Shifting, Silrinking and Stretching:

Shift formulas: (for ¢ > 0)
Vertical shifts
y=fx)+c or  y-c=fx) shifts the graph of fup by c units.
y=flx)-c or  y+c=fx) shifts the graph of fdown by ¢ units.
Horizontal shifts

y=fx+c) shifts the graph of fleft by ¢ units.
y=fx-c) shifts the graph of fright by ¢ units.
Shrinking, Stretching and Reflecting Formulas:
(forc>1)
y=c flx) Stretches the graph of /¢ units along y-axis.
y= C f(x) Shrinks the graph of f'c units along y-axis.
c
y=flcx) Shrinks the graph of /¢ units along x-axis.
y=f%) Stretches the graph of f¢ units along x-axis.
(4
(for c=-1)
y=-fix) Reflects the graph of facross the x-axis.
y=fl-x) Reflects the graph of facross the y-axis.

Example I: The graph of y=-Jx is a y=Var 3
reflection of y=+/x across the x- |

axis, and y=+-x is a reflection

across the y-axis.

Example 2: Shift the graph of the function
fx)=x*; if D{x: -2 <x <3} and R={3: 0 <y < 9}.
(a) one unit right. (b) two units left.
(c) one unit up. (d) two units down.
Sol.: (a) Shifting the function f{x) one unit right:
g() =fx-1) = (x-1)* and Dy={x: -2 <x-1 £3}={x: -1 <x <4}

Note: In case of horizontal shifts, the range of the function will not be changed.
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(b) Shifting the function f{x) two units left:

h(x) =fx+2) = (x+2)" and Dy={x: 2 Sx+2 <3}={x: -4 <x <1} N
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Note: In case of horizontal shifts, the range of the function will not be changed.

X y=fx)= x+2 y=h(x)=(x+2)*
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(c) Shifting the function f{x) one unit up;

w(x) = fx)+1 =x* +1 and R={y:0<y-1 <9}={y: 1 <y < 10}
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Note: In case of vertical shifts, the domain of the function will not be changed.

X _])=ﬂ,\c)=.1|c2 y=w(x)= X +1
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(d) Shifting the function f{x) two units down:
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() =fx)-2 =x* -2 and R~{y: 0 <+2 <9}={y: 2 <y <7}

Note: In case of vertical shifts, the domain of the function will not be changed.

X y=x)=x" y=q(x)=x"-2
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Example 3: Sketch the graph of the curve y=f{x) = |x|
Sol.: Stepl: Find D, R, of the function?

y=f(x)=Jx|={

=  DF(-o0,m)

x if x20
=x if %<0
and  RF [0,0);

Step2: Find x and y intercept?

To find x-intercept put y=0 =
To find y-intercept put x=0 =

So x- and y-intercept is (0,0).

Step 3: check the symmetry:
S-x) = |-x=lx|= fix)

- fix) =-|x|# fx)

x=0

=0

S,
)=fl)-2
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So it is an even function (it is symmetric about y- = wens<s

axis).

Step 4: Choose some another point on the curve.
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Step 5: Draw smooth line through the above

points.
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Example 4: Use graph of the function j=lx| to sketch the graph of the following
functions, then show their domains and range

(a) y=px+1] y

Sx)=(x+1) when x+1<0
Sol.

y=’x+1}={

_{(x+1) if x2-1

=x=1 if x<-l

Sx)=xtl when x+1>

(x+1) if (x+D=20
=(x+1) if (x+1)<0

Shifting the function y=|x| one unit left.

Dj=(-00,00) and R~[0 ¥ o
F( 00,00) R_'F[ ,0) Jx)=x+2 when x<0 SO E T D
(b) y=x|+2

M+2 if (020

Sol. y-—-=|x|+2={ :
(=x)+2 if (x)<0

Shifting the function y=Jx| two up.

D(-o0,0) and R=[2,)

(©) y=-x|
. i )m®==x if (=0
Sol. y=f(x)= le~{_(_x)=x i (x)<0 3 O

Reflecting the graph of the function y=j|

Jtx)=x when x<() Se)=x wien x>=0

across x-axis.

Dy=(-w0,0) and R=(-o0,0]

(d) y=2-|1-x| [
Sol. y=2-|1-x|=-|1-x}+2}=-}x-1[+2 '

_{ (=042 (x-1)20 e

(~(x-D)+2 if x-1<0 Six)met mnen.vy S)=xt3 when x>=]




if x21

_f-x+3
T x+1 if x<l1

Reflecting the graph of the function y=[x| across x-axis, then shifting it one

unit right and two units up.
Dy=(-c0,20) and Ry=(-0,2]

(e) y=1-k+1|

Sol. y=1-pe+1[=-pet1[+1

B —(x+D)+1  if (x+1)=20
== +D))+1 i (x+1)<0

_{ -x if x2-1

x+2 if x<-l

Reflecting the graph of the function y=ix|
across x-axis, then shifting it one unit left
and one unit up.

Dj=(-0,) and R/=(-0,1]
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J(x)=x+2 when x<-1 2 |

Example 5: 1f f(x)=+4-x* which has D=[-2,2] and R~{0,2], shrink and stretch it

horizontally by two units and then

sketch the original and resulting

functions

Sol.: (a) shrinking:

g(x) = flex) =d—(@x): =a—4x =241-x
Dy={x: -2 <2x <2}={x:-1<x = 1}
Note: In case of horizontal shrinks, the range
of the function will not be changed.

(b) stretching:

_ E_‘ _£2= __;x_z_= 16—.1'2:1 L
g0)=FO)=4-C) \/4 ; \/ =16

Dy={x: -2 £x/2 £2}={x: -4<x =4}

Sx)=xyri(d-x"2)

i 1) =f{Rx)=sqri(#-(2x) "2}

f(x}?qur‘(

1 2

B=fx2)=sgre(4-(x/2)*2)

-4 -3 =2 -1




(1) y=3-Jx+l (if) y=1+/x—4

(iii) y:%J;H (iv) y=—&
(c) The given function y = 2 .
X
(i) y:_l_ (ii) y=_l_ L y=l/x
x'_'3 l_x 3 :1 T 1 1 _;
3 x—1 W
(iii) y=2- (iv) y=— =t
x+1 % Mt

(d) The given function y=|x|

() y=Ix+2|-2 (i) y=1-|x-3|
(v)y= Vxt—4x+4
(iif) y=[2x-1}+2 1/ y=d

== =k-2|

(e) The given function y = x i
(i) y=1-2x (i) y=¥x-1-3 |
(fii) y=2+¥x+1 (iv) y=-x-2 ‘

X
0

5 Shrink and stretch the following functions along both x-

axis and y-axis by (3/2) units then sketch the resulting function.

(a) ¥ +y =4, DF{x: 2<x <2}
RF{y:-2<y <2}

(b) 2% + )72 =6, DF{x:-2 <x <3}
Re{y:-25y = ZJE}

(©) y=3x" - 2x+1, D{x: -1 Sx <2}
R S <y<9)



LIMITS
Limits

Definition:
If the value of f{x) can be made as close as we like to L by taking the
value of x sufficiently close to a (but not equal a), then we write:

lim/(x)=L,

X—=T

which is read "the limit of f{x) as x approaches a is L".

Properties of limits:

1.1 fiey=k, then |im/(x)=k, where a and k are real numbers.

2. Sum rule: Ll_rﬂ[ ji:_(’jc)+ f(®)]= £1_r£ fiE* 1,,1_13 f(x).

3. Difference rule: Lgr;[ [ - f(x)]= H_T;I} f(x)- Ll_lg;l falx).

4. Product rule: lim[/ (X).£2(0)]=lim /i(x) - lim /2 (%) .

5. Constant multiple r;:: Eg}k D=k XEIE f(x) ,Ha where k is a constant.
6. Quotientrule: fim }{z ((’;)) “lmAGNmA®,  lmA®#0.

7. Power rule: £1_IE[ f (x)]% =[Lij>g I (x)]% , provided that 11_1’-[1 f(x) is a real

number (if s is even, we assume ]im f(x)> 0).

x—=a
* Polynomials: lim(c, + ex +c,x° .0 X") = ¢y +ca+c,a’...c,a” .
* lim——=1.
x=0 X
* Sandwich theorem:
If g(x) < f(x) < h(x) are three functions such that:
limg®) =limh(x)=L, then limf(»)=L.

x—=>a X—=a =

Note: Indeterminate quantities: (%, 3'1, w—00, 0*w).
(= 6]

Example: Find the limits of the following:
l. limx*-4x=2>-4%2=4-8=—-4.

x=2

2. lim* +2x* —3x+4=P+2%1> ~3%1+4=4.

x—1

5 1 Bx-1? _ (3*1-1) 2> 1
I q+) 2 2]
2_4 2% _4 0 . »
4. 1; # = =— Indeterminate quantities
lm e =2 5216 0 ( q )
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¥

(x=2)(x+2) _,, (x+2) 242 4 _
26 lim =3 =lim T 370 %

lim —— L B (Indeterminate quantities)

a2 \[x? —4 f22-4 0
J_«/_.«/—«/—.J_mﬂ

Lz\((x 2)(x +2) L o 2 v2+2 4

im— : e R (Indeterminate quantities)
-2 X —4 2 0
x~2 x—2
=lim

2 (x— 2)( +2) 1:—’2 Jx=24x-2(x+2)

1 1 1 b i

=¥ = = =—=o0 = the limit does not exist.
1E-@«/x—-2(x+2) 2-2(2+2) 0*4 0

I x-—1 1-1 0

im - =

i Xt +3-2 A12+3-2 0

. x-1 Vx*+3+2
=lim

o1 X2 +3-2 Ax*+3+2

(Indeterminate quantities)

(Multiplying both the numerator and

denominator by the conjugate factor)

(x— 1)(\/x +3+2) i (x- l)(\a'x +3+2) lim (x— I)Wx +3+2)

x-1 + 3-4 x-—)l (x = 1)(1'—' +1)
4 (\/x +3+2) _ NIZ+3+2 _4
=1im
x—1 (X'!'].) x+I 2
. sin3x sin3x .3 sin 3x
8. =1lim =lim ==3*lim =3*1=3
x=30 X x=0 X 3 X0
. tanx . sinx/cosx __, sinx,. . 1 1
9. =lim =1lim / =1lim ¥ =1*-=1
0 X x50 s =0 X x>0 COSX 1
10. _hmcosx Let z=2-x, soan—>-72£=>z—>0
x-—)-z—___x 2
2
cos(——2) )
g . sinz
shm—=—=lim =1
z—=0 Z z—0 Z
1. =3 1—cosx_-l_ 1-cosx , 1+cosx _ . 1-cos® x
' }-1%1 }—1;13 x l+cosx }_r)%l x(1+cosx)
iy sin? x 1] SINX .. sin x 1% 0 _
-0 x(l+cosx) JI»I(.)I X ap (1+cosx) 1+1
2 2

Example: Giving that 1- T <u(x) <1+ ? for all x # 0, find |im u(x).

x—0

2 2

Sol.: Since liml—%ﬂ and 11m1+52—=1,then

x—0 x—0



the Sandwich Theorem implies that jy u(x) =1.

x—0

Right-hand limits and left-hand limits
One sided vs. two sided limits

Definition:
A function f(x) has a limit as x approaches ¢ if and only if the right-hand
and left-hand limits at ¢ exist and are equal. In symbol:

lim/(®)=L < lim/f(»)=L and |im/(x)=L

X=pC x=ct x=bc~

Example: Discuss the limit properties of the function f{x) which shown in

figure. ,
Sol.: 4
-Atx=0 [im/f(x) =1 5 =9
x—0" . B2 g
lim f(x) does not exist (because the function b \\

x=0" ] &

is not defined to the left of x = 0)

-Atx=1 [im/(x)=0 even though f{1) =1

x—=1"

lim/f(x) =1

x-1t

lim f(x) does not exist, because the right-hand and left-hand limits

x=l

are not equal.

-Atx=2 [im/f(x)=1

X2

1ir§3f (x) =1
lim f(x) =1 even though f(2) = 2
x-32

-Atx=3 Jim/f(x)=2

X3

limf(x)=2

13

lim/f(x)=f(3)=2

x—]

-Atx=4 |imf(x) =1 even though f{4) = 0.5

x—4"

lim f(x) does not exist, because the function is not defined to the

x=24"

right of x =4,



Example: Check the existence of the limit of the function f{x) at x =1,

Qx4+ 1 <x <
=1
x“2-3 1<x<4
Sol.: 1im f(x) = lim 2x+1=3.
x>l x->1"
iin}f(x)= limx%/2-3=-25.
x-21 x=1T

Since the right-hand and left-hand limits are not equal, thus the limit does
not exist at x = 1.

Limits Involving Infinity:
These are the limits that include x — o or x — — and lim f{x) = o or
lim f(x) = -co.

Let y= L then |
x 4f
- i
L }Eg}; =*%  (One-sided limits = the b v=1
1 limit does not exit L
2‘ llm_ =i I | 1 ! | ! [ -l
o0 X r—— ] B z 3 4
3. lim==0 \l
x—3+m X i
1 I
4. lim—=0 3
X=3—o0 x

Example: Find the limits of the following:

: 1 ) o1
1. hm(5+;)=llm5+l1m~—=5+0=5

X—ro0 X—00

2.1 X i x/x . 11 1
CM x4 T+ 4/x 207 4/x 740 7
Note: In rational functions divide both the numerator and denominator by the

largest power of x in the denominator.

2x2—x+3=1, 252 /%% —xfx* +3/x 1 2-1/x+3/x* _2-040 2
) X0 3x2+5 xl—I;E 3x2/x2+5/x2 xl—rbg 3+5/x2 3+0 3

4x* -3 4x*[x-3/x . 4x-3/x 4*w-0

x—>o 3

= =>the limit does not exit.




5x+3 5x/x* +3/x 5/x+3/x> 0-0 0
S, i = =—=0.
Mo 1 amodfa-(# W oy T30 2

Summery for Rational Functions

a) lim J _ 0 if deg(f) < deg(g)
Xyt g(X)
b) lim g Ex)) is finite  if deg(f)=deg()

¢) 1im L% is infinite  if deg(f) > deg(g)

x—te & JC)

I 6~ AL Gr-6)/d

As x — +w, the values of x under consideration are positive, so we can replace
fxl b}’ X:

:>limvx + f|x| I Nx?+2 /\/_ . ~‘1+2/x

o (3x—6)/]x] =lim = T im e 3'

Vx2+2 o VxP+2/y (Smcew/_—|x|)

6.a Vx’ +2 im e Vr +2/ (smcer =|x).

b —
TSt BB

As x— -», the values of x under consideration are negative, so we can
replace |x| by -x:

Vx2+2/ x4+ Vel +2/4x Vi+2/x2 1

= e o —6)/] x>k (Bx-6)/(—x) “Im s 3

T P2

x= X

Remember that —1 <sinx <1. Dividing the inequality by x yields

—_I 2 sinx & l
X & X
. 1 1
lim-—=0 and lim—=0
P X x—=x X
S lim = =0 (Sandwich theorem)

X—bo0

8. limxsini
X

X0

Let x=l = z=l
z X

When x - » = z=0




S lim lsinz =1

z—=0 Z

9. limVx* +6x+1—+vx> +x (c0— o)

X0

2 2

1im\/x2+6x+l—v’x2+x=]im\fx2+6x+l—\/x2+x*\/x +6x+1+-\/x LA

¥>® X2 Vx? +6x+1++/x +x

. (P +6x+D—-(x? +x) I x> +6x+1-x~x I Sx+1
=1l1m =l1m =1m

o yx? +6x+1+4x2 +x  ox +6x+14vxi+x o0 x? 4 6x+1 4Vl +x

. Sx/x+1/x 5 5 5
=lim il e

x>0 xz/x2+6x/x2 +1/Jc2 +\/x2/x2 +x/x2 :«J1+0+0+JI+O ) 1+1 ) 2



