assuming the viscous damping 

coefficient is 24% of the critical damping, determine the equation of motion of the 

mass. (Initial displacement and velocity are zero) 

Solution: 

The case is damped forced vibration, 

  Fkyycym  . , 

3.412510005.822  kmccr  N.s/m,          

1003.41224.024.0  crcc  N.s/m,          

  tyyy 30cos5000085001005      or    tyDD 30cos50000)85001005( 2  , 

  085001005 2  rr        ir 4010
)5(2

)8500)(5(4100100 2

2,1



 , 

    )40sin40cos(10 tBtAey t

c
 

.              

y m 

m 

yo 

Equilibrium position 

 

k 

Dash-pot 

W 

m 

)( ykP  ycD  

F 

F 

W 

m 

 kP 
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Let    tCtCy
p

30sin30cos
21

 , 

        tCtCy
p

30cos3030sin30
21

        tCtCy
p

30sin90030cos900
21

 . 

Substituting, 

  )30cos3030sin30(100)30sin90030cos900(5
2121

tCtCtCtC  

                                                       ttCtC 30cos50000)30sin30cos(8500
21

 , 

ttCCtCC 30cos5000030sin)40003000(30cos)30004000(
2121

 , 

  5000030004000
21
 CC                    ………. (1) 

   040003000
21
 CC                           ………. (2) 

Solving Eqs. (1) & (2) simultaneously yields,  8
1
C     and     6

2
C . 

   tty
p

30sin630cos8  . 

 pc yyy       tttBtAey t 30sin630cos8)40sin40cos(10   .    (G.S) 

Initial conditions, 

   1. 0)0( y                  0800  A                 8A . 

   2. 0)0()0(  yv  , 

         )40sin40cos(10)40cos4040sin40( 1010 tBtAetBtAey tt  

                                                                                      tt 30cos)6(3030sin)8(30  , 

    1800)0(104000  AB                       5.6B . 

    ttttey t 30sin630cos8)40sin5.640cos8(10   , 

or    ttttey t 30sin630cos8)40sin5.640cos8(10   .                  (P.S) 

   

Example 2: Find the equation of motion for a system subjected to the external force 

                   tF
f

sin . (Neglect damping) 

Solution: 

The case is undamped forced vibration, 

  twFkyym
f

sin.                     t
m

F
y

m

k
y

f
sin . 

Let    
m

k
2                     t

m

F
yy

f
 sin2  , 

0)( 22  yD             022 r              22 r          ir 
2,1

, 

    tBtAy
c

 sincos  .              
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Let     tCtCy
ff

p
 sincos

21
 , 

       tCtCy
ffff

p
 cossin

21
        tCtCy

ffff
p

 sincos
2

2

1

2  . 

Substituting, 

 t
m

F
tCtCtCtC

fffffff
 sin)sincos(sincos

21

2

2

2

1

2  , 

t
m

F
tCCtCC

fffff
 sinsin)(cos)(

2

2

2

2

1

2

1

2  , 

  0
1

2

1

2  CC
f

             0)(
1

22  C
f

          0
1
C ,  

     
m

F
CC

f


2

2

2

2            
m

F
C

f


2

22 )(          
)( 22

2

f
m

F
C

 
 , 

   t
m

F
y

f

f

p



sin

)( 22 
 . 

 pc yyy         t
m

F
tBtAy

f

f




 sin
)(

sincos
22 

 .           (G.S) 

Notes, 

* If   
f

, then  y .                  (Resonance) 

* If   
f

, then  tt
m

F
tBtAy 


 cos

2
sincos  .      

                     (i.e. solution increases in amplitude as t increases) 

 

 

 

 

 

 

 

 

 

y 

t 
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Vibration of structures 

Example 1: A mass m is put on the end of a cantilever beam, of negligible mass, as 

                   shown below. Determine the natural frequency of this system. 

 

Solution : 

Let the deflection at the free end is  . 

The deflection at the free end due to a  

tip concentrated load P is, 

  
EI

PL

3

3

 . 

The stiffness for a single DOF system, 




P
k                

EIPL

P
k

3/3
                  

3

3

L

EI
k  . 

m

k
                  

3

3

mL

EI
 ,  





2
f                   

3

3

2

1

mL

EI
f


 . 

 

Notes, 

* The values of k for various cases are as shown below. 

 

 

 

 

 

 

 

 

 

 

 

  

m 

L 

m 

L/2 

 

3
/192 LEIk  

L/2 

 

3
/48 LEIk  

 

3
/12 LEIk  

L/2 

 

3/33.107 LEIk  
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* The equivalent stiffness for “in series” connection is, 

21 

       

21 k

P

k

P

k

P

eq

   

 



   
21

111

kkkeq

 . 

* The equivalent stiffness for “in parallel” connection is, 

21 PPP 

        21 kkkeq   

 

   

21
kkkeq  . 

 

Example 2: Determine the natural frequency of the system shown in the figure. The 

              beam is of negligible mass. Given 25m  kg, 200E  GPa, 7105 I m
4
, 

              and 5springk  kN/m. 

Solution: 

The stiffness for a cantilever beam subjected to a  

tip concentrated load is, 

  
3

3

L

EI
k

beam
                  5.4687

4

)105)(10200(3

3

79







beam
k  N/m.      

springbeameq
kkk

111
            

5000

1

5.4687

11


eq
k

           4.2419eqk  N/m. 

m

k
                  837.9

25

4.2419
  rad/s.       





2
f                   566.1

2

837.9



f  Hz.       

 

Example 3: Assuming the damping ratio is equal to 0.1 and neglecting self weights 

of all members, find the equation of motion of the frame, shown in the figure, under 

the action of the exciting dynamic force. The initial displacement and velocity are 

zero. For columns, take 60EI  kN/m
2
 and 3/3 LEIk  . 

m 

k1 
k2 

m 

k1 

k2 

m 

4 m 

EI 
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Solution: 

The case is damped forced vibration, 

  Fkyycym  . . 

40410 m  kg. 

 
21 columncolumneq kkk     

               

21
33

33

columncolumn L

EI

L

EI



























  

               5.25312
2

)1060(3

4

)1060(3

3

3

3

3







  N/m. 

46.2012405.2531222  kmccr  N.s/m.          

But,   1.0

cr
c

c
            246.20146.20121.01.0  crcc  N.s/m. 

  tyyy 3cos10105.25312246.20140 3  , 

or     tyyy 3cos250813.63203.5          tyDD 3cos250)813.63203.5( 2  . 

 0813.63203.52  rr   ir 03.25515.2
2

)813.632(403.503.5 2

2,1



 , 

    )03.25sin03.25cos(515.2 tBtAey t

c
 

.              

Let    tCtCy
p

3sin3cos
21

 , 

                 tCtCy
p

3cos33sin3
21

              tCtCy
p

3sin93cos9
21

 . 

Substituting, 

  )3cos33sin3(03.53sin93cos9
2121

tCtCtCtC  

                                                                 ttCtC 3cos250)3sin3cos(813.632
21

 , 

ttCCtCC 3cos2503sin)813.62309.15(3cos)09.15813.623(
2121

 , 

  25009.15813.623
21
 CC                       ………. (1) 

   0813.62309.15
21
 CC                          ………. (2) 

Solving Eqs. (1) & (2) simultaneously yields,    4.0
1
C     and     01.0

2
C . 

10 kg/m 

4 m 

2 m 

4 m 

10 cos 3t 
 kN 
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   tty
p

3sin01.03cos4.0  . 

pc yyy     tttBtAey t 3sin01.03cos4.0)03.25sin03.25cos(515.2   .  (G.S) 

Initial conditions, 

   1. 0)0( y                  04.000  A                 4.0A . 

   2. 0)0()0(  yv  , 

         tAetBtAey tt 03.25cos(515.2)03.25cos03.2503.25sin03.25( 515.2515.2  

                                                                 tttB 3cos)01.0(33sin)4.0(3)03.25sin  , 

    )01.0(30)0(515.203.2500  AB                       0414.0B . 

 ttttey t 3sin01.03cos4.0)03.25sin0414.003.25cos4.0(515.2   .   (P.S) 
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6- Simultaneous Linear Ordinary Differential 

Equations 

 

 

 

 

Example 1: Solve the following differential equations 

                    03  t
dt

dx

dt

dy
, 

                     02  y
dt

dx
. 

Solution : 

Using D-operator gives, 

tDxDy 3 ,                                          ……… (1) 

02  Dxy .                                            ……… (2) 

In matrix form: 



























0

3

21

t

x

y

D

DD
. 

Using Cramer‟s rule to solve the above matrix, gives 

DDDDD

DtD

D

DD

D

Dt

y








22

6

)(1)(2

)0()3(2

21

20

3

, 

or      6)2( 2  yDD .     (Non-homogeneous linear ODE with constant coefficients) 

02 2 mm               0)12( mm             0
1
m    and   2/1

2
m . 

   2/

21

t

c
eCCy  .                

Let    tAy o
p

.                   o
p

Ay                  0
p

y . 

Substituting, 
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6)0(2  oA            6oA              ty
p

6 . 

           pc yyy               teCCy t 62/

21
 . 

Similarly,  

DD

t

DDD

tD

D

DD

tD

x










22

3

)(1)(2

)1(3)0(

21

01

3

, 

or      txDD 3)2( 2  .   (Non-homogeneous linear ODE with constant coefficients) 

02 2 mm               0)12( mm             0
1
m    and   2/1

2
m . 

   2/

43

t

c
eCCx  .                

Let    2

11
)( tBtBttBBx oo

p
                 tBBx o

p
1

2                
1

2Bx
p
 . 

Substituting, 

ttBBB o 3)2()2(2
11

 . 

              32
1

 B              2/3
1
B , 

                 04
1

 oBB            6)2/3(44
1

 BBo . 

             
2

2

3
6 ttx

p
 . 

           pc xxx               
22/

43 2

3
6 tteCCx t  . 

Substituting x and y in Eq. (2) gives, 

0)36
2

1
(26 2/

4

2/

21
 teCteCC tt

, 

0)(12 2/

421
 teCCC , 

   012
1

C              12
1

C , 

            0
42
CC              

42
CC  . 

   teCy t 612 2/

4
    and     

22/

43 2

3
6 tteCCx t  , 

or        tAey t 612 2/      and     
22/

2

3
6 ttAeBx t  .                    (G.S) 
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Example 2: Solve 

                    053   texy
dt

dx

dt

dy
, 

                     032  yx
dt

dy

dt

dx
. 

Solution : 

Using D-operator gives, 

teyDyxDx  35          teyDxD  )3()5( ,            ……… (1) 

32  yDyxDx              3)1()12(  yDxD ,               ……… (2) 

In matrix form: 
































 

3112

35 te

y

x

DD

DD
. 

Using Cramer‟s rule to solve the above matrix, gives 

)3)(12()1)(5(

)3)(3()1(

112

35

13

3



















DDDD

DeD

DD

DD

D

De

x
t

t

 

   
2

9

2

9

)362(55

90

2222 














DDDDDDDDDD

ee tt

, 

or      9)2( 2  xDD .   (Non-homogeneous linear ODE with constant coefficients) 

022  mm               0)1)(2(  mm             2
1

m    and   1
2
m . 

   tt

c
eCeCx

2

2

1
  .                

Let    o
p

Ax                    
pp

xx  0 . 

Substituting, 

9200  oA            2/9oA              2/9
p

x . 

           pc xxx               
2

9

2

2

1
  tt eCeCx . 

Similarly,  



Engineering Analysis / Civil Eng. / 3
rd

 Class                                                      Prepared by: Dr. Ahmed Sagban Saadoon              

- 89 - 

 

2

)12()3)(5(

112

35

312

5

2 

















DD

eDD

DD

DD

D

eD

y
t

t

 

   
2

15

2

15

2

2150

222 
















DD

e

DD

e

DD

ee tttt

, 

Or     15)2( 2   teyDD .  (Non-homogeneous LODE with constant coeffs.) 

022  mm               0)1)(2(  mm             2
1

m    and   1
2
m . 

   tt

c
eCeCy

4

2

3
  .                

Let    
t

p
eAAy 

21
                  

t

p
eAy 

2
                

t

p
eAy 

2
. 

Substituting, 

15)(2
2122

  tttt eeAAeAeA        1522
21

  tt eeAA . 

  152
1

 A              2/15
1
A , 

     12
2

 A                2/1
2
A , 

  
2

15

2

1
  t

p
ey . 

           pc yyy               
2

15

2

1

4

2

3
  ttt eeCeCy . 

Substituting x and y in Eq. (1) gives, 

  tttttttt eCeeCeCeCeCeCeC 2

34

2

32

2

12

2

1
(3

2

1
2)

2

9
(52  

                                                                                     
ttt eeeC   )

2

15

2

1

4
. 

tttt eeeCCeCC  
2

45

2

45
)46()3(

42

2

31
. 

   03
31
CC              

13
3CC  , 

            046
42
 CC              

24 2

3
CC  . 

   
2

9

2

2

1
  tt eCeCx    and    

2

15

2

1

2

3
3

2

2

1
  ttt eeCeCy .          (G.S) 


