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1.7 Derivative of a Vector
Consider a vector A, whose components are function of single 
variable 𝑢𝑢 . The parameter u is usually time t. The vector may 
represents position ,velocity and so on.

𝐴𝐴(𝑢𝑢) = 𝑖𝑖𝐴𝐴𝑥𝑥(𝑢𝑢) + 𝑗𝑗𝐴𝐴𝑦𝑦(𝑢𝑢) + 𝑘𝑘𝐴𝐴𝑧𝑧(𝑢𝑢)

So the derivative of A can be expressed as following

= lim
∆𝑢𝑢→𝑜𝑜

(𝑖𝑖 ∆𝐴𝐴𝑥𝑥
∆𝑢𝑢

+ 𝑗𝑗 ∆𝐴𝐴𝑦𝑦
∆𝑢𝑢

+ 𝑘𝑘 ∆𝐴𝐴𝑧𝑧
∆𝑢𝑢

)

𝑑𝑑𝐴𝐴
𝑑𝑑𝑢𝑢

= (𝑖𝑖
𝑑𝑑𝐴𝐴𝑥𝑥
𝑑𝑑𝑢𝑢

+ 𝑗𝑗
𝑑𝑑𝐴𝐴𝑦𝑦
𝑑𝑑𝑢𝑢

+ 𝑘𝑘
𝑑𝑑𝐴𝐴𝑧𝑧
𝑑𝑑𝑢𝑢

)

𝑑𝑑𝐴𝐴
𝑑𝑑𝑢𝑢

= lim
∆𝑢𝑢→𝑜𝑜

∆𝐴𝐴
∆𝑢𝑢

Ordinary
Derivatives.
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1.7 Derivative of a Vector
Now, below are the rules of vector differential

𝑑𝑑(𝐴𝐴 + 𝐵𝐵)
𝑑𝑑𝑢𝑢

=
𝑑𝑑𝐴𝐴
𝑑𝑑𝑢𝑢

+
𝑑𝑑𝐴𝐴
𝑑𝑑𝑢𝑢

𝑑𝑑(𝑛𝑛𝐴𝐴)
𝑑𝑑𝑢𝑢

=
𝑑𝑑𝑛𝑛
𝑑𝑑𝑢𝑢

𝐴𝐴 + 𝑛𝑛
𝑑𝑑𝐴𝐴
𝑑𝑑𝑢𝑢

𝑑𝑑(𝐴𝐴.𝐵𝐵)
𝑑𝑑𝑢𝑢

=
𝑑𝑑𝐴𝐴
𝑑𝑑𝑢𝑢

𝐵𝐵 + 𝐴𝐴.
𝑑𝑑𝐵𝐵
𝑑𝑑𝑢𝑢

𝑑𝑑(𝐴𝐴𝑥𝑥𝐵𝐵)
𝑑𝑑𝑢𝑢

=
𝑑𝑑𝐴𝐴
𝑑𝑑𝑢𝑢

𝑥𝑥𝐵𝐵 + 𝐴𝐴𝑥𝑥
𝑑𝑑𝐵𝐵
𝑑𝑑𝑢𝑢
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1.8 Position vector of particle: Velocity and 
Acceleration in Rectangular Coordinates:

z

x

y
𝑖𝑖𝑥𝑥

𝑗𝑗𝑦𝑦

𝑘𝑘𝑧𝑧
𝑟𝑟

Position Vector

𝑣𝑣 =
𝑑𝑑𝑟𝑟
𝑑𝑑𝑡𝑡

= (𝑖𝑖
𝑑𝑑𝑥𝑥
𝑑𝑑𝑡𝑡

+ 𝑗𝑗
𝑑𝑑𝑦𝑦
𝑑𝑑𝑡𝑡

+ 𝑘𝑘
𝑑𝑑𝑧𝑧
𝑑𝑑𝑡𝑡

)

𝒐𝒐𝒐𝒐 𝑣𝑣 = �̇�𝑟 = �̇�𝑥 + �̇�𝑦 + ̇𝑧𝑧

𝑣𝑣 = |𝑣𝑣| = �̇�𝑥2 + ̇𝑦𝑦2 + �̇�𝑧2

The velocity value is called the speed and defined :

In rectangular components and the second derivative of velocity is 
called the acceleration
𝑎𝑎 = �̇�𝑣 = �̈�𝑟 = �̈�𝑥 + �̈�𝑦 + �̈�𝑧

𝑟𝑟 = 𝑖𝑖𝑥𝑥 + 𝑗𝑗𝑦𝑦 + 𝑘𝑘𝑧𝑧

𝐴𝐴𝐴𝐴 𝑥𝑥 = 𝑥𝑥(𝑡𝑡),𝑦𝑦 = 𝑦𝑦(𝑡𝑡) 𝑎𝑎𝑛𝑛𝑑𝑑 𝑧𝑧 = 𝑧𝑧(𝑡𝑡)

Acceleration



Example1: Projectile Motion
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Let us examine the motion 
represented by the equation

𝑟𝑟 𝑡𝑡 = 𝑖𝑖𝑖𝑖𝑡𝑡 + 𝑗𝑗 𝑐𝑐𝑡𝑡 −
𝑔𝑔𝑡𝑡2

2
+ 𝑘𝑘0

This represents motion xy-plane 
and the velocity can be obtained 
by differentiating with respect to 
(t) 

𝑦𝑦

𝑥𝑥

𝑣𝑣
𝑎𝑎𝑟𝑟

Projectile moving in a parabolic path.

𝑣𝑣 𝑡𝑡 =
𝑑𝑑𝑟𝑟
𝑑𝑑𝑡𝑡

= 𝑖𝑖𝑖𝑖 + 𝑗𝑗 𝑐𝑐 − 𝑔𝑔𝑡𝑡

𝑎𝑎 𝑡𝑡 =
𝑑𝑑𝑣𝑣
𝑑𝑑𝑡𝑡

= −𝑗𝑗𝑔𝑔 𝑣𝑣 = 𝑖𝑖2 + (𝑐𝑐 − 𝑔𝑔𝑡𝑡)2

Speed=𝑣𝑣 = 𝑣𝑣𝑥𝑥2 + 𝑣𝑣𝑦𝑦2
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Example2: Circular Motion
Suppose the position vector of a particle is given by

𝑟𝑟 = 𝑖𝑖 𝑖𝑖 sin𝜔𝜔𝑡𝑡 + 𝑗𝑗 𝑖𝑖cos𝜔𝜔𝑡𝑡 ; 𝝎𝝎: 𝒄𝒄𝒐𝒐𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄

𝑣𝑣𝑎𝑎
𝑝𝑝

𝑟𝑟|𝑟𝑟| = (𝑖𝑖 sin𝜔𝜔𝑡𝑡)2 + 𝑖𝑖 cos𝜔𝜔𝑡𝑡 2=b

The distance from origin remains constant

𝑣𝑣 𝑡𝑡 =
𝑑𝑑𝑟𝑟
𝑑𝑑𝑡𝑡

= 𝑖𝑖 𝑖𝑖𝜔𝜔 cos𝜔𝜔𝑡𝑡 − 𝑗𝑗 𝑖𝑖𝜔𝜔 𝐴𝐴𝑖𝑖𝑛𝑛 𝜔𝜔𝑡𝑡 Velocity Vector

Speed=|𝑣𝑣| = (𝑖𝑖𝜔𝜔 cos𝜔𝜔𝑡𝑡)2 + (𝑖𝑖𝜔𝜔𝐴𝐴𝑖𝑖 𝑛𝑛𝜔𝜔𝑡𝑡)2 =𝑖𝑖𝜔𝜔

The particle traverses in constant speed
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𝑎𝑎 =
𝑑𝑑𝑣𝑣
𝑑𝑑𝑡𝑡 = −𝑖𝑖 𝑖𝑖𝜔𝜔2 sin𝜔𝜔𝑡𝑡 − 𝑗𝑗 𝑖𝑖𝜔𝜔2 𝑐𝑐𝑐𝑐𝐴𝐴 𝜔𝜔𝑡𝑡 Acceleration  Vector

In this case the (a) is perpendicular to the velocity as (𝑎𝑎. 𝑣𝑣) = 0

𝑎𝑎. 𝑣𝑣 = −𝑖𝑖 𝑖𝑖𝜔𝜔2 sin𝜔𝜔𝑡𝑡 − 𝑗𝑗 𝑖𝑖𝜔𝜔2𝑐𝑐𝑐𝑐 𝐴𝐴 𝜔𝜔𝑡𝑡 . (𝑖𝑖 𝑖𝑖𝜔𝜔 cos𝜔𝜔𝑡𝑡 − 𝑗𝑗 𝑖𝑖𝜔𝜔 𝐴𝐴𝑖𝑖𝑛𝑛𝜔𝜔𝑡𝑡)

𝑎𝑎. 𝑣𝑣 = −𝑖𝑖 𝑖𝑖𝜔𝜔2 sin𝜔𝜔𝑡𝑡). (𝑖𝑖 𝑖𝑖𝜔𝜔 cos𝜔𝜔𝑡𝑡) + (−𝑗𝑗 𝑖𝑖𝜔𝜔2𝑐𝑐𝑐𝑐 𝐴𝐴 𝜔𝜔𝑡𝑡 (−𝑗𝑗 𝑖𝑖𝜔𝜔 𝐴𝐴𝑖𝑖𝑛𝑛𝜔𝜔𝑡𝑡)

𝑎𝑎. 𝑣𝑣 = − 𝑖𝑖𝜔𝜔3 sin𝜔𝜔𝑡𝑡 cos𝜔𝜔𝑡𝑡 + 𝑖𝑖𝜔𝜔3𝑐𝑐𝑐𝑐 𝐴𝐴 𝜔𝜔𝑡𝑡 𝐴𝐴𝑖𝑖𝑛𝑛 𝜔𝜔𝑡𝑡

𝑎𝑎. 𝑣𝑣 = 0 (𝑎𝑎) is perpendicular to the velocity

𝑎𝑎 = 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝜔𝜔2(𝑖𝑖𝑖𝑖 sin𝜔𝜔𝑡𝑡 + 𝑗𝑗 𝑖𝑖𝜔𝜔2 𝑐𝑐𝑐𝑐𝐴𝐴 𝜔𝜔𝑡𝑡)

𝑟𝑟 = 𝑖𝑖 𝑖𝑖 sin𝜔𝜔𝑡𝑡 + 𝑗𝑗 𝑖𝑖cos𝜔𝜔𝑡𝑡

So 𝑎𝑎 and 𝑟𝑟 in opposite direction , that is 
𝑎𝑎 always points toward the center of the 
circular path. 

𝑎𝑎 =
𝑑𝑑𝑣𝑣
𝑑𝑑𝑡𝑡

= −𝜔𝜔2𝑟𝑟
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Example3: Rolling Wheel

𝑟𝑟 = 𝑟𝑟1 + 𝑟𝑟2

c

rr1

r2
c v1v1

v 
v2

v=0

𝑟𝑟2 = 𝑖𝑖 𝑖𝑖 sin𝜔𝜔𝑡𝑡 + 𝑗𝑗 𝑖𝑖cos𝜔𝜔𝑡𝑡

𝑟𝑟1 = 𝑖𝑖 𝑖𝑖 sin𝜔𝜔𝑡𝑡 + 𝑗𝑗 𝑖𝑖

r1 represents a point moving along line (𝑦𝑦 = 𝑖𝑖) at constant 
velocity 𝜔𝜔.
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c

rr1

r2

𝑣𝑣2 =
𝑑𝑑𝑟𝑟2

𝑑𝑑𝑡𝑡
= 𝑖𝑖 𝑖𝑖𝜔𝜔 cos𝜔𝜔𝑡𝑡 − 𝑗𝑗 𝑖𝑖𝜔𝜔 𝐴𝐴𝑖𝑖𝑛𝑛𝜔𝜔𝑡𝑡

𝑣𝑣1 =
𝑑𝑑𝑟𝑟1

𝑑𝑑𝑡𝑡
= 𝑖𝑖 𝑖𝑖𝜔𝜔

𝑟𝑟2 = 𝑖𝑖 𝑖𝑖 sin𝜔𝜔𝑡𝑡 + 𝑗𝑗 𝑖𝑖cos𝜔𝜔𝑡𝑡

𝑟𝑟1 = 𝑖𝑖 𝑖𝑖𝜔𝜔𝑡𝑡 + 𝑗𝑗 𝑖𝑖

𝑣𝑣 = 𝑣𝑣1 + 𝑣𝑣2 = 𝑖𝑖 (𝑖𝑖𝜔𝜔 + 𝑖𝑖𝜔𝜔 cos𝜔𝜔𝑡𝑡) − 𝑗𝑗 𝑖𝑖𝜔𝜔 𝐴𝐴𝑖𝑖𝑛𝑛𝜔𝜔𝑡𝑡 𝑉𝑉𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐𝑖𝑖𝑡𝑡𝑦𝑦 𝑣𝑣𝑉𝑉𝑐𝑐𝑡𝑡𝑐𝑐𝑟𝑟 𝑐𝑐𝑜𝑜 𝑃𝑃

𝐴𝐴𝑐𝑐𝑐𝑐𝑉𝑉𝑉𝑉𝑎𝑎𝑟𝑟𝑎𝑎𝑡𝑡𝑖𝑖𝑐𝑐𝑛𝑛 𝑣𝑣𝑉𝑉𝑐𝑐𝑡𝑡𝑐𝑐𝑟𝑟 𝑐𝑐𝑜𝑜 𝑃𝑃𝐻𝐻𝑐𝑐𝐻𝐻𝑉𝑉 𝑊𝑊𝑐𝑐𝑟𝑟𝑘𝑘
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Home Work:
(a)

(b)

(c)
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Thanks for your attention
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